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Introduction

Problem statement and background

In this work, we present some criteria for the existence of periodic solutions of the following
damped wave equation in the whole Euclidean space R”:

wy + Puy = Au—V(x)u+ f(t,x,u), t>0, v €RY (1)

where 8 > 0 is a damping coefficient, A is the Laplace operator (with respect to z), V :
RY — R is the potential and f : [0,400) x RY x R — R is a time T-periodic function. If
f is time-independent, the equation ([l)) has no non-constant periodic solutions because there
exists a functional (called the Lyapunov function or energy functional) that decreases along
non-constant solutions. Indeed, for u € H'(RY) and v € L*(R") we define

E(u,v) = E/RN lv(z)]? + |Vu(@) > + V() |u(z)* dv — / g(x,u(x)) de

2 RN
where g(x,s) = [ f(z,7)dr, and, for a non-constant solution (u, u;) of (m), one has

ig(u,ut) = —6/ lug(t, 2)|* dz < 0.
RN

dt
However, T-periodic solutions may appear if f is a T-periodic time-dependent map.

The main contribution of our work is the analysis of the hyperbolic problem in the whole
domain, a topic not widely recognized in the literature. Nevertheless, there are numerous arti-
cles related to the existence of periodic solutions for hyperbolic equations in bounded domains
using various techniques.

One of the methods for finding periodic solutions used in this work is based on the trans-
lation along trajectories operator (also called the Poincaré operator), denoted by &7 : X — X.
This operator is defined on the space X = HY(RY) x L2 RYN) as &7 (u,v) = (u(T),us(T)),
where (u,u¢) is a solution of @) with initial conditions (u(0),u(0)) = (@, v). Clearly, the fixed
points of ®7 determine T-periodic solutions of ([ll). The method of the translation along tra-
jectories operator has been developed for many years by numerous authors. The earliest works
include [11] by F. Browder, who considered evolution equations in a Hilbert space generating
an evolution system, and [51] by J. Priiss, who studied semilinear evolution equations with the
generator of a compact Cy-semigroup. More recently, P. Kokocki in [39] and [40] proved the ex-
istence of periodic solutions for nonlinear evolution equations at resonance involving parabolic
equations. The method of the translation operator was also applied to obtain the existence
of periodic solutions for hyperbolic equations. For example, A. Cwiszewski used it in [15] for
damped hyperbolic equations at resonance and in [[16] to prove that the strongly damped beam
equation admits periodic solutions near equilibrium states. Moreover, P. Kokocki obtained the
existence of periodic solutions for strongly damped hyperbolic equations at resonance in [41].
The translation along trajectories operator can also be used to characterize the stability of
periodic solutions, as shown by R. Ortega in his work [45] on the nonlinear telegraph equation.

Alternatively, one may look for periodic solutions as the solutions of the coincidence problem

Lu = Np(u) (2)
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where L is the linear operator and N is determined by the nonlinear term in the equation,
both acting between function spaces that depend on time and spatial variable. S. Fuc¢ik and
J. Mawhin [29] applied this approach to find periodic solutions to the telegraph equation using
the degree theory for Fredholm operators. A variant of this method was used by L. Cesari
and R. Kannan [13] to get the existence of periodic solutions of nonlinear wave equations
with linear damping when the kernel of the underlying linear operator is infinite dimensional.
H. Amann and E. Zehnder [3] applied variational methods and critical points theory to find
solutions to abstract equations in a real Hilbert space involving (P)) and, among others, found
periodic solutions to a semilinear wave equation under a non-resonance condition at infinity [3,
Sec. 11]. To solve (E) H. Brezis and L. Nirenberg [10] also develop some general methods for
treating equations in Hilbert space using fixed-point theory and the ideas from the monotone
operators theory. In particular, they proved that the nonlinear telegraph equation admits
periodic solutions under a resonance condition [10, Sec. V.2]. This approach was further
developed by J. Berkovits and V. Mustonen [6] who considered semilinear wave equation and
found solutions to the coincidence problem (E) as the solutions of F'(u) = y, constructing an
extension of the Leray-Schauder degree for a class of mappings of the monotone type. They
treated both non-resonant and resonant cases (see [G, Sec. 6], paragraphs B and C, respectively).

It is noteworthy that, in a proper sense, the translation operator method and the coincidence
method may be, to some extent, equivalent, as shown by R. Ortega and A. M. Robles-Pérez
[16] for a class of second-order evolution equations, including the forced sine-Gordon equation.

To the best of the author’s knowledge, only a few articles address hyperbolic equations in
RY. In a recent paper, Y. Kagei and H. Takeda [37] proved the existence of periodic solutions
and the stability result for the system of quasilinear hyperbolic equations with a viscoelastic
term in the whole space R®. The problem of the existence of periodic solutions is related, in the
sense that it involves similar challenges, to the question of the existence of global attractors.
In this case, there are more results concerning hyperbolic problems in unbounded domains.
N. I. Karachalios and N. M. Stavrakakis [B8] proved the existence of a global attractor for a
semilinear dissipative wave equation in RY. In [59] S. V. Zelik obtained the existence of a
locally compact global attractor for nonlinear dissipative hyperbolic equations in unbounded
domains. Recently, P. Ding and Z. Yang [23] showed the existence of a strong global attractor
and investigated regularity of weak solutions for wave equations in R?® with a strong damping
of the form (—A)%u;, where a € [1/2,1) and nonlinearities of critical growth.

To find the fixed points of the translation operator ®; we shall apply the topological fixed-
point index. The lack of compact embeddings for the function spaces on R" causes that the
translation operator &7 may not be completely continuous; thus, the Leray-Schauder fixed-
point index cannot be applied. However, for some classes of nonlinearities and when properly
renorming the space X, &1 falls into a class of the k-set contractions. To be more precise, we
use the spectral properties of the operator —A + V' to prove that the translation operators
®,, for t > 0, are k-set contractions in the linear case, i.e., when f = 0. We then use the
tail estimates method to show that F' is either completely continuous or a k-set contraction
with a sufficiently small constant. The tail estimates method was originated by B. Wang [57]
who studied global attractors for the nonlinear reaction-diffusion equation in RY. M. Prizzi
[49] applied this method to prove the existence of nontrivial equilibria and connecting orbits
for parabolic equations in RY. D. Fall and Y. You [26] used tail estimates to establish the
existence of a global attractor for the damped nonlinear wave equation in unbounded domains.
Further, M. Prizzi and K. P. Rybakowski [50] used this method to prove the existence of a global
attractor for a wider class of damped wave equations in unbounded domains. A. Cwiszewski
and R. Lukasiak applied tail estimates to get the existence of periodic solutions for parabolic
problems in RY, both in resonant [19] and non-resonant case [20].

There are also some other problems arising, such as the averaging principle for equations
governed by operators that are not sectorial or the structure of the spectrum of the correspond-
ing Cy-semigroup generator.
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To define the operator &1 in a rigorous way, we rewrite the damped wave equation (lil) as
the evolutionary differential equation in the Hilbert space L*(R"):

i(t) + Bu(t) = —(=A + Vu(t) + F(t,u(t), t >0

where A : H*(RY) c L?*(RY) — L*(R") is the Laplace operator, V : H?(RY) — L*(RY) is
the operator of multiplication by V and F : [0,+00) x HY(RY) — L?*(RY) is the Nemytskii
operator associated with f. The equation above can be formally transformed into a system of
first-order differential equations in X:

(a(t), o(t)) = Au(t), v(t)) + (0, F(t, u(t)), t>0 (3)
where the so-called damped wave linear operator A : D(A) C X — X is given by
Au,v) = (v, —(=A + V)u — Bv) for (u,v) € D(A) = H*(RY) x H'(R").

It turns out that A is the infinitesimal generator of a Ch-semigroup {e™};>o of bounded linear
operators, while the map F' is Lipschitz continuous, if so is f. Therefore, the classical results on
global existence, uniqueness, and continuous dependence on initial conditions for mild solutions
apply. As a consequence, operator @ is well-defined and continuous. Moreover, we will say
that w is a mild solution of ([l|) if (u,u¢) is a mild solution of (E)

In order to compute the fixed-point index of & we shall use a combination of several
techniques, such as time averaging methods, linearization, and spectral analysis of the operator
A along with the geometric conditions imposed on the nonlinear term f like Landesman-Lazer
or sign conditions. We separately study the resonant case (at infinity) when

Xo=Ker(—A+V)#{0} and fisbounded by a square integrable function, (4)

and the non-resonant case when the linear operator —A + V' perturbed by a linearization of f
at infinity has zero kernel.

In the presence of resonance, the wave equation (lil) may not admit 7-periodic mild solutions
(see [41, Remark 4.1]). However, the Landesman-Lazer or strong resonance conditions are suf-
ficient to guarantee the existence of periodic solutions. The former conditions were introduced
by E. M. Landesman and A. C. Lazer [43], who investigated the existence of weak solutions
to an elliptic equation with a nonlinear perturbation. The strong resonance conditions were
introduced by P. Bartolo, V. Benci, and D. Fortunato in their work [5] on nonlinear problems
in bounded domains. J. Mawhin and K. Schmitt [44] examinated an abstract equation at
resonance in a Banach space with a linear Fredholm operator and a nonlinearity satisfying a
Landesman-Lazer type condition. More recently, A. Fonda and M. Garrione [28] proved that
the Landesman-Lazer condition implies the so-called Ahmad-Lazer-Paul condition.

The idea of the resonant averaging principle is to “project” the parametrized equation (B)
with F' replaced by €F onto Xy x Xy. One can show that if the asymptotic bottom of the
L>®(RY)-part of V is positive, then zero lies in the discrete part of the spectrum of —A + V|
and, consequently, X is a finite-dimensional subspace. This enables the fixed-point index of
the translation operator @5‘5) associated with the parametrized equation (E) to be expressed in
terms of the Brouwer degree of the time averaged mapping F' restricted to X, for sufficiently
small parameter ¢ € (0, 1]. To obtain continuation to the original problem (j3), we apply either
the Landesman-Lazer or strong resonance conditions. This approach originates in the theory of
ODEs (see [B3]) and was later extended by A. Schiaffino and K. Schmitt [p4] to the evolution
equations modeled after parabolic problems. A. Cwiszewski [15] applied this technique to study
the damped wave equations, and P. Kokocki [41] to investigate the strongly damped hyperbolic
equations, both in bounded domains.

(1)See condition (f2)" on p. @
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The averaging principle in the non-resonant case states that the solutions of the family of
frequency changing equations (E), in which F(t,u(t)) is replaced by F(t/e,u(t)), converge to
the solution of the averaged equation as the frequency increases, i.e., as ¢ — 07. Moreover, if
these solutions are periodic with periods tending to zero, they converge to an equilibrium of the
averaged equation. This method was originally developed for ODEs by N. N. Bogoliubov, N.
M. Krylov, and Y. A. Mitropolsky (see [[7, 8]). The first extension of the averaging principle to
infinite-dimensional spaces was introduced by D. Henry [35, Thm. 3.4.9] for evolution equations
governed by analytic Cy-semigroups. Later, A. Cwiszewski and P. Kokocki [17, Prop. 6.4]
established the averaging principle for evolution equations where the linear part generates a
Co-semigroup of strict contractions and the nonlinear term is a k-set contraction.

In addition to the averaging principle, we also provide, in the non-resonance case, index
formulae for autonomous damped wave equations, along with a a priori estimates used to
establish a continuation principle. The approach originates from the theory of ODEs, see, for
example, M. Furi, M. P. Pera, and M. Spadini [30, Thm. 3.11 and Thm. 4.9], who studied
equations on differentiable manifolds embedded in Euclidean spaces. A. Cwiszewski and P.
Kokocki [17, Sec. 6] adopted this technique to evolution equations where the linear operator
generates a Cy-semigroup of a strict contraction, and later extended it in [1§, Sec. 4] to evolution
equations with a family of linear operators generating an evolution system of strict contractions.
In both works, the nonlinear term is assumed to be a k-set contraction. Moreover, they proved
in [18, Sec. 5| the existence of periodic solutions to hyperbolic equations with a time-dependent
damping term, under the assumption that the linearization at infinity does not belong to the
spectrum of the linear operator appearing in the equation.

Main results

We begin by stating the precise assumptions on the potential V' and the nonlinearity f. Specif-
ically, we assume that V' is a Kato-Rellich type potential, that is,

V=Ve+Vy for Ve L®RY), Ve LP(RY) (5a)
and
p>2 ifNe{l,Z,S},
p>2 if N =4, (5b)

p>N/2  if N>5.

The relationship between the exponent p and the dimension N arises from the application of
the Kato—Rellich theorem to perturbations of self-adjoint operators, as well as from Sobolev
embedding results. This relationship is well established in the literature (see, e.g., [b6, Equations
(III.4a), (I11.4b), (IIL.4c), p. 3526]). Additionally, we assume that the asymptotic bottom of V.,
defined by

oVee) = M o5 V> R

where D(0,R) = {z € RY : |z| < R} and | - | denotes the Euclidean norm, is positive:
o(Veo) > 0. (7)

An important example of a Kato-Rellich type potential is the Coulomb potential Vo : RN\{0} —
R, given by the formula Vo (z) = a/|z|, where N > 3 and a € R (see [36, Example 14.8]). If
ViRV \ {0} — R is defined as V(x) = Vo (z) + b with b > 0, then V also satisfies ([1).

We assume that the function f : [0, +00) x RY x R — R satisfies the following conditions:

(C) fis a Carathéodory function (satisfies Carathéodory condition), that is, for almost every
r € RY, the map (¢,u) — f(t,z,u) is continuous on [0, +00) x R, and, for all ¢ € [0, +00)
and u € R, the map = — f(¢,x,u) is measurable.



ix
(P) f is T-periodic in time, i.e., there exists T' > 0 such that
f&+T, z,u) = f(t,z,u)
for almost every x € RY and all t > 0, u € R.
In addition, f satisfies the following properties:
(f1) (Lipschitz condition) There exists a function [ : RV — R such that
|f (2, ur) = f(E 2, u)| < U(w)luy — g

for almost every x € RV, all t € [0, +00), u, us € R. The function [ is assumed to be of
Kato-Rellich type, that is,

l=lw+1ly for I,€ L®RY), Iy € LF(RY), (8a)

where
p>2 if N =1,
p>2 if N =2, (8b)
p>N if N >3,

and, in addition, function [ satisfies

lo(z) >0 and Io(x) >0 for almost every » € RY. (9)

(f2) (Boundedness at zero) There exists a function mg € L*(RY) such that
(£, 2,0)] < mo(x)
for almost every x € RY and all ¢ € [0, +00).
In the resonant case, we assume that condition (@) holds, i.e., Ker(—A + V') # {0} and
(f2)" There exists m € L*(RY) such that
£t 0)] < ()
for almost every x € RY and all t > 0, u € R.

Furthermore, we require that one of the following Landesman-Lazer type conditions is satisfied:

/f+txdt>0 h_ /f (t,x)dt <0 for almost every z € RY,

(LL).
h+ >0and h_ ‘ < 0 for some E C RY of positive measure
E
or
(LLy /f+ (t,x)dt <0, h /f (t,x)dt >0 for almost every x € RY,
) ?ur <0and h_ ‘ > 0 for some £ C RY of positive measure
E
where

fo(t,z) =liminf f(t,z,u) and j?i(t,x) = limsup f(¢,z,u)

u—+oo u—~+oo
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for almost every z € RY and all + > 0. Alternatively, we assume that one of the following
strong resonance type conditions holds:

There exists r € L*(RY) such that, for almost every z € RY,

, r(z) >0 and wf(t,z,u) >0, forall|ul] >r(z)andalltel0,T],
(SR)+ T
/ ki(t,z)dt >0 for x € F and some E C RY of positive measure
0
or
There exists r € L2(RY) such that, for almost every z € RY,
(SR) r(z) >0 and wuf(t,z,u) <0, forall|u|>r(z)andallte|0,T],

~ T
/ki(t, x)dt <0 for x € F and some E C RY of positive measure
0

where the limits
ke(t,x) = i t
:I:( ,J?) u—1>1:?c>ouf( 7'7;7”)

are assumed to be finite, for almost every x € RY and all ¢t € [0,7]. Based on the unique
continuation property (see Theorem W.3 é), one can_show that conditions (LL)’, imply the
classical Landesman-Lazer conditions (see Lemma W{.3.5) and conditions (SR)’. imply the
classical strong resonance conditions (see Lemma {1.3.7).

We state the main result on the existence of periodic solutions for the nonlinear damped
wave equation ([l) at resonance at infinity.

Theorem I. [an extended version — see Thm. ]
Assume that V : RN — R, where N > 3, is a Kato-Rellich type potential such that the asymptotic
bottom of the L>=(RN)-part of V is positive, that is, conditions (ba), (BY), and (H) are satisfied.
Suppose that the nonlinear term f is a T-periodic Carathéodory function (see conditions (P)
and (C) on p. @) satisfying the Lipschitz condition (f1) (see p. [ia). Moreover, assume that the
nonlinear damped wave equation g) is at resonance at infinity, i.e., Ker(—A + V') # {0} and
f satisfies condition (£2)" (see p. [ia).

If one of the conditions (LL)". or (SR)', is satisfied, then equation (m) admits a T -periodic
mild solution.

In the non-resonant case, we assume that f admits a linearization at infinity (or it is
asymptotically linear at infinity), that is, there exists a Carathéodory function w : [0, +00) X
RY — R such that the following condition holds

t
lim flbz,u) =w(t,x) (10)
|u|—o00 u
for almost every z € RY, uniformly on bounded subsets of [0, +00) with respect to t. We then
say that the function w is the coefficient of the linearization at infinity (or it is the asymptotic
coefficient at infinity), and the function f* : [0, 400) x RY x R — R given by

fet z,u) =w(t,z)u

for almost every x € RY, all t > 0, and all u € R, is the linearization of fat infinity. Similarly,
we say that [ admits a linearization at zero (or it is asymptotically linear at zero), if there exists
a Carathéodory function « : [0, +00) x RY — R such that

lim f<t7 xz, U)
u—0 U

= a(t,x) (11)
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for almost every x € RY, uniformly on bounded subsets of [0, +00) with respect to t. As before,
the function « is called the coefficient of the linearization at zero (or the asymptotic coefficient
at zero), and the function f* : [0, +o00) x RY x R — R given by

et z,u) =at,r)u

for almost every x € RV, all t > 0, and all u € R, is called the linearization of fat zero.
We define the averaged functions &, @ : RN — R by

. I ~ 17
o(z) = ?/o w(t,z)dt, a(x)= T/o aft,z)dt for almost every » € RY. (12)

In addition, f satisfies condition (f1) with a function [, for which
0lle) < Vdp (13)

where
0(ls) = lim esssup Io, (14)
R=+00 RN\ B(0,R)
d = dist(0,0(—A + V) N (0,400)) (see ()), and p > 0 is the strong dissipativity constant
of the operator A (see Proposition )
Now, we state the main result on the existence of periodic solutions for the nonlinear damped
wave equation ([lf) under non-resonance conditions.

Theorem II. [an extended version — see Thm. ] Assume that V : RN — R, where N > 1,
is a Kato-Rellich type potential such that the asymptotic bottom of V. is positive. Suppose that
a time T-periodic Carathéodory function f : [0,4+00) x RY x R — R satisfies conditions (f1)
and (2), and that the function | from (fl) satisfies (E)

Suppose further that f admits both a linearization at infinity and at zero with coefficients
denoted by w, « : [0,4+00) x RN — R, respectively, such that &, @ : RY — R are Kato-Rellich
type functions satisfying

0(Veo —W0so) >0 and o(Vy — Gs) > 0,
and that the non-resonance conditions both at infinity and at zero hold:
Ker(-A+V —@)={0} and Ker(-A+V —a)={0} (15)

where @, o : HY(RY) — L2(RY) denote the multiplication operators by &, Q, respectively, and
—A+V —®, —A+V — & are regarded as linear operators in L*(RY) with domain H?(RY).
If, for every e € (0,1], the linear damped wave equations

Uy + Buy = Au— V(z)u+w(t/e,z)u, t>0, zeRY (16)

and
uy + Puy = Au—V(2)u+a(t/e,z)u, t>0, z€RY (17)

admit no nonzero €T -periodic mild solutions, and if
m_(—-A+V —-@)Zm_(-A+V —a) (mod 2) (18)

where m_(+) denotes the total multiplicity of negative eigenvalues, then the nonlinear damped
wave equation ([l)) admits a nonzero T-periodic mild solution.
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Both operators —A +V — & and —A + V — & appear to be self-adjoint. Hence, for
each of their eigenvalues, the geometric multiplicity is equal to the algebraic multiplicity (see
Proposition (ii) and Appendix [A:l!) Moreover, both sets o(—A+V —&) N (—o0,0) and
o(—A+V —a)N(—=00,0) consist of finitely many eigenvalues, each with a finite multiplicity
(see Proposition @ (iii)). Therefore, the numbers m_(—A+V —&) and m_(-A+V —a)
are well-defined.

In both the resonant and non-resonant cases, we present specific examples of equation @)
to which Theorem [| and Theorem [l apply. To this end, in each case we consider the Coulomb
potential on R? and classes of nonlinearities that satisfy the above assumptions.

Outline

In Chapter m, we briefly recall the basic facts from the theory of Cy-semigroups and evolution
equations. Inspired by a result of D. Henry [35, Thm. 3.4.8], we formulate and prove a
general continuity theorem for sequences of evolution equations. From this result, we derive a
continuity theorem for evolution equations with a parametrized nonlinear term, as well as an
averaging principle. We conclude this chapter with a discussion on the existence, continuity,
and compactness properties of the translation along trajectories operator.

In Chapter , we justify that the operator —A+V is self-adjoint and determine its spectrum
by combining the relative compactness of V', the multiplication operator by V4, with Persson’s
formula (see 48, Thm. 2.1] and [36, Sec. 14.4]). We then analyze the spectrum of the damped
wave operator A and show that it generates a Cp-semigroup {e};¢ on X.

Next, we provide the spectral decomposition of L*(RY) with respect to the spectrum of
—A + V| and subsequently decompose the space X. Using this decomposition, we introduce a
scalar product (-, ),y on X, depending on a parameter s > 0 and a potential V', which induces
a norm || - ||5v equivalent to the standard one on X, following the approach of [16, Sec. 2].

Exploiting the geometric structure of A, we show that the semigroup {e®*};so is a k-set
contraction with respect to xsy (the Hausdorff measure of non-compactness on (X, || - ||s,v)) for
a suitably chosen s > 0. Moreover, we determine the spectrum of the semigroup {e**};~¢, which
allows us to compute the topological fixed-point index for the translation along trajectories
operator associated with the linear damped wave equation.

In Chapter a, we study the Nemytskii operator F' associated with a function f. We begin
by recalling the basic properties of F' and proving some auxiliary results concerning sequences
of functions f,, n > 1, and sequences of the corresponding Nemytskii operators F,, n > 1.
Next, we examine the compactness properties in L?(RY) of the set

G Fo(D x U) (19)

n=1

where D C [0, +00) and U C H*(RY) are bounded. We show, depending on the assumptions
made, that the set (@) is either relatively compact, or its Hausdorff measure of non-compactness
can be estimated by 9(loo)xr2(U), where 9(ls) is defined as in () and x72(U) denotes the
Hausdorff measure of non-compactness of the set U in L*(RY). This result implies that the
Nemytskii operator F' is either completely continuous or a k-set contraction. Furthermore,
we show that the translation operator associated with the family of nonlinear damped wave
equations of the form (E]) is a well-defined, continuous k-set contraction with respect to the
measure of non-compactness x . The chapter concludes by considering a sequence of frequency
changing evolution equations and proving that the corresponding sequence of periodic points
is relatively compact.

In Chapter {l we study periodic solutions of the nonlinear damped wave equations at res-
onance at infinity. We first derive a topological fixed-point index formulae of the translation
operator associated with the family of autonomous evolution equations:

(u(t), v(t)) = Alu(t),v(t)) + (0, Fo(Pou(t))), t>0, e€(0,1],
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where Fy : Xy — Xy is Lipschitz (the subspace Xj is defined in (@)), and P, is the orthogonal
projection in L2(R™) onto Xj. Next, we prove the resonant averaging principle, which states
that, for sufficiently small e € (0, 1], the topological fixed-point index of the translation operator

fbgf ), associated with
(u(t),0(t)) = Alu(t),v(t)) + (0, F(t,u(t)), t>0,ee(0,1], (20)

coincides (up to a sign) with the Brouwer degree degp(Fo,U), where U C X, is an open
bounded set such that Fo(u) # 0 for u € OU and Fy : Xy — Xy is given by

— 1 [T

As a consequence, we derive a continuation principle_assuming that degz(Fo,U) # 0 and
appropriate a priori bounds for periodic solutions of (R() are satisfied. It is well-known that
under Landesman-Lazer or strong resonance conditions, the Brouwer degree of Fy is nontrivial
on a sufficiently large ball. Moreover, these conditions allow us to derive specific geometric
conditions that ensure the validity of the bounds required for the continuation principle. In this
way, we establish Theorem m We conclude this chapter by applying Theorem [[ to the nonlinear
damped wave equation ([lf) with the Coulomb potential on R?® and appropriate nonlinearities.

Chapter B is devoted to the study of periodic solutions of the nonlinear damped wave
equations under non-resonance conditions. We begin by establishing an averaging principle,
which states that mild solutions of the family of evolution equations

(u(t), v(t)) = Alu(t),v(t)) + (0, F(t/e,u(t))), t>0, € (0,1], (21)
converge, as € — 07, to a mild solution of the averaged equation
(a(t), o(t)) = Au(t), v(t)) + (0, F(u(t)), t>0 (22)

where F' : H HRY) — L*RY) is the Nemytskii operator associated with the time-averaged
function f : RY x R — R. If, in addition, the mild solutions of (@) are €T -periodic, then they
converge to a solution of the stationary equation

Alu,v) + (0, F(u)) = 0. (23)

We subsequently prove the index averaging formula: if an open bounded set Z C X is such that
the equation (g) admits no solutions on 07, then, for sufficiently small ¢ € (0, 1], we have

Indc (¥, Z) = Inde(V.r, 2)

where \Ifgg) and U, denote the translation along trajectory operators associated with (@)
and (R2), respectively, and Indes(-,-) is the topological index for k-set contractions. From

this, we derive the continuation principle:

Indc(®r, Z) = Inde(VY | Z) = lim Inde (T, 2). (24)

t—0+
We further establish a priori estimates for e7-periodic mild solutions of (@) assuming either

(i) the non-resonance condition at infinity (see ()) and_the absence of nonzero eT-periodic
mild solutions of the linearized-at-infinity equation ([16), or

(ii) the non-resonance condition at zero (see (@)) and the absence of nonzero €7-periodic
mild solutions of the linearized-at-zero equation ([L7).



xiv Introduction

These estimates will enable us to apply the continuation principle (@) In order to compute
the topological fixed-point index of the translation operator \fft, for sufficiently small ¢ > 0, we
derive the linearization formulae for the autonomous nonlinear damped wave equation. The
chapter concludes with the proof of Theorem [] and its application to equation ([ll) with the
Coulomb potential on R? and suitable nonlinearities.

The Appendix gathers essential background material, including facts from the theory of
linear operators on Banach spaces, Lebesgue and Sobolev spaces, measure of non-compactness,
and the topological degree and fixed-point index for various classes of maps.

The main contributions of this thesis include:

 establishing general continuity result concerning the convergence of mild solutions to
Cauchy problems (Theorem |[1.3. I );

o defining an equivalent norm || - |5 on the space X (Theorem ) and proving that the
Co-semigroup {e**};>o generated by the damped wave operator A is a k-set contraction
with respect to the Hausdorff measure of non-compactness x;y for a properly chosen
s > 0 (Theorem @),

o deriving linear topological fixed-point index formulae (Theorem and Corollary );

o providing an estimate of the measure of non-compactness in L*(RY) for sequences of
functions with sublinear growth (Proposition B.3.1);

« establishing a topological fixed-point index formula for the translation along trajectories
operator associated with the autonomous evolution equation at resonance at infinity
(Theorem {.1.1]) along with the resonant averaging principle (Theorem W.2.1));

o providing a criterion for the existence of T-periodic mild solutions to the nonlinear
damped wave equations at resonance at infinity (Theorem m),

o deriving an index averaging formula for the translation along trajectories operator asso-
ciated with the damped wave equation under non-resonance conditions (Theorem p.2.1));

 establishing topological fixed-point index formulae for autonomous damped wave equa-
tions in the non-resonance case (Theorem 5.4.1);

o providing a criterion for the existence of T-periodic mild solutions to the nonlinear
damped wave equations under non-resonance conditions (Theorem [I).
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Notation

We assume that all spaces considered are over the real numbers. When dealing with the
complex spectrum or resolvent set, we consider the complexified space (see Appendix ).

B(xg,7) = {x € RN : |v — 0| <1}, D(wg,7) = {x € RN : |x — 20| < r}, where |- | is the
Euclidean norm on R”.

1x denotes the characteristic function of a subset X C Y.

Id : X — X denotes the identity map.

|U| denotes the Lebesgue measure of the set U C RY.

Il - ||x denotes the norm, and (-, -)x the scalar product in the space X.

Bx(zo,7) ={x € X : ||z — x| <r}, where (X, || -||) is a normed space.

diam U = sup{||z — y|| : =,y € U} is the diameter of a subset U of normed space X.
U denotes the closure. To emphasize that the closure is taken in X, we write T
conv(U) denotes the convex hull and ¢onv(U) denotes the closed convex hull.

u L v means that vectors u and v are perpendicular in the unitary space (X, (-,+)); U LV
means that subspaces U, V C X are orthogonal; W+ denotes the orthogonal complement
of the subset W C X.

Fix(F,U)={x € U:F(x) =z}, where F': W — X and UCW C X Fix(F)=Fix(F, X).

degg(F,U) denotes the Brouwer topological degree of the map F' on the set U (and with
respect to the point 0) — see Theorem |A.4 l

Indp(+,-) denotes the Brouwer topological index — see Theorem .

Indzs(-,-) denotes the Leray-Schauder topological index — see Theorem .

x denotes the Hausdorff measure of non-compactness.

Inde(+, -) denotes the topological index for k-set contractions — see Definition .
Mag(A) denotes algebraic multiplicity of the eigenvalue A.

f|X0 denotes the restriction of a map f: X — Y to a subset Xy C X.

If A: D(A) C X — X is a linear operator on a normed space X and Y C X is invariant
under A, then the part of A in Y is called the restriction of A to Y and is denoted by
Aly (see the discussion on p. J).

GrA denotes the graph of the linear operator A: D(A) C X — X and || - |4 denotes the
graph norm on D(A) — see Definition A.1.3 (i).

For a linear operator A : D(A) C X — X, 0ess(A) denotes the essential spectrum, ogisc(A)

the discrete spectrum, and o,(A) the point spectrum. The resolvent set of A is denoted
by p(A), and R(A\, A) = (AT — A)~': X — X - c¢f. Appendix [A.1]

L(X,Y) denotes the space of bounded linear operators A : X — Y, where X and Y are
normed spaces, and £(X) = £(X, X). If, on (X, ||-||), we also consider another norm ||- ||,
then £(X,||-]/1) denotes the space of bounded linear operators A : (X, ||-|l1) = (X, |- ]]1)-
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U, 4+ U, denotes the algebraic sum of subsets Uy, Uy C X, and X; & X, denotes the
direct sum of linear subspaces X; C X and Xy C X. If the subspaces X; and X, are
additionally closed, then X; & X5 is said to be the topological direct sum.

C(X,Y) denotes the space of continuous maps f : X — Y, where X, Y are normed
spaces, equipped with the supremum norm.

C>=(U) denotes the space of smooth functions on U C RY, while C5°(U) denotes the
space of smooth functions on U with compact support.

LP(U) denotes the Lebesgue space. If U = RN, then [julr = [Jul @y, (w,v)2 =
(u,v) 2@wyvy and Bre(z0,7) = Brey)(zo,7). Lj, (U) denotes the local Lebesgue space.

WkP(U) denotes the Sobolev space, where k is the maximal order of the weak derivative
and p is the exponent of LP(U). We write H*(U) = W*2(U). If U = R", then |ju|yx» =
ullwrr@yy, (W,v)gr = (U, v)gr@yy, and Bywo(zo,7) = Bwrrmyy(zo,7). The spaces
WEP(U) and HF:

fi 1ve(U) denote the corresponding local Sobolev spaces.

{f>0}={z eRY: f(z) > 0}, where f:R" — R is a function. The sets {f = 0} and
{f < 0} are defined analogously.

[a] denotes the floor function at a € R, i.e., the greatest integer less than or equal to a.



Chapter 1

General continuity and averaging
principle

We begin by recalling the basic properties of Cp-semigroups and their generators, along with
classical results from this theory. We then discuss the existence and uniqueness of solutions to
semilinear evolution equations, as well as their continuous dependence on the initial data and
the parametrized nonlinear term.

Next, inspired by a result of D. Henry [35, Thm. 3.4.8], we prove the main result of
this chapter: a general continuity theorem for a sequence of evolution equations under the
assumption of integral convergence of the nonlinear terms. From this, we first derive continuity
results for semilinear equations with frequency changing nonlinearities, and then establish the
abstract averaging principle. We apply these results in Chapter p.

In the concluding section, we examine the existence, continuity, and compactness properties
of the translation along trajectories operator.

1.1 Cj-semigroups of bounded linear operators

Assume that (X, || -||) is a Banach space. A family of bounded linear operators {T'(¢) : X —
X }i>o is called a Cy-semigroup (or strongly continuous semigroup) if

(i) (semigroup property) 7'(0) = I, T(t +s) = T(t)T(s) for t, s > 0;
(ii) (strong continuity property) limy o+ 7'(t)u = u for v € X.

A linear operator A : D(A) C X — X is said to be the (infinitesimal) generator of a Cy-
semigroup {7'(t) }+>o if

h—0t

D(A) = {u € X: lim % exists}

and Th
Au = lim % for u € D(A).

h—0+
If A is the generator of a Cy-semigroup {7'(t)}+>0, then there are no other Cp-semigroups
generated by A, i.e. A determines {7T'(t)}+>0 uniquely — see [47, Ch. 1, Thm. 2.6]. We denote
this semigroup by {e!}>o.
Remark 1.1.1. It is well-known that for any Cy-semigroup {e4};>0 generated by A there exist
numbers K > 1 and w € R such that

]| ) < Ke®t fort >0 (1.1)

—see 47, Ch. 1., Thm. 2.2]. If K = 1 and w < 0, then {e!},5¢ is called a Cy-semigroup
of contractions. Moreover, for any u € X, the map ¢t — e*4u is a continuous function from
[0, +00) into X, cf. [47, Ch. 1, Corollary 2.3]. O
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In the following theorem we recall basic facts about generators of Cp-semigroups.

Theorem 1.1.2. [47, Ch. 1, Corollary 2.5, Thm. 2.4] If A: D(A) C X — X s the generator
of a Cy-semigroup {e}i>0, then

(i)

A is closed and D(A) is dense in X;

(ii) for any u € D(A) and t > 0, e“u € D(A) and

%(emu) = Aty = e Au;

(ili) for anyu € X andt >0, f(f e*uds € D(A) and

t
A/ e Muds = ety — u.
0

Let us provide classical results about characterization of generators of Cy-semigroups.

Theorem 1.1.3. [Lumer-Phillips] [12, Thm. 3.4.4] A linear operator A : D(A) C X — X is
the generator of a Cy-semigroup of contractions if and only if D(A) is dense in X and A is a
maximal dissipative operator.

Remark 1.1.4.

(i)

Operator A is called dissipative if |[u — AAu|| > ||ul|, for all A > 0 and v € D(A), and it
is called maximal dissipative if, in addition, Im(/ — AA) = X for all A > 0.

Let A: D(A) C X — X be a dissipative operator. If there exists A\g > 0 such that
Im(I — AA) = X, then Im(/ — MA) = X for any A > 0 (see [12, Prop. 2.2.6]), i.e., A is

a maximal dissipative operator.

It is easily seen that a linear operator A : D(A) C X — X is maximal dissipative if and
only if (0, +00) C p(A) and

IR(N, A) |l cx) < 1/A for A > 0. (1.2)

Thus, in view of the Lumer-Phillips Theorem, a linear operator A is the generator of a
Co-semigroup of contractions if and only if D(A) is dense in X, (0,+00) C p(A) and
|IR(A, A)|| < 1/A for all A > 0 (see [47, Ch. 1, Thm. 3.1]).

If X is a real Hilbert space with a scalar product (-,-) and induced norm || - ||, one can
show that a linear operator A : D(A) C X — X is dissipative if and only if (Au,u) <0
for u € D(A), cf. [12, Prop. 2.4.2]. Moreover, if A is a maximal dissipative operator,
then D(A) is dense in X, compare [12, Corollary 2.4.3]. Hence, by the Lumer-Phillips
Theorem, A is the generator of a Cy-semigroup of contractions on a real Hilbert space X
if and only if (Au,u) <0 for u € D(A) and Im(A] — A) = X for some A > 0. O

Theorem 1.1.5. [Hille-Yosida] [47, Ch. 1, Thm. 5.3 linear operator A : D(A) C X — X is
1.

the generator of a Co-semigroup {e'},>0 satisfying (

) for allt > 0 and some K > 1, w € R,

if and only if D(A) is dense in X, (w,+00) C p(A) and

K
|R(A, A)" || 2x) < — for A>w andn>1

(A —w)

where R(\, A) = (\[ — A)~%.



1.2. Existence and uniqueness of mild solutions 3

Remark 1.1.6. The result in Remark (iii) is often called the Hille-Yosida Theorem, while
the general case from Theorem is stated as the Feller-Miyadera-Phillips Theorem. U

We present now two perturbation results. The first says that the generator of a Cp-semigroup
perturbed by a relatively bounded linear operator is still the generator of some Cy-semigroup.
The second one provides the integral formula for a Cy-semigroup generated by the operator
perturbed by a bounded linear operator.

Theorem 1.1.7. [25, Ch. III, Sec. 1, Corollary 1.5] Assume that A : D(A) C X — X is the
generator of a Cy-semigroup, and that the linear operator B : D(B) C X — X is relatively
A-bounded, that is, D(A) C D(B) and the linear operator B : (D(A),| - |la) — (X, - ) is
bounded, where ||ul|a = (||u|* + HAqu)l/2 is the graph norm on D(A). Then the linear operator
A+B:D(A+B)C X = X, given by

(A+ B)u= Au+ Bu forue D(A+ B)= D(A), (1.3)
is the generator of a Cy-semigroup.

Theorem 1.1.8. [see [25, Ch. III, Sec. 1, Thm. 1.3 and Corollary 1.7]] Suppose that A :
D(A) C X — X is the generator of a Cy-semigroup {e4}>o and B_: X — X is a bounded
linear operator. Then, A+ B : D(A+ B) C X — X, defined as in (@), is the generator of a
Co-semigroup {5~y and, for allt >0 and u € X,

t
6t(A+B)u — etAu +/ e(t_T)ABGT(A+B)UdT.
0

Next, we introduce a result showing that if a subspace is invariant under the generator of
a semigroup, then it is also invariant under the semigroup itself. To this end, let us recall that
for a subspace (not necessarily closed) Y of X and a linear operator A : D(A) C X — X, we

define a new linear operator A : D(A) C Y — Y (where, in particular, D(A) may be the whole
space X), called the part of A in'Y, as follows:

Au=Au for uwe DA ={ueDANY :AuecY}.

If the subspace Y of X is additionally invariant under A, that is, AD(A)NY) CY, then we
call the operator A the restriction of A to'Y and denote it by Al,..

Proposition 1.1.9. [compare with [25, Ch. II, Subsection 2.3]] Let A : D(A) C X — X be the
generator of a Cy-semigroup {e'}i>o on a Banach space X. We assume that X decomposes as
a topological direct sum X = Xp @ Xg, with the corresponding projections P, @), and that the
subspaces Xp, Xq are invariant under A.

Then, for all t > 0, Xp and Xqg are invariant under et and et commutes with the
projections P and Q). Furthermore, the restricted operators A|XP, A]XQ are the generators of
Co-semigroups on the subspaces Xp, Xq, respectively, and

tA tA
e |Xp — etA‘Xp’ e lXQ = etA|XQ fO’I" Cbllt 2 0

1.2 Existence and uniqueness of mild solutions

Let (X,|| -|) be a Banach space, A : D(A) C X — X be the generator of a Cy-semigroup
{150 and f € L}, .([0,7), X), where 0 < 7 < +o00 and L ([0,7), X) is a space consisting

of locally Bochner integrable functions f : [0,7) — X (cf. [12, Sec. 1.4.2]). We consider the
following Cauchy problem

{ZEB)) :glue(t) + f(t), te(,7), (1.4)
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We say that a function w : [0,7) — X is a mild solution of (@) if it satisfies the integral
equation, known as the Duhamel formula:

u(t) = e u + /t e=)4f(s)ds forte0,7) (1.5)
0

where the integral above is understood in the sense of the Bochner integral. If 7 = +oo, the
mild solution u : [0, +00) — X of the problem () is called global. By [12, Lemma 4.1.5], the
mild solution w is continuous.

We will make use of the following continuity and compactness result related to ()

Proposition 1.2.1. Assume that A : D(A) C X — X is the generator of a Cy-semigroup
{e"} >0, that f, € Li ([0,7),X) for every n > 1, where 0 < 7 < 400, that (Up)ns1 is @
sequence in X, and that u, : [0,7) — X, n > 1, are mild solutions of the problem () with
f=f.andu=1u,.

(i) [14, Proposition 2.5] If u, — ug in X and, for any 0 < T < 7, f, — fo in L*([0,T], X),
then un(t) 2= ug(t) uniformly on bounded subsets of [0,7) with respect to t, where
ug : [0,7) = X is the mild solution of (L.4) with f = fy and u = y.

(i) (14, Proposition 2.7] If a bounded interval [0,T] C [0,7) is such that functions f,, n > 1,
are uniformly bounded on [0,T] and, for any t € [0,T], the set {u,(t)}n>1 s relatively

compact in X, then the set {un|[0 T}} is relatively compact in C([0,T], X).
’ n>1

Now suppose that F': [0,+00) x X — X is continuous and

(F1) F satisfies the (uniform) Lipschitz condition, that is, there exists a constant L > 0 such
that, for all t > 0 and wuq, us € X,

| F(t,u1) — F(t,ug)|| < Lluy — ualf;

(F2) F is (uniformly) bounded at zero, that is, there exists a constant M, > 0 such that
| E(t,0)|| < M, for all t > 0.

Observe that conditions (F1) and (F2) imply that F' has a sublinear growth, that is, for all
t>0and v e X,
IE(t u)|l < Liull + 1F@E0)[| < C(llull +1) (1.6)

for C'= max{L, My}.
Consider the problem

P(A, F,u)

{u(t) = Au(t) + F(t,u(t), te(0,7),
u(0) = weX

where 0 < 7 < +oo. We say that a continuous function w : [0,7) — X is a mild solution
of P(A, F,u) if u satisfies the Duhamel formula () with f : [0,7) — X defined by f(t) =
F(t,u(t)), for any t € [0,7). It is well-known (see [47, Ch. 6, Thm. 1.4]) that the local
existence and uniqueness result holds, i.e. if F' is continuous and locally Lipschitz, then for
any u € X there exists a unique mild solution w : [0, Tax) — X of P(A, F,u) on a maximal
interval [0, Tyax). In addition, if 7. < +00, one has

lim [Ju(t)]| = +o. (1.7)

t—=Tmax

(1)A mapping F : [0,4+00) x X — X is called locally Lipschitz if for any Tp > 0 and Ry > 0 there exists
L = L(Ty, Ro) > 0 such that
[1F(t,u1) = F(t,u2)|| < Llluy — uz|

for t € [0, Tp] and g, uz € Bx (0, Rp).



1.2. Existence and uniqueness of mild solutions 5

We have also the continuous dependence on initial conditions, that is, if w, — %y in X and
up 2 [0,7) = X, n > 0, are mild solutions of P(A, F,u,), then u,(t) — uo(t) uniformly for ¢ on
bounded subsets of [0, 7), see [47, Ch. 6, Thm. 1.2].

Let a continuous map F : [0, +00) x X — X satisfy conditions (F1) and (F2), and u(-,u) :
[0, Tmax) — X be the mild solution of P(A, F, 7). We claim that Ty, = +00. Indeed, suppose
to the contrary that 7.« < +00. Applying the Duhamel formula ) and inequalities )
and (@) we get, for ¢t € [0, Tiax),

t
||u(t, )| SKelwleax||ﬂ||+/ K eleImmax
0

|F' (s, u(s,w))| ds
t

Sf{éwmwﬂﬂﬂ+l/ K el C(1+ |lu(s, u)) ds (1.8)
0

t
gq+@/mwwm
0

where O) = Kel“Imax(||[7]| 4+ TmaxC) and Cy = KellmaxC. Hence, based on the Gronwall
inequality (Lemma (ii)), we obtain, for any ¢ € [0, Tax),

|u(t,@)| < CLe®?t < CpeC2max,
a contradiction with ()

Remark 1.2.2. Assume that a continuous map F : [0, +00) x X — X satisfies (F1) and (F2),
and u(-,@) : [0,7) — X is the mild solution of P(A, F,u). Then the set {u(t,u) : t € [0,Ty], 7w €
Bx (0, Rp)} is bounded in X, for any 0 < Ty < 7 and Ry > 0. Indeed, using ([1.§), we get, for
all t € [O,T()] and u € B)((O, Ro),

t
Jutt. )] < s+ Ca [ fu(s,w)]ds
0

where C; = Kel“"(Ry + ToC) and Cy = Kel*M(C. Consequently, based on the Gronwall
inequality, we obtain

lu(t, @) < Cre™™

for all ¢t € [0,Ty] and w € Bx (0, Ry). O
The following fact concerns constant mild solutions for the autonomous problem.

Lemma 1.2.3. [cf. [14, Lemma 3.1]] Let A : D(A) C X — X be the generator of a Cy-
semigroup {e4}>0 and F : X — X be continuous. Suppose that u : [0, +00) — X, u(t) =7u €
X, for allt >0, is a mild solution of

u(t) = Au(t) + F(u(t)), t>0,
f10-+ »
Then w € D(A) and
Au+ F(u) =0. (1.10)

Conversely, if u € D(A) satisfies ([L.10), then the constant function u(t) =@, for all t > 0, is
a mild solution of (|L.9).
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1.3 Continuity for nonlinear evolution equations

We are now ready to formulate the main result of this chapter — namely, the convergence of
mild solutions of a sequence of Cauchy problems under the assumption of integral convergence
of the nonlinear terms. Our theorem extends the first result of this kind, due to D. Henry [35,
Thm. 3.4.8], and we will follow his approach in the proof. The assumption on the nonlinear
terms is essentially weaker than pointwise convergence or convergence in the space of locally
Bochner integrable functions, and it is needed to establish the abstract averaging principle,
which will be applied in the non-resonant case.

Theorem 1.3.1. Assume that X is a separable Banach space and mappzngs 0, +00) x X —
X, n >0, are continuous and satisfy conditions (F1) and (F2) (see p. E) with constants
independent of n. Moreover, suppose that uw, — Uy in X, {F (t,u)}nzl is relatively compact,
forallt>0 andu € X, and

t t
/ Fo(1,u)dr — / Fo(r,u)dr asn — oo (1.11)
0 0

foranyt >0 andu e X.
If u, : [0,4+00) = X, n > 0, are the mild solutions of P(A, F,,u,) (see p. I) then
un(t) = uo(t) uniformly fort on bounded subsets of [0, +00).

Before the proof we need some preparatory facts. Our first result provides a sufficient
condition for convergence of a sequence in X.

Lemma 1.3.2. If a sequence (yn)n>1 in X is such that the set {y,}n>1 is relatively compact in
X, and there exist A € p(A) and yo € X such that

R\ A)y, = R(A, A)yo as n — oo, (1.12)

then
Yn — Yo-

Proof. Suppose, to the contrary, that (y,),>1 does not converge to yo. Hence, there exist € > 0
and subsequence (y,, )k>1 such that

| Yn, — Yol > € forall k> 1. (1.13)

By assumption, there exists a subsequence (?/nkl )i>1 such that Yn, = y, for some y; € X. Since
the resolvent of an operator is a bounded linear operator, we get

RN, Ay, = RN, A)yy as 1 — oo

where A € p(A) is as in () By the assumed property () we have R(\, A)y, = R(\, A)yo
and consequently, because R(A, A) is injective, y, = yo. Hence, Yni, — Yo and this contra-

dicts () The proof is completed. O
The next lemma concerns differentation of semigroups.

Lemma 1.3.3. Assume that {S(t) : X — X }i>0, is a family of bounded linear operators such
that, for any bounded subset D C [0, +00),

sup [|S(¢)[|c(x) < +o0
teD

and, for any u € X, the function

[0,400) 2t — S(t)u e X (1.14)
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is continuous. Suppose that there exists a non-empty subspace Xo C X such that, for any
u € Xo, the map given by ([L.14)) is differentiable (at t = 0 we consider the right-hand derivative)
and let f 1[0, +00) = Xo C X be a differentiable function. Then, for anyt > 0,

Proof. Set t > 0 and then, by assumption, £ f(t) and % (S(t)v) ‘v:f(t) exist. Take h # 0 such
that |h| <1 and ¢t + h > 0. We have

St+h)f(t+h)—S)f(t) ft+h)—ft) d
. _ S(t+h) ( . _ —f(t))
+S(t+h) (jtf(t)) L St h})l =50 ¢

Let us put
C = sup{[[5(s)llcex) : [t =l <1}

and, by assumption, C' < +00. We see that

s ()
S(t+h})l—5(t)f(t)_>%(g(t)v) o as h — 0
and

d d
S(t+ h) (Ef(t)> — S(t) <Ef(t)) as h — 0.
This proves the assertion. Il
Now, we provide an integral formula.

Lemma 1.3.4. If f : [0, +00) — X is a continuous function such that, for allt >0,

/Otf(T) dr € D(A)

and the function

0, +00) BtHA/tf(T)dTGX (1.15)

is continuous, then we have, for any t > 0,

/Ot AL () dr = /Ot f(r)dr + /Ot elt=mA4 /OT flo)dodr. (1.16)

Proof. Since the thesis is obviously satisfied for ¢ = 0, we shall assume that ¢ > 0. Let
g :[0,+0) = X, g(T fo o)do. By the continuity of f, ¢ is differentiable and, by
Theorem (ii), the map

[0, +00) 37— eue X
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is differentiable for any v € D(A). Moreover, due to assumption, ¢([0, +00)) C D(A). There-
fore, we may apply Lemma [1.3.3, which together with Theorem [L.1.2 (ii) implies

A f(r) = (Lot
d

( (t— T)Ag(T)) . _(e(t—r)Av)

v=g(7) (1.17)

<(tT)A/f do—)+Ae” /f
(e [ o) sa [ sioyan

which holds for all 7 € [0,¢]. Furthermore, since function given by () is assumed to be
continuous, the map

%%m 3=

0,t] 57— e(tT)AA/ flo)do e X
0
is also continuous, thus, integrating () from 7 = 0 to 7 = ¢, we arrive at ([L.16). O

The lemma below is related to the condition ()

Lemma 1.3.5. If mappings F, : [0,400) x X — X, n > 0, are continuous and satisfy (F1)
(see p. ) with a constant L > 0 independent of n, and F,, n > 0, satisfy the property ([L.11)),
for allt >0 and @ € X, then, for any continuous function u : [0,+00) = X and t > 0,

t t
/ Fo(r,u(r))dr — / Fo(r,u(T))dr asn — oc.
0 0
Proof. Let u : [0,+00) — X be continuous and fix some ¢ > 0 and € > 0. Then u : [0,¢] — X is
uniformly continuous, hence there exists § > 0 such that, for s;, s € [0, ¢] fulfilling |s; —s2| < 4,
lu(s1) — u(sq)|| < e/3Lt. (1.18)

Let 0 =590 <s1<...<sy=tand 0<sj4y —s; <6 forj=0,...,N—1. By assumption
there exists ng such that, for all n > ngand 7 =0,..., N — 1,

/ Fn(Tuu(Sj))dT_/ Fo(r,u(s;)) dr|| < e/6N
0 0
and
Sj+1 Sj4+1
‘ / Fo(r, uls;)) dr — / Fo(ruls;)) dr|| < ¢/6N
0 0
that is
Sj+1 Sj+1
/ Fo (7, u(s;))dr — / Fo(,u(s;)) dr|| <e/3N. (1.19)

Next, we define u. : [0,t] = X,

By (F1) and (), one has, for any n > 0,

‘/Ot Fn(T,u(T))dT—/Ot F.(r,u.(7))dr

— - /SJJr1 | Fu(T,u(T)) — Fo(T,u(s;))|| dr (1.20)
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Furthermore, in view of (), we see that

/Ot Fo(7,10(7)) dT — /Ot Fo(7, e (7)) dr
Z_l </:H1 Fo(7,u(s;)) dr — /:Hl Fo(T,u(s;)) dr)

§=0 j j

From this and () we deduce that, for n > ny,

‘ /Ot Fo(r,u(r))dr — /Ot Fy(r,u(t)) dr /Ot Fo(r,u(r)) — Fy(r, (7)) dr

<

t t
+ ‘ / F.(r,u.(71)) — Fo(r,us(7)) dT|| + ‘ / Fo(r,u.(1)) — Fo(r,u(r)) dr
0 0
< = + = + t= €
3 3 3 7
which ends the proof. O

Proof of Theorem m We take a bounded interval [0, Ty] C [0, 4+00). In view of Remark ,
there exists C'; > 0 such that

|| x) < Cy for t € [0, Ty).

Since the operators F,, : [0, +00) x X — X, n > 0, fulfill (F1) and (F2) (see p. @), with common
constants, there exists a constant C'y > 0 such that

| F(t,up(t))]] < Cq for allm >0 and ¢ € [0, Tp).
The Duhamel formula (see (@)) yields, for any n > 1 and t € [0, Ty,

[l (8) = o (1) < [l T, — 7o

t
+ / (e(t_T)A Fo(r,u, (1)) — elt=mA Fy(r, uO(T))> dr
0
< tA — _ tA —
<le u,z e | (1.21)
+ / (B, un(7) = Fulr,uo(7)) ) dr
0
t
+ / (e(t_T)A E (1, uo(1)) — e®4 Fy (7, UO(T))> drl| .
0
For any n > 1 we define 'y,(f) :[0,400) — R and 77(3) : [0, +00) — R as follows
12 (8) = [l @, — e,
t
VD (t) = / <e(t_T)A Fo(mu0(7)) — €04 Ry (7, UO(T>)> dr
0
and finally the function v, : [0, +00) — R
Y (t) = A0 (0) + 22 (8).
Due to () and the Lipschitz condition, one has, for any n > 1 and t € [0, Tg),
t
Jun(8) = w0 £ 20(6) + | | 4 (Fulryaa(r) = Fulr uo(r))) dr
0
t
< Yn(t) + L/ 1“4 20 [un(T) = uo(r) || dr (1.22)
0

=y (t) + O/O |y (T) — uo(7)|| dT
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where C' = (L. Observe that, for all n_ > 1. the function =, is continuous. Therefore, based
on the Gronwall inequality (see Lemma (ii)), we obtain, for any n > 1 and ¢ € [0, Tp],

l|n (t) — uo(t)|| < Yalt) + C/o Yo (T)eCET) dr

. T (1.23)
< (t) + CeCt/O Yo (T) dT < () 4 CeCT0 /0 Yo (T) dT.
We shall prove that, for any ¢ € [0, Tp],
Yu(t) = 0 as n — oo. (1.24)
To this end, fix t € [0,Tp]. Since {e};>¢ is a Cy-semigroup, we readily see that
Y W(t) = 0 asn — oo.
Therefore, it remains to show that
Y2 (t) =0 asn — oo.
We put, for n > 1,
Yn(t) = /t e EAE (1, u0(7)) dr
0
and .
yo(t) = /0 eIAFy (1, up(7)) dr.
Then
Y2 () = llyn(t) — wo(®)]] (1.25)

We see that the maps
0,¢] 37— eDAE (1,u0(7)) € X, n>1,
are continuous and
||e(t_T)AFn(7'7 uo(7))|| £ C1Cy for all n > 1 and 7 € [0, 1].

By assumption, X is separable. Therefore, we can use the integral inequality for the Hausdorft
measure of non-compactness x (see Theorem ):

@b < [ (@D R}, dr (120

Using_the bounded linear operator estimate for the measure of non-compactness (cf. Proposi-
tion A.S.i (v)), we have, for any 7 € [0, ],

X ({1 Eum o)y ) < 1) x ((Fa u0(7) ) = O, (1.27)

because, by assumption. the set {F, (7, uo(7)) : n > 1} is relatively compact for any 7 > 0.
Taking into account () and ([L.27) we conclude that

X ({#a(t)}51) =0 (1.28)

i.e. {yn(t)}n>1 is relatively compact in X.
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Let A > w. Since the linear operator R(\, A) : X — X is bounded, one has, for n > 0,

t t
ROAW(®) = [ DROAF (o) dr = [ e D4, () dr
0 0
where f,, : [0, +00) = X, n > 0, are defined as follows

(1) = RN\, A)E (7, u0(7)).

As R(A, A) is continuous, so are f,, n > 0. Moreover, Im R(\, A) = D(A), therefore, for all
n>0and 7 >0,

/ fnlo R(A, A)/ F,(o,up(0))do € D(A).
0

Observe that the linear operator AR(X, A) : X — X is bounded:
ARMA) = (A = M + ADR(M A) = —1 + AR\, A).

Hence, for all n > 0 and 7 > 0,

A /0 " (o) do = AR(M, A) /0 " B0 up(0) do = / AR, A)VE (0, 10(0) do

0
Therefore, the map
[0, +00) 97|—>A/ fulo)do € X
0

is differentiable, hence, in particular, continuous. Then Lemma yields, for all n > 0,
t
R(A, A)yn(t) = / =DAf () dr = / fulT)dr +/ (t=r AA/ fulo) do dr. (1.29)
0

By assumption, () holds for all 7 > 0 and u € X. Hence, Lemma [L.3.5 implies, for 7 € [0, t],

/OT F.(o,up(0)) do — /OT Fyo(o,up(0))do as n — oo. (1.30)

Consequently,
t t
/ fu(T)dr —>/ fo(T)dr asn — oc. (1.31)
0 0

Further, note that

/Ote“‘”“‘A/OTfn(a)dodT:/Otet- AA/ RO\, A)E, (0, (o)) do dr

t
:/e(tT AR)\A /Fnauo )) do dt
0 0 (1.32)
:/(AR)\A A/Fnauo )) do dr
0 0

— (AR()\,A))/ T>A/0 E,(0,uy(0)) do dr.

0

Moreover, in the light of (), for any 7 € [0, ],

e(t_T)A/ Fy(0,up(0)) do — e(t_T)A/ Fo(o,ug(o)) do as n — oo
0 0
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and, for all m > 1 and 7 € [0, ¢,

elt=mA / F,(o,up(0)) do
0

Therefore, due to the Dominated Convergence Theorem,

t T t T
/ e(t—T)A/ F.(o,uo(0))dodr — / e(t_T)A/ Fy(o,up(0))dodr asn — oo.
0 0 0 0

Together with ([1.29), () and (|L.32), this yields
R\, A)yn(t) — R(X, A)yo(t) as n — oo.

This and () allow us to apply Lemma , which gives y,,(t) — yo(t). Then it follows
from () that ~.” (t) = 0. As a result, we obtain (@)

Since (U, )n>1 is bounded, the sequence of functions (77(11))@1 is uniformly bounded on [0, 7p).
Note that, for any t € [0, Tp] and n > 0,

t
/ 6(t_T)AFn(7', uo(T)) dr
0

< e Mecy) [ 1o uo(o)) do < 1CiC
0

S Toolcg.

Hence. the sequence of functions (%(12))7121 is uniformly bounded on [0, Tp]. Therefore, by virtue
of (@) and the Lebesgue Dominated Convergence Theorem,

To
/ Yn(T)dT — 0 as n — oco.
0

Thus, () and () yield that u,(t) — wuo(t) for any ¢ € [0,7p]. As we assume that
(Un)n>1 is bounded and F,, n > 0, satisfy conditions (F1) and (F2) with common constants,

Remark @ implies that the mild solutions u, : [0,4+00) — X, n > 0, of P(A, F,,,u,) (see p.
) are uniformly bounded on [0, 7j]. Consequently, the continuous functions

[0,400) Dt F,(t,u,(t)) € X, n>0,

are uniformly bounded on [0,Tp]. Since u,(t) — ug(t) for any ¢ € [0,Tp], based on Propo-
sition m (ii), we claim that {u”|[0,To]}n>1 is relatively compact in C([0, Tp], X). We shall
prove that any subsequence (uy, )r>1 contains a further subsequence which converges to ug in
C([0,Tp], X). Indeed, because {un|[07T0}}n>1 is relatively compact in C([0,Tp], X), we may as-
sume, extracting a subsequence if necessary, that w,,[j; ) = w in C([0, o], X). On the other
hand, u,, (t) — ue(t) for all ¢t € [0,T,]. This means that uy(t) = u(t) for all ¢t € [0, Tp], hence

u, — ug in C([0, Tp], X). Consequently, since the interval [0, 7] was arbitrary, we obtain that
un(t) — uo(t) uniformly for ¢ on bounded subsets of [0, +00). The proof is completed. O

1.4 Continuity for parametrized equations and averaging
principle

From the main result of the chapter — Theorem — we derive the following continuity
property for parametrized equations.

Theorem 1.4.1. Assume that X is a separable Banach space and mappings F,, : [0, +00) x X —
X, n >0, are continuous and satisfy conditions (F1) and (F2) with_constants independent of
n. In addition, suppose that F,,, n > 0, are such that the property (l_lll) holds, for any t > 0
andu € X, {F,(t,u) : t € D,n > 1} is relatively compact, for any bounded D C [0,+00) and
ue X, a, — o in (0,+00) and w, — Uy in X.

If u, : [0,4+00) = X, n >0, are the mild solutions of P(A, F,,(-/an,-),u,) (see p. ), then
un(t) = uo(t) uniformly for t on bounded subsets of [0, 400).
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Proof. Let us define the mappings F, : [0,+00) X X — X, n > 0, as follows: F,(t,u) =
F,(t/o, u). Obviously, F,, n > 0, are continuous and satisfy (F1) and (F2) with constants
independent of n. Similarly, one gets that the set {ﬁn(t, u) bn>1 is relatively compact for any
t > 0 and u € X, because, by assumption, {F,(t,u) : t € D,n > 1} is relatively compact for
any bounded set D C [0, +00) and vector u € X. Next, we shall prove that

t t
/ F.(r,u)dr — / Fo(r,u)dr asn — oo (1.33)
0 0
for any ¢t > 0 and v € X. Indeed, note that
t t/an
/ Fo(r,u)dr = Oén/ F.(t,u)dr forn >0.
0 0
Directly from the assumption we obtain that
t/ao t/ao
/ F.(r,u)dr — / Fo(r,u)dr as n — oo. (1.34)
0 0

On the other hand, by the Lipschitz and boundedness at zero conditions, there exists a constant
C > 0 such that ||F,(7,u)|| < C for all 7 € [0,+00) and n > 1. Therefore,

t/an t/ao t/an
/ Fo(r,u)dr — / Fo(1,u)dr / Fo(1,u)dr
0 0 ¢

/o
From this and () we deduce :

Thus, we can apply Theorem ﬁ to get that u,(t) — ug(t), uniformly for ¢ from bounded
subsets of [0, +00). This finishes the proof. O]

< |t/an—t/ap|C — 0 asn — 0.

Now, we apply the main result of the chapter to get the averaging principle.

Theorem 1.4.2. Suppose that X is a separable Banach space, F, : [0,4+00) x X = X, n > 1,
are continuous and satisfy conditions (F1) and (F2) with constants independent of n > 1, and

(F3) F, are T-periodic, that is, there exists T > 0 such that
F.(t+T,u) = F,(t,u)
forallt>0,ue X andn > 1.
Furthermore, assume that u, — g in X, (gn)n>1 in (0,400) is such that €, — 0, the set

{F.(t,u) : t € [0,T],n > 1} is relatively compact in X, for all w € X, and there exists the
mapping F' : X — X given by

~

F(u) = lim ﬁn(u) foranyue X

n—0o0
where the mappings ﬁn : X — X, n>1, are defined as

. 1 /7
F,(u) = ?/0 F.(t,u)dt for anyu e X.

If, for alln > 1, u, : [0,400) = X is the mild solution of

{ZE?) ::;m(t) + Fo(t/en,u(t), t>0, (1.35)
and 4 : [0,4+00) — X is the mild solution of
{ZE?) z/ﬂlzt(t) + F(u(t), t>0, (1.36)

then u,(t) — a(t) uniformly for t on bounded subsets of [0, +00).
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Proof. We shall apply Theorem - To this end, let us define the mappings E, : 10, +00) x
X = X,n>1, Ey(t,u) = Fy(t/ep,u) and F : [0, +00) x X — X, Fo(tu):F( ). We see
that F),, n = 1, are continuous and satisfy (F1) and (F2) with the same constants as Fj,, n > 1.

Since F' is t-independent, it is only necessary to prove that F meets the condition (F1). In
fact, we take any uy, us € X and obtain

1 T 1 T 1 T
H?/O Fn(t,ul)dt—f/o Fo(t,us) dtH < ?/0 | F(t, u1) — Fio(t, ug)l|| dt

1 /T
< f/ L|uy — ug||dt = L||uy — ug|| forn > 1.
0

Hence, as n — oo, we arrive at
[1F(u1) = F(u)|| < Ljur — s,

i.e. F fulfills the Lipschitz condition with the same constant as mappings F,,, n > 1. Further,
by the T-periodicity, we have, for any ¢ € [0,4+00) and u € X,

{E.(t, ) nsy C {Fu(t,u): t €[0,T],n > 1},

thus, the set {F,(t,u)}n>1 is relatively compact.
As, for each n > 1, the map F;, is T-periodic, observe that, changing variables in the
integrals, for any t > 0, u € X and n > 1,

t t " t/en
/ F.(r,u)dr = / F.(1/en,u)dr = —/ F.(r,u)dr
0 0 0

t/en

and, denoting t,, = t/e,, we have further ([a] denotes the integer part of a € R)

P [tn/T]=1  (k+1)T tn
— (1,u)dr = — / F.(1,u) dT+/ F.(1,u dT)
/ tn/T T( ; kT [tn/TIT )

P [tn/T]=1  (k4+1)T tn
—< S / Fo(r — kT,u) dr + / Fu(r — [t2/TIT, w) dT)
k

to/T T prd T [tn/TT

too1 T ta—{ta/TIT
— T T( /0 F.(t,u)dr +/0 F.(1,u) dT)
k=

0
=t % T/ Fo(1,u)dr + t_/ F,(r,u)dr.
n 0 n JO

Since F,, n > 1, satisfy conditions (F1) and (F2) with common constants, they satisfy the
sublinear growth condition with a common constant (see ()) Hence, we obtain

t tn—[tn/T)T
— / Fo(1,u)dr
0

t T
; St_/ |En(T,u)||dr — 0 as n — oo.
n 0

n

On the other hand, [t,/T]/(t,/T) — 1 and, by assumption,

t %Z;? %/o Fo(r,u)dr =t [z:;? Fo(u) =t F(u) :/0 Fo(r,u)dr as n — oco.

Thus, all the assumptions of Theorem are satisfied and its application yields the assertion.
]
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1.5 Translation along trajectories operator

Given a Banach space (X, || - ||) and a compact metric space (M,d), let {A(u) : D(A(n)) C
X — X},em be the family of linear operators satisfying

or any p € M, A(u) 1s the generator of a Cp-semigroup qe >0 such that
Al) fi M, A is th faC i tA(p) > h th
e £y < Ke*
for all ¢ > 0 and some numbers K > 1 and w € R;

(A2) for any sequence pi,, — fig in M one has, for any u € X and A > w,
ROA, A(ptn) Ju === R(A, A(po))u.

Suppose that a continuous mapping H : [0, +00) x X x M — X is such that
(H1) H fulfills the (uniform) Lipschitz condition, that is, there exists L > 0 such that, for all
t>0, pe M and uy, us € X,
[H(t, uy ) = H(t ug, p)|| < Llluy — ual]
(H2) H has a (uniform) sublinear growth, i.e., there exists C' > 0 such that ||H (¢, u,p)|| <
C(1+||ul]), forall t >0, u € X and u € M.
Consider the family of differential equations
w(t) = A(p)u(t) + H(t,u(t), p), t>0, pe M. (1.37)

Now, we associate with the family of equations ([L.37) the translation along trajectories operator
(by time ¢ > 0) &, : X x M — X also known as the Poincaré operator. To this end, recall that,
for any w € X and p € M, there exists the unique global mild solution u(-,@, i) : [0, +00) — X
of (E) with u(0) = @ — see Section 1.9, Then ®, is defined as follows:

(I)t(a7 :U) = U(t,ﬂ, :u)
The following theorem concerns continuity and compactness properties of the translation
along trajectories operator.

Theorem 1.5.1. [17, Prop. 4.1] Let the family of linear operators {A(n) : D(A(p)) € X —
X}uem satisfy (A1) and (A2), and the mapping H : [0, +00) x X x M — X be continuous and
satisfy (H1) and (H2).
(i) Assume that @, — g in X and p, — po in M, and let u, : [0,+00) = X, n >0, be the
mild solutions of (&) with u,(0) =, and p = p,. Then uy(t) — ug(t) uniformly for
t on bounded subsets of [0,400).

(ii) Let x be the Hausdorff measure of non-compactness in X (see Appendix @), and assume
additionally that X is separable. If there exists a number p > 0 such that

X{e " Wu: ueUpe My) <e?x(U)
for any t > 0 and bounded U C X, and there exists a number k > 0 such that
(H(D x U x M) < kx(U)
for any bounded sets D C [0,4+00) and U C X, then
V(@UU % M) < ey (u)
for any t > 0 and any bounded U C X.

Remark 1.5.2. By the point (i) of Theorem , the translations along trajectories operator
®, : X x M — X is continuous and, by the point (ii), if p > k, then ®, is the so-called k-set
contraction — see Section . 0]

(?)In view of the Hille-Yosida Theorem (Theorem ), (A1) yields p(A(p)) C (w,+o00) for any p € M.






Chapter 2

Linear damped wave equation

This chapter is dedicated to the linear damped wave equation:
uy + Puy = Au— V(z)u, t>0.

In Section El!, we recall that the Schrodinger operator with a Kato-Rellich type potential is

well-defined, closed, and self-adjoint in L?(RY), and we discuss its spectrum. In Section 2.2, we
analyze the spectrum of the damped wave operator and prove that it generates a Cy-semigroup.
In Section R.3, we define an equivalent norm on the space X = H'(RY) x L?(RY), and we show

that the semigroup generated by the damped wave operator is a k-set contraction with respect
to the Hausdorff measure of non-compactness on X, equipped with this norm. Finally, in
Section @, we provide a formula for the topological fixed-point index of this semigroup.

2.1 Schrodinger operator with a Kato-Rellich type po-
tential

In this section we investigate the Schrodinger operator —A + V. To this end, we define linear
operator A : D(A) C L*(RY) — L*(RY) by

Au=—Au+Vu for ue€ D(A)=H*R"Y) (2.1)

where the linear operator —A : H?(RY) C L?(RY) — L*(RY) is defined by use of the second
order weak derivatives:

—Au=—Y — for uec H*RY). (2.2)
It is well-known that —A is closed and self-adjoint, see [36, Example 8.4]. The linear operator
V : H3(RY) C L*(RY) — L*(RY) is defined as follows
[Vu(z) = V(z)u(z) for xRV, (2.3)
where V' is a Kato-Rellich type potential (see (@) and (@))

Example 2.1.1. Consider function V : RV \ {z¢} — R defined by

Viz) = m +b (2.4)

where a, b are real numbers, zo € R and v > 0 is such that

v e (0,N/2)  if N {1,234},
v €(0,2) if N>5.

17
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We show that then V' is a Kato-Rellich type potential. In particular, the Coulomb potential
Vo : R*\ {0} = R, defined by Vo (z) = a/|z|, a € R, belongs to this class.
To this end, we decompose V' as follows:

V() = Vo () + Vo(2)

where
a a

Vo) = 1rM\B(zo,1)(7) +0 and Vo(z) = 15(s01)(2). (2.5)

|z — xo|7 |z — xo|7

We note immediately that V., € L®(R"Y) as |V (z)| < |a| + |b| for almost every z € RY.
Additionally, there holds o(Vy) = 0(Vw) = b, where the number o(V,) is called asymptotic
bottom (see (B)), and the number 9(V,,) is given by () Indeed, we have, for all R > 1,

and esssup Vo, =< R

Vo +0b if a<0 RN\B(0,R) b if a<0

essinf Vi
RN\ D(0,R)

{b if a>0, {i+b it a>0,

and hence the result. Moreover, we have, for all p € (0, N/v),

af? / |
Pdr = — 1 dr = |al? —d
f woteras= [ R sty ) e = 1o s =
— p p
la / w =la / / son) |a:|w (z) dr
\a]p/ / —dS / |S 0 7“
S(0,r) P

_ \a]p/ riv- 1’5(071)|d _ |alP[S(0,1)]
0 roP N —p

where S(0,7) is the N — 1-dimensional sphere of radius r centered at the origin, and |S(0, )|
denotes its surface area. If N € {1,2,3,4}, then, by assumption, v € (0, N/2) and hence 2 <
N/~. Therefore, if we take arbitrary 2 < p < N/v, then, by (.6), Vo € LP(RY). Subsequently,
if N > 5, then, by assumption, v € (0,2) and hence N/2 < N/~. Therefore, if we take arbitrary
N/2 < p < N/, then, by@, Vo € LP(RY). Summarizing, for any N > 1, V; € LP(RY),
where exponent p is as in (bh). This shows that V' is a Kato-Rellich type potential.

If we assume that the exponent v > 0 satisfies

ve(0,1/2) i N =1,
v € (0,1) if N> 2

then V_is a Kato-Rellich type function. To show this, it suffices to decompose the function V'
as in (@) and use the estimate (@) to obtain that Vj € LP(RY), with the exponent p > 2 as
in condition (Bh). O

Let the linear operator Vo, : L2(RY) — L*(RY) be given by
[Voot](z) = Voo (z)u(z) for xRV,
and A : D(Ay) C L*(RY) — L?(RY) by
Asu=—Au+Vou for ue€ D(Ay)=H*R"Y). (2.7)
We also introduce the linear operator Vo : D(V) — L*(RY),

[Voul(z) = Vo(z)u(z) for z e RN
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where the space D(V ) is given by

L= (RY) if p=2,

2.8
LP/P=2(RNY if p> 2 (2:8)

oo - {

Firstly, we shall justify that the operators A and A, are well-defined, closed and self-adjoint,
and then provide some results concerning relative compactness (Proposition R.1.1(). Secondl
we use this result do determine the spectrum of A (Proposition R.1.12). Since in Chapteré

ﬁ
)

(Corollary B.1.1} and the proof of Lemma E.S.Q — see p. we will investigate properties of the
non-negative Kato-Rellich type functions (see (@), (Bh), and (9)), we consider now a general
linear operator W : H*(RY) c L*(RY) — L*(RY),

(Wul(z) = W(z)u(z) for zeRY

where k£ > 1 is an integer,

W=Ws+W, for W, e L*RY), Wye LF(RY), (2.92)
and
p>2 if Ne{l,...,2k—1},
p>2 if N =2k, (2.9b)

p>N/k if N >2k+1.
Moreover, we define the linear operators W, : L*(RY) — L*(RY),
(W oo(z) = Wa(z)u(z) for z€RY,
and W : D(Wy) — LA(RY) as
(Woul(z) = Wo(x)u(z) for xRN

where D(W) = D(Vy) (see (@)) Observe that, for k = 2, W is a Kato-Rellich type potential
and, for £ = 1, W is a Kato-Rellich type function.

Remark 2.1.2. By the Sobolev theorem (Theorem ), for any k > 1, the following em-
beddings are continuous

HERN) — L'(RN)  for r € [2,2N/(N —2k)]  if N >2k+1,
H*RY) < L"(RY)  for r € 2, +00) if N =2k,
H*RY) < L'(RY)  for 7 € [2,+00] if Ne{l,...,2k—1}.

The above embeddings are still true if we replace RY by an open U C RY of class C! with
bounded boundary O

Lemma 2.1.3. Let k> 1 and p > 2 be as in () Then the linear operators W ., W are
well-defined and bounded. Moreover, the space H*(RYN) is continuously embedded into D(W),
and the linear operator W = W o + W is well-defined. In addition, operator W considered
as a linear operator from the space H*(RY) to L*(RY) is bounded, and, for any u € H*(RY),

Wl < [[Waoll e llull2 + Cl[Woll o [[ull 2+

where C' = C(N,p) > 0 is a constant.

()We say also that U is a set with boundary of class C'. For the definition of sets of class C* see [J, p. 272].
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Proof. We see that, for u € L2(RY), |[Waul|z2 < ||[Wal|ze||u]|z2, hence W u € L?(RY) and
furthermore, W, is bounded.

If p = 2, then we have ||[Wou|p2 < ||Woll2||ul|Le, i.e. Wy is well-defined and bounded. If
p > 2, then, for any u € L?/®=2(RY), we apply the Holder inequality to obtain

1/2
([, WPl de) < Wl ful oo,

This shows that W is well-defined and bounded also for p > 2.
In view of Remark 2.1.2 the space H* (RY) is continuously embedded into D(Wy), for all

k>1andp>2asin () Hence, we get that W is well-defined and bounded. ]

Remark 2.1.4. From Remark we deduce that Lemma holds if R is replaced by
an open set U C RY of class C!' with bounded boundary. O

The following proposition concerns compactness of the operator W,.

Proposition 2.1.5. Suppose that k > 1 and p > 2 are as in () Then the restricted linear
operator WO‘Hk(RN) is compact, that is, the set Wo(U) is relatively compact in L*(RY), for
any bounded U C H*(RY),

The proof relies on several facts.

Lemma 2.1.6. Assume that U C RY is an_open set of class C* with bounded boundary and
Wy € LP(RN) with k > 1 and p > 2 as in (R.9Y). Then, for any u € H*(RY),

IWo ull 2wy < C° [IWollzowy Nullbewy Nulli=(, (2.10)
where C' = C(k,p,r,N,U) > 0 and

{ r>2p/(p—2), =2r/p(r—2), 6

(0,1) if Ne{l,...,2k}
r=2N/(N —2k), 6= (N/k)/p, 0 (0,1

€
€ (0,1 if N >2k+1.

Proof. Tt follows from the Holder inequality that
IWoullz2@wy < [IWollze@wy lull L2vso—2) - (2.11)
We take r > 2p/(p — 2) and, by the interpolation inequality (cf. Proposition (i), we get
ull 2ero-2 @y < Nl gy ellZ @) (2.12)

with 6 = 2r/p(r — 2). Note that 6 € (0, 1].

Let N € {1....,2k} and fixr > 2p/(p—2). Based on Remark , one has H*(U) < L"(U)
and then (ﬁ) combined with (ﬁ) yields the desired inequality. In addition, 8 € (0,1),
because r > 2p/(p — 2).

Assume that N > 2k + 1 and let r = 2N/(N — 2k). In the light of Remark 2.1.2. there
holds H*(U) < L"(U) and, since r > 2p/(p — 2), from (R.11]) and (E) we deduce () O
It will be important in the proof of Proposition that ||ul|z2 in the inequality ()
is raised to the positive power. However, in the case N > 2k + 1 and p = N/k we have

1—-0=1—(N/k)/p =0, therefore we need two lemmata below.

Lemma 2.1.7. Suppose that k > 1 and N > 2k+1, Wy € LN*(RN), U ¢ RY is an open set of
class C' with bounded boundary and finite measure, and b € (0,1). Then, for all u € H*(RY),

IWoull 2@y < C'|||[Wo| — ‘WU’bHLN/k(U) [l gy + C° HWOHILN/k(U) Hququ(U) HUHEE)U)

where C'= C(N, k) > 0 is a constant.
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Proof. Observe that |Wy|" € LON/R/5(U), because W, € LN*(U). The set U has a finite
measure and (N/k)/b > N/k, hence |[Wy|* € LN/*(U). On the other hand, u|, € H*¥(U) and,
by Remark R.1.4, [Wp|°u € L?(U). We get the following inequality

IWo ull 2@y < [[IWolu = [Wol" ul| Lary + Wl ull 2. (2.13)

Because U is an open set of class C'! with bounded boundary, using Lemma, twice, firstly
for p = N/k, we obtain

HAWol = 1Wal") wl| oy < € [IIWo] = WOl gy Tl
and secondly, for p = (N/k)/b, we obtain
IWol” wll 2wy < C* IIWollpwvieqry Nulltewy llull 2,

where C'= C(N, k) > 0. Combining these inequalities with () we get the desired inequality.
U

Lemma 2.1.8. Let f € LP(U) with p € [1,+00), where U C RY is a set of finite measure.
Then for any b € (0,1), we have

. b .
bl_lgl_ H|f| = | /] ||Lp(U) = 0.

Proof. Note that, for almost every x € U,
1F @) = @) ]" < (If(@)] + [ f(2)P)" < ()
where the function ¢ : U — R is given by

() = 2@ @) > 1
2 if [f(z)] < 1.

The function c is integrable, because f € LP(U) and the measure of the set U is finite. Then
the lemma follows by the application of the Lebesgue Dominated Convergence Theorem. [

Proof of Proposition . Let (uy)n>1 be a bounded sequence in H*(RY). We shall prove that
the set {Wou, },>1 is relatively compact in L?*(RY). The Holder inequality and the continuity
of the embedding H*(RY) — D(W) (see Lemma P.1.3) yield, for any r > 0 and p as in (2.9H),

IWounl L2 @3\ Bos) < C [Wolle@y\posy) ltunllar, n>1, (2.14)

where C'(N,p) > 0 is a constant. In view of the Lebesgue Dominated Convergence Theorem,
we get the tail convergence:

TETOO IWoll 2o @\ B(0,r)) = O- (2.15)
By assumption, the sequence (u,),>1 is bounded in H*(RY). Hence, by () and (), for
a given € > 0 there exists r > 0 such that

{WOUn}nZI C {WOunlB(O,r)}nZI+{W0un1RN\B(O,r)}n21 C {WounlB(o,r)}nzl+BL2(075)- (2~16)

We claim that the set {Wou,1po,)}n>1 is relatively compact in L*(RY). Indeed, let us
take a subsequence (Woun,15(0,));>1- By the Rellich-Kondrachov Theorem (Theorem @),
the set {u,, 15, }j>1 is relatively compact in L*(RY). Hence, passing to a subsequence if
necessary, (un,1p(0,));>1 is a Cauchy sequence in L*(RY).
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Assume that in () we have p > 2 and p # N/k. By Lemma , there exist a constant
C > 0 and 0 € (0, 1] such that

||W0unj - Wounl ||L2(B(0,r)) < Oe ”WDHLP(B(O,T)) ||un] — U, H?J’“(B(O,r)) ”ung — Unp, ||1Lg%93(07r))7 jv l > 1.

If either N € {1,...,2k} and p > 2, or N > 2k + 1 and p > N/k, then we have 6 € (0, 1),
hence the above estimate shows that (Wou,, 1p(0,));>1 is a Cauchy sequence in L3(RM).

In the case N € {1,...,2k — 1} and p = 2, using the Rellich-Kondrachov Theorem once
again, we can assume that (u,,1p(,));>1 is a Cauchy sequence in L°(RY). Therefore, we have

[Wottn, — Woun, || 280 < Wollz2Bos) |tn, — tn |l oBos)) — 0 as 4,1 — oo.

Assume that N > 2k + 1 and p = N/k. We take some n > 0. By Lemma , there exists
C' > 0 such that, for any b € (0,1) and all j, [ > 1,

||W0unj - WOunz ||L2(B(O,r))
<C |HW0‘ - |W0’bHLN/k(B(07T)) Hung - umHHk(B(O,r))

+C° HWOHZN/k(B(o,T)) [[tbn; — uanZ}{k(B(O,r)) [[tn,; — umHlLZf’B(om- (2.17)
Since (u,)n>1 is bounded in H*(RY), based on Lemma , we take b € (0,1) such that

C H|WO| - |W0|bHLN/k(B(07T)) Hun] - unzHH’“(B(O,r)) < 77/2 for all 7,1 > 1. (2'18)

Because (un;1p(0,);j>1 is a Cauchy sequence in L*(RY), there exists an integer j, > 1 such
that, for the chosen b € (0,1),

c* HWOHZN/k(B(o,r)) [[tbn; — uanI;{k(B(O,r)) [[tn,; — umHlL;éjB(om)) <n/2 forall j,I > jo.
Now, taking into account the inequality above, () and (), we get
[Wottn, — Wotln, || 280, < n for all 5,1 > jo.

Considering that 7 is arbitrary, this shows that (Wounjl B(o,))j>1 18 a Cauchy sequence in
L*(RY) when N > 2k +1 and p = N/k.

Since (Woun,15(0,r))j>1 is a Cauchy sequence in L?*(RY), it follows that for any p and N as
in (2.9b), any subsequence of (Wou,1p(0,))n>1 contains a further subsequence that converges in
L?(RY). This means that the set {Wou,1p(0,) }n>1 is relatively compact in L*(RY), as claimed.
Consequently, the set {Wyu,1 B(O,r)}nZl is totally bounded in L?(RM). As ¢ > 0 is arbitrary,
from (R.16) we deduce that {Wyu, },>1 is totally bounded in L?(RY). Given that L?(R") is a
complete metric space, the total boundedness of a set is equivalent to its relative compactness.
Thus, {Wot, tn>1 = {Wouy }n>1 is relatively compact in L?(R”). This finishes the proof. [

Consequence of Lemma and Proposition is the following result to the operators
Vi, Vo, and V.

Corollary 2.1.9. Suppose that p > 2 is as in (@)

(i) The linear operators V o, Vo are well-defined and bounded. Moreover, the space H*(RY)
is continuously embedded into D(Vy), and the linear operator V.=V o + Vg is well-

defined. In addition, operator V' considered as a linear operator from the space H?(RY)
to L2(RYN) is bounded, and, for any u € H*(RY),

IVullpe < [[Veollzee [Jullzz + ClIVolle [[ull a2

where C'= C(N,p) > 0 is a constant.
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(it) The restricted linear operator Vo|ysgny is compact, that is, the set Vo(U) is relatively
compact in L?(RY), for any bounded U C H?(RY).

We are in a position to prove the first main result of this section, which collects the properties
of Vo, Ay and A.

Proposition 2.1.10.

(i) Vy is relatively (—A)-compact, i.e., Vo : (H*(RN), || - [|-a) — (L2®RY), || - |lz2) is a
compact linear operator (see Appendix m)

(ii) A= —A+V with D(A) = H*(R"Y) and Asc = —A + Vo, with D(Ay) = H*(RY) are
well-defined linear operators in L*(RY). Furthermore, V' is relatively As-compact and
A, Ay are closed and self-adjoint operators in L*(RY).

The proof makes use of the following remark.
Remark 2.1.11.
(i) Let || - ||_a be the graph norm on D(—A) = H*(RY):

1/2
lull-a = (JullZs + [|(~A)ul|2) .

We claim that || - ||_a and || - ||z2 are equivalent. Indeed, for v € H?(RY), one has
lull-a < H(=A)ullrz + [[ullz < llullz
Hence, the identity mapping

g (HARY) - ) = (HARY), || ] -a)

is continuous. The operator —A is closed, so the space (H*(RY),| -|/-a) is complete,
and, in view of the Banach Isomorphism Theorem (see [9, Corollary 2.7]), j~! is bounded,
i.e., the norms || - ||gz and || - || A are equivalent.

(ii) Let || - ||-a+v., be the graph norm on D(—A + V) = H*(RY):
lul-asve = (lullZe + 1(=2 + Vooulla) 2.
Then, || - ||—_a+v., and || - ||-a are equivalent. In fact, observe that
lull-a < flullzz + 1| = Aullzz < flullz2 + || = Vioullrz + [[(=A + Vo )ul| 2
< (U Vel (Hlallzz + (=2 + Viullzz) (2.19)
= V2 (14 |Violl=) lull-atv...

On the other hand, in a similar manner we get

lull-asvee < llullze + 1| = Au+ Vullze < (1 +[[Vaollzoe) (lullze + || = Aulr2)

2.20
<V2 (14 [Vallze) [lull-a. 220

O
Proof of Proposition . (i) We shall prove that the linear operator

Vo i (HXRY),[|- [l-a) = (LARY), || - [|12),
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given by Vou = Vou for u € H 2(RY), is compact. By Remark (i), the identity map
g (HARY) |- [l-a) = (HA®RY), |- [l 2)

is a bounded linear operator. Moreover, by Corollary (ii), the linear operator V| H2(RN)

is compact. Since ‘70 = Vol Ny © J, we get that ‘70 is a compact linear operator.

(ii) In view of Corollary (i), Vo, Vo and V are well-defined on H?(RY), thus, so
are —A + V., —A+ Vyand —A + V. By the point (i), V is relatively —A-compact. On
the other hand, from Remark (ii) we deduce that the norms || - ||-a+v., and || - |-a
are equivalent. Therefore, V is relatively (—A + V)-compact. The operator —A is self-
adjoint and Vo _is a bounded symmetric operator, hence, A, = —A + Vo is self-adjoint
(see Theorem (ii)). The operator V is relatively A..-compact, thus, V is relatively
As-bounded and its A.,-bound equals zero (see Theorem m) Consequently, because A,
is self-adjoint and V' is symmetric, based on the Kato-Rellich Theorem (Theorem (ii)),
we infer that A = A, + V is self-adjoint. O

Now, we state the second main result of this section.
Proposition 2.1.12. For the operator A = —A + 'V there holds

(i) Oess(A) C [0(Va), +00), where oess(A) denotes the essential spectrum of the operator A
(cf. Appendiz|A.1) and o(Vx) denotes the asymptotic bottom (see (B)) of the L*°(R3)-part
of the potential V', denoted by V., that is

0(Voo) = lim  essinf Vi
R—+00 RN\D(0,R)

(ii) there exists a number ¢ € R such that o(A) C [¢,+00);

(iii) for any n < o(Vs) the set o(A) N (—o0,n| consists of a finite number of eigenvalues with
finite multiplicitie , i.e., o(A)N(—00,n] C ogisc(A), where ogisc(A) denotes the discrete
spectrum of the operator A (see Appendiz|A.1).

Before the proof we need two lemmata.
Lemma 2.1.13. Assume that Vo € LP(RY), with p > 2 as in (@)
(i) The space H'(RYN) is continuously embedded into L*/P=V(RN) and, for u € H'(RY),
Vo lu*llze < C* [Vollzr [fullz:

where C = C(p, N) > 0 is a constant of the embedding H*(RN) «— L%/(P=D(RN),

(ii) For any v € H'(RY)

Vo lul® e < C* [Vollor Nullih Ilulfs ™. (2.21)

Here C'= C(p,r,N) > 0 is a constant of the embedding H*(RY) < L"(RY), where

{r>2p/(p—1), 0=r/p(r—2), 60€(0,1) if Ne{l1,2}
r=2N/(N-2), 0=(N/2)/p, 0€(0,1] i N=>3.

(?)Since operator A is self-adjoint, for any eigenvalue A of A the geometric multiplicity of A equals its algebraic
multiplicity (cf. Appendix @)
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(iii) If N > 5 and p = N/2, and U C RY has finite measure, then, for any u € H*(RY) and
be(0,1),

2(1-b
IVoluPllawy < C* N1Vol = Vol llzwraqwy lullfe + Co flullF [luf 75~ (2.22)

where C = C(N) > 0 is a constant of the embedding H'(RN) — L*N/WN=2/(RN) and
Cy = max{1,C?} - max{1, || Vo|| 1~/2}

Proof. (i) Let p > 2 be as in (@) Then p > 2 if N € {1,2} and p > N/2 if N > 3. Hence,
Remark yields the continuous embedding H'(RY) < L%/®=1)(RN). Consequently, using
the Holder inequality,

Vo lul*llze < [Vollze llull7zno-o, (2.23)

we prove the required inequality.
(ii) We take r > 2p/(p—1) and, in view of the interpolation inequality (cf. Proposition
(i), we obtain
2(1-6
el < Nl ™ ul3: (2.24)

with = r/p(r — 2). Note that 6 € (0, 1].

Let N € {1,2} and fix r > 2p/(p — 1). Based on Remark , one has the continuous
embedding H'(RY) < L"(RM). Then, combining (2.23) with (2.24), we get the desired in-
equality. In addition, 6 € (0, 1), because r > 2p/(p — 1).

Assume that N > 3 and let » = 2N/(N — 2). In the light of Remark , there is
the continuous embedding H!(RY) — L"(RY). Further, by virtue of (@), p > N/2, hence,
r>2p/(p—1) and from (@) and (R.24) we deduce (@)

(iii) By assumption, the measure of U is finite and (N/2)/b > N/2, thus |[Vy|’1y €
LN2(RN). By (i), [Vol 1y |u|? € LY(RY), therefore, we obtain

Vo lul*lorwy < (| IVol 1 fuf® = [Vol" Lo ful*[| 1 + 11Vo]" 1o [ul?l 1. (2.25)
Applying (ii) twice, firstly for p = N/2, we get
1Vl 1o = Vol 1) a1 < € (Vo] = Vol oney Nl
and secondly, for p = (N/2)/b, we get

Vol 1o [l 2 < C2 [||[Vol® 1ol povoe [ful2 fluf) 3™

< max{1, C%} max{1, || Vol gz} fJul|Z [Ju] 35~

where C' > 0 is the constant from the continuous embedding H(RN) < L2N/(N=2)(RN).
Combining these inequalities with (R.25), we obtain (@ : N

~

Lemma 2.1.14. (compare with [48, inequality (1.2) on p. 145]) Assume that Vo € LP(RY)
with p > 2 as in (pY). For any € > 0 there exists a constant C' = C(p, N,e) > 0 such that

<ellVulliz + Cllull3:  for all u € H(R™).

[ @GP da

In particular, for all u € HY(RY),
/RN [Vu(a)[? + V(@) |u(z)? de > (1/2)[|Vull7: — Cllul|Z..

Proof. By Lemma (ii), there exist C' > 0 and 6 € (0, 1] such that, for all u € H'(RY),

Vlulllr < € [Vollo llullis llull 75~
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Suppose that N € {1,2,3,4} or N > 5 and p > N/2. Let ¢ > 0 be arbitrary. We see that
0 € (0,1) for N € {1,2} and N > 5, p > N/2. Further, 6 € (0,1) also for N = 3, because
then p > 2 > N/2, and for N = 4, because then p > 2 = N/2. Consequently, applying Young’s
inequality (Lemma |A.2.1| (i)), we get

el|ul|2,, [lul| 7.
v 2 <C20 Vv H L
IVolulller < CFWoller | 5= + rama1 170 =)
< e C*||Vollre llullFn + C% |Volle €Y7 |ul |3,

which implies the assertion, because C' and # do not depend on ¢.
Assume now that N > 5 and p = N/2, and let € > 0. There exists r > 0 such that

IVoll vz gos) < €
Then we apply the Holder inequality to obtain
Vo lulll r @0, < 1Volloavz@v o) ||U||izN/<N—2>(RN\B(o,T)) < e C?lullin
where C' = C(N) > 0 is a constant from the embedding H'(RY) «— L*N/(N=2)(RN). This yields
Vo [ul?llze < Vo [ul | amom) + 1Vo [ulll i@ s < Vo [ul?llzisom) +& C lullf. (2.26)

In view of Lemma (iii), there exists a constant C; > 0 such that, for any b € (0,1) and
any u € H'(R"), we obtain

2(1—b
Vol 2z < CHIVE = Vol sz lullin + Colull@ lul 2™ (2:27)
By Lemma , we set b € (0,1) such that
Vol = VoI’ ll Lvre(sory) < €. (2.28)
From Young’s inequality we deduce that

2(1-b) 5”“”%11

2
u
||“||12L?1 ||u||L2 < + [[ull72

1/b el/a=b)-11/(1 — b)
It follows from () and () that

Vo [ulll 21 (so.ry) < €0 [lullfp + Crellullfn + Cre ™V JulZ,,

< elfullp + O ul 7.

which together with () proves the assertion, because C' and C; do not depend on e. O

Proof of Proposition . (i) In view of the Persson formula (see [48, Thm. 2.1], [36, Thm.
14.11]) one has

Inf Oegs (Aoe) = lim inf {(Aoou,u>L2 cu € CP(RY\ D(0,R)), [|ullz2 = 1} (2.29)

R—+o00

where A, = —A 4+ V, (see (@)) Let u € C§°(RY \ D(0, R)) be such that [jufz2 = 1. Then

(FA+ Vo )u,u) e = [|Vullfz + (Vaeu, u) 2 > / Voo () u(2) [ d. (2.30)
RN\D(0,R)

For almost every x € RN \ D(0, R) we have

Voo @) |u(z)|” > Ssint u(@)|",
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thus, since ||ul|z2 = 1,

/ Veo(2)|u(z)|?dr > essinf V.
RN\D(0,R)

RN\D(0,R)
Taking into account (), we obtain

(A Vi 2 85 '

and consequently

inf {((—A Ve )uu)e u € CE RN\ D(0,R)), |lull 2 = 1} > essinf V.

~ RN\D(0,R)
Combining this with () and the definition of asymptotic bottom, we arrive at
inf Oess(_A + Voo) Z Q(Voo)7

therefore
Uess(_A + Voo) C [Q(Voo>7 +OO) (231)

Next, in view of Proposition (ii), the symmetric operator V| is relatively (—A + Vo )-
compact, hence, the Weyl’s Theorem (Theorem |A.1.5 (iii)) yields

Oess(_A + V) = Jess(_A + Voo)

Taking into consideratio) we get the assertion (i).
2.1.10 (

(ii) By Proposition ii), the operator —A + V' is self-adjoint, thus, in view of the
spectral bottom formula (see Theorem E (i)), it suffices to prove that there exists ¢ € R
such that, ((=A+V)u+cu,u)r2 > 0 for any u € H*(RY). Note that, by virtue of Lemma ,
there exists C' > 0 such that, for all u € H*(RY),

(-84 Vyust Cuuo = [ [Valo) + V(@) o+ Clulls = (1/2)]|Vul3s > 0
R

Therefore, one has o(—A + V) C [-C, +0).

(iii) We set some n < 0(Vi). Then o(A) N (—oo,n| is bounded, because, by (ii), o(A4) C
[c, +00) for some ¢ € R. Moreover, 0es(A) C [0(Vi), +00), thus o(A) N (—o0,n] consists of
isolated eigenvalues with finite multiplicities. We claim that o(A)N(—o0, n] has no accumulation
points. Indeed, suppose to the contrary that z, € R is a such point. Since o(A) N (—oo, 7]
is closed, we get o € o(A) N (—oo,n]. Hence, zy is not an isolated point of the spectrum
o(A) and zg < 9(Va), which contradicts the property that oes(A) C [0(Va), +00). Therefore,
o(A) N (—o0,n] is bounded and has no accumulation points, so it must be finite. O

Example 2.1.15. Consider the linear operator B : H*(R?) C L*(R?) — L?*(R?) given by

B =—p’A — €
]
where p, ¢ > 0 are constants. It is known (cf. [34, Thm. 18.3 and Thm. 18.4]) that all negative
eigenvalues of the operator B are of the form

q4

T
4p*n?

n>1.

Using [36, Corollary 14.10], we get

Odise(B) = { A\ : n > 1} and oes(B) = [0, +00). (2.32)
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Additionally (cf. [34, Corollary 18.5]), for any n > 1, one has
dim Ker(\,I — B) = n*. (2.33)

Now, consider the Schrodinger operator —A + V', where V' : H%*(R3?) — L*(R?) is the
operator of multiplication by the function V(z) = —a/|z| + b, where a = ¢*/p and b € R is a
constant. We will show that

2
Odisc(—A+ V) = {—% +b:n> 1} and  Oess(—A + V) = [b,400) (2.34)
n
and
dim Ker()\nl — (—A+ V)> =n? forn>1. (2.35)

To this end, we define the Schrodinger operator —A + W, where W : H*(R?) — L*(R?) is
the operator of multiplication by the function W(z) = —a/|z|. By virtue of Example R.1.1,
V and W are Kato-Rellich type potentials, hence, in view of Proposition R.1.1( (ii), the linear
operators —A + V and —A + W are well-defined. We claim that

Udisc<_A + W) = Udisc(B) and Uess(_A + W) = O'ess(B) (236)

and
dim Ker ()\nl —(—A+ W)) = dim Ker(\,I — B) forn > 1. (2.37)

Given s > 0, let us define the linear operator R, : L*(R3) — L*(R?) by the formula
[Rsu](z) = u(sz).

The change of variables formula yields

| Rsu|| 2 = for u € L*(R?).

Ll
— U
ENG L

Hence, the operator R, is well-defined and bounded. Moreover, by directly using the definition
of the weak derivative and changing variables in the integrals, we obtain that

0

8_9$Z-(Rsu) = —SRSaiiu for i € {1,2,3} and u € H*(R?)
and
> (Rsu) = $’R a—ZU fori,j € {1,2,3} and u € H*(R?)
Ox;0m;  ° * 0z,;0; ’ T ’
In particular, this means that R,(H?*(R?)) C H*(R?) and
AR = s°R,(Au) for u € H*(R?). (2.38)

Observe that, for any s > 0, the operator R, is invertible and R;! = Ry/s. This shows
immediately that R ! is also a bounded linear operator.
We claim that
~A+W =R,BR.". (2.39)

Indeed, defining the mapping U(z) = —¢*/|z| and U : H*(R?) — L?*(R3?) as the operator of
multiplication by the function U, one has, for any u € H?(R3) and almost every x € R3,

RUR," u|(2) = [UR," u|(pr) = Upa)[R," ul(pz) = W ()u(2) = [Wul(z).  (2.40)
Applying () together with (), we arrive at
R,BR,* =R, (-p’A+U) R, = (-p’R,A+ RU) R,
B Car v RU R D Ay w

as desired.

Having_the formula ), we apply Proposition |K[/ to get ( and (R.37). We easily
see that (2.32) and (R.30) together imply (ﬂ), while (2.33) and (2.37) imply (2.35). O
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2.2 Damped wave operator
We consider the space X = HY(RY) x L?(R") with the scalar product:
((u1,v1), (ug, v2))x = (U, ug)pr + (Vr,v2)p2 for  (ur,v1), (up,v2) €X,
which induces the norm
1w, o)l = Nullzpn + Joll7> for  (u,v) €X.

Since H'(RY) and L*(R") are Hilbert spaces, then X equipped with the scalar product (-, -)x
is Hilbert space. Now, we define the damped wave operator A : D(A) C X — X by the formula

Alu,v) = (v, —Au — pv) for (u,v) € D(A) = H*(RY) x HY(RY). (2.41)

In view of Proposition (i), the operator A : H?(RN) c L2(RY) — L2(RN), A= —A+V,
is well-defined, therefore A is so.

Proposition 2.2.1.
(i) A is densely defined and closed operator.
(ii) A generates a Cy-semigroup {e"*}i>o on X.

(iii) o(A) = SEI(O'(A)), where sg : C — C is given by sg(p) = —p(p + 5) and 351({/\}) =
{n-(N), i (N)}, where

wy = {BREVERE N i A< (32 0.12)
~B2EiX=(BP if A> (8/2)

(i) For any p € C there holds
Ker (ul — A) = {(u, pu) : u € Ker (sg(pu)l — A)}. (2.43)

Moreover, we have o,(A) = sgl(ap(A)), where g, refers to the point spectrum of linear
operator (cf. Appendiz |A.1).

Proof. (i) A is densely defined, because, due to Friedrich’s Theorem (see Theorem ),

H?(RY) is dense in H'(R"Y) and, due to Proposition A.Q.Q (iii), HY(RY) is dense in L*(RY).
Let ((tn,vn)), ., be a sequence in D(A) such that

(Un, V) — (u,v) in X. (2.44)
and
Altn, v,) =2 (g,h) in X (2.45)

From (2.44) we deduce that u, 222 u in HY(RY) and v, 225 v in L2(RY), and ()
yields v, — g in HY(RN) and —Au,, — fv, % h in L*(RY). This implies that v = g
and Au, == —fv — h in L*(RY). By Proposition D.1.10 (ii), A is closed, therefore, we get
u € H*RY) and Au = —pv — h, i.e., (u,v) € D(A) and A(u,v) = (v,—Au — Bv) = (g, h).

(ii) We define the operator Ay : D(Ag) C X — X|

Ao(u,v) = (v, Au—u— Bv) for (u,v) € D(Ag) = H*(RY) x HY(RY).
We claim that A, is a maximal dissipative operator. Indeed, firstly, for (u,v) € D(Ay), one has

(Ao(u,v), (u,v))x = <(v, Au —u — pv), (u, U)>X
= (v,u) g1 + (Au,v) 2 — (u,0) 2 — Bllvl|72 = —Bllvl|7 <0
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Secondly, let (g,h) € X and we put

u= (A—(2+5)I)71((1—|—5)g+h) and v = g+ u.

By [B6, Thm. 7.6], (0, +00) C p(A), thus, the vectors u, v are well-defined and (u,v) € D(Ay).
Furthermore, one readily gets

(Ao — I)(u,v) = (v —u, Au—u—fv—v) = (9, (A = (2+ B))u— (1 + B)g) = (9, h).

Hence, Im(Ay — I) = X. This means that A, is a maximal dissipative operator and, by the
Lumer-Phillips Theorem (Theorem [1.1.3), A, is the generator of a Cy-semigroup of contractions.
Next, let V: D(V) € X — X be a linear operator given by

V(u,v) = (0,u — Vu) for (u,v) € D(V)=H*RY)x L*(R"Y).

We shall show that V is Ap-bounded. In view of Lemma , the linear operator V is bounded
as an operator from H?(RM) to L*(RY), hence, for all (u,v) € H*(RY) x H*(RY),
IV(w, 0)llx = llu = Vul: < lullz + [Vl

(2.46)
< A+ Vllewz,) lullgz < A+ VI cz,e2) | (v, 0) 525

where || - || g2y is the norm on H?(RY) x HY(RY) generated by the scalar product
((ur,v1), (U2, v2)) g2xcmt = (U1, Uz) g2 + (V1,v2) g for (ug, v1), (ug, v2) € Hz(RN) X Hl(RN)-

We assert that the norms || - || g2« g and || - ||, are equivalent, where || - ||4, is the graph norm
on D(Ay). Indeed, for (u,v) € H*(RY) x H'(RY), one has
[Ao(u, v)llx < [[ollar + |Au —u = Bull 2 < [vllgr + Bllvllze + [|Aullr2 + [[ul| 22
1/2
< (Ut Aol + V2 (1Al + ullF2) "
< (L4 B) ol + V2l ullme < (V24 B)II(u, 0) |2

which implies
1/2
1w, )10 = ([1Ao(w, v)I5 + [[(w, ) [I%)

< (V2 8) N + 10 ) < (V3 5 00

From this, we deduce that the identity map
i (H*RY) x H'(RY), || - lzr2xm ) — (H*(RY) x H'(RY)

is continuous. Since (H2(RY), (-, -)g2) and (HY(RY), (-,-)z) are Hilbert spaces, then so is
(H2(RN) x HY(R™), (,-)sr2xpr). As for the operator A, we can show that Ay is a closed linear
operator, therefore, the space 8]—[ 2(RY) x HY(RY), || - ||ay) is complete. Then, by virtue of the
Banach Isomorphism Theorem (see [9, Corollary 2.7]), the norms || - ||g2xz: and || - ||a, are
equivalent. Hence, in view of (), V is Ag-bounded. Thus, the operator A = Ay + V, as
a Ag-bounded perturbation of the generator A, of a Cy-semigroup on X, is the generator of a
Co-semigroup on X (see Theorem [1.1.7).

(iii) We will prove that p(A) = sgl(,o(A)), which is equivalent to the assertion. To this end,
we will show that, given (u,v), (g,h) € X and p € C, the condition

(u,v) € D(A) and (ul — A)(u,v) = (g,h) (2.47)
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is equivalent to
ue H*RY), v=pu—g and (sg(u)] — A)u=—~h— (u+B)g. (2.48)
Indeed, suppose that () holds. Then u € H?(RY) and
pu—v=g and pv— (—Au— pv)=h.

Hence, we have
v = pu—g, (2.49)

i.e., the first equality in (), and
(u+ B)v+ Au = h. (2.50)

Consequently, substituting () in (), we obtain

(1 + B)(pu — g) + Au = h,

which entails the second equality in (R.4§).

Next, let (u,v), (g,h) € Xand p € C be such that () is satisfied. Then v € H%(R") and
g € HY(RY), thus, the first equality in (2.48) yields v € H'(RY) and therefore (u,v) € D(A).
From the second equality in (R.48) we deduce that

Au+ p(p+ B)u=h+ (u+ B)g.
We apply the first equality in () to obtain

(ul — A)(u,v) = (pu, pv) — (v, —Au — fv) = (pu — v, pv + Au + pv)
= (pu — (pu — g), Au+ (u + B)(pu — g))
= (g, Au+ p(p + Byu = (n+ B)g) = (g, ),

hence, () is satisfied.

Let u € p(A). Then, in particular, for ¢ = 0 and any h € L?(RY), there is a unique
(u,v) € D(A) such that

Conditions () and () are equivalent, thus, we get
(sp(p)l — A)u = h. (2.52)

We claim_that u is the unique solution of ( . Indeed. suppose that u € H?(RY) also
satisfies (R.52). We define v = pu and, since () and (R.48) are equivalent, we obtain that
(w,v) belongs to D(A) and fulfills (R.51]). Hence, u=w, and, since A is closed, sg(u) € p(A) .

Conversely, suppose that sg(u) € p(A) and we take any (g, h) € X. Therefore, there exists
a unique u € H*(RY) such that

(sp()l = A)u= —h — (p+ B)g.

We put v = pu — g and, because (54/) and (E4§) are equivalent, we get that

(u,v) € D(A) and (ul —A)(u,v) = (g,h).

(3)If A: D(A) C X — X is a closed operator in a Banach space X, then, by the closed graph theorem,
A € p(A4) if and only if, for any f € X, there exists a unique u € D(A) such that Au — Au = f.
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Using the equivalence of the conditions () and (), we infer that (u,v) is the only solution
of the equation above. By (i), the operator A is closed, thus u € p(A).
Further, observe that u € 551({)\}) if and only if sg(p) = A, which leads to the equation

1+ Bu+A=0

and its solutions are given by the formulas ()
(iv) Let p € C and assume that (u,v) € Ker(ul — A). Because () and (R.48) are
equivalent, this implies that u € H?(R"Y), v = pu and (sg(u)I — A)u = 0. On_the other hand,

let u € Ker (sg(p)! — A) and put v = pu. From the equivalence of (}247') and (l24é), we deduce

that (u,v) € D(A) and (uI — A)(u,v) = 0. Hence, ( holds.

Let p € 0,(A). Then Ker (ul — A) # {0}, thus, ) entails that there exists u # 0 such
that u € Ker (sg(u)l — A), ie., sg(n) € 0,(A). On the other hand, if sg(u) € o,(A), then
Ker (sg(u)I — A) # {0}, thus, there exists a nonzero u € H*(RY) satisfying (sz(u)] — A)u = 0.
Consequently, from () we deduce that (u, pu) € Ker (uf — A), hence p € o,(A). O

2.3 k-set contractivity of the Cj-semigroup

Recall that A : H*(RY) c L*(RY) — L*(RY) is the linear operator defined by A = —A+V
and A : D(A) ¢ X — X is the linear operator defined by A(u,v) = (v,—Au — [v) for
(u,v) € D(A) = H*(RY) x HY(RY). In this section we assume that (V) > 0, i.e., the
asymptotic bottom of the L> (R )-part of the potential V', denoted by V., is positive (see ([1)).
Let us define

op =0(A)N(-00,0), oo=0(A)N{0}, og=0(A)N(0,+00) (2.53)

and
d = dist (0,0(A) N (0, +00)). (2.54)

We begin by the spectral decomposition of the space L*(RY).

Proposition 2.3.1. Let

Xp=EPKer(\[ - A), Xo=Kerd, Xq=(XpdXp)"

AEop
where the orthogonal complement is taken in (L*(RYN), {-,-)12).

(i) Xp, Xo are finite-dimensional subspaces and L?(RY) admits the orthogonal decomposition
L*(RY) = Xp @ Xy ® Xg. (2.55)

with the corresponding projections P, Py, Q). Moreover, X;, j € {P,Q,0}, are invariant
with respect to A, the restrictions (see p. E) A = A]Xj, j € {P,0}, are bounded and

self-adjoint, the restriction Ag = A]XQ is self-adjoint, and o (A|Xj> =0,,j €{P,Q,0}.
(ii) HY(RYN) is a topological direct sum of closed subspaces:
H'RY) = Xp ® Xo @ X[, (2.56)
where X{ = H'(RY) N Xq. Additionally, H*(RN) N X is dense in X,.
(iii) d >0, 0g = o(A) N [d,+0o0), and, for u € H*(RYN) N Xg, there holds

(Au,u) 2 > d||ul|3e. (2.57)
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Proof. (i) By Proposition (ii), A is self-adjoint. From (H) and Proposition (iii),
it follows that op U 0y consists of a finite number of isolated eigenvalues with finite multiplic-
ities. Hence, Xp and X, are finite-dimensional. Further, we infer that op, oy are compact
and o is closed. Then, it suffices to apply the Spectral Theorem for Self-Adjoint Operators
(Theorem @) to obtain the remaining part of the assertion.

(ii) Since the subspaces Xp, X, and X are closed in L*(RY), H'(R") is continuously em-
bedded into L2(RY), and X p® Xy is a subspace of H(RY), it follows from Proposition ﬁ (ii)
that () holds and that Xp, Xy, and X¢, are closed subspaces of H L(RYN). Moreover since
H?(RY) is a dense subspace of H'(RY) by Frledrlch s Theorem (cf. Theorem , it follows
that H*(R"Y) N Xg is dense in X{, (see Proposition @ (iii)).

iii) If 0 € p(A), then d > 0, because the resolvent set is open. On the other hand, in view
of (E) and Proposition R.1.17 (i), if 0 € o(A), then it is an isolated point of the spectrum, thus
again d > 0. Hence, 0(A) N [d,+00) C og. Conversely, if A € g, then A > 0, therefore, in
view of () A>dand og C 0(A)N[d,+00). This yields og = o(A)N|[d, +00). Next, by (i),
A|X is self-adjoint and o <A|X > = 0q, thus (R.57) is a Consequence of the spectral bottom
formula for self-adjoint operators (see Theorem [AJ ]

Remark 2.3.2. Because H'(RY) splits into a topologlcal direct sum of closed subspaces Xp,
Xo, and Xg,, the restrictions of P, Py, and Q to H L(RY) are well-defined and continuous
projections onto Xp, X, and X, respectively (see Proposition A.1.2 (i)). O

In the following theorem, we define a new scalar product on the space X that depends on a
parameter s > 0. In Proposition @, we show that there exists an s € (0, ), where 5 > 0is a
damping coefficient, such that the operator A is strongly dissipative on X with respect to this
scalar product. This result enables us to prove that the Cy-semigroup generated by A is a k-set
contraction with respect to the Hausdorff measure of non-compactness; see Theorem P.3.9.

Theorem 2.3.3. Let V' be a_Kato-Rellich type potential with a positive asymptotic bottom, i.e.,
V' satisfies (@), (@), and (B) Then, for any s > 0, the map

() Yey i X x X = R,
defined for all (uy,v1), (ug,v2) € X by
((u1,v1), (U2, v2))s,v = ((P+Po)ur, (P+ Po)ug) 2+ (Quy, Qua) g+ (v1 + su1, va +sus) 12, (2.58)
is a scalar product on X, where the mapping (-,-)q : Xo X X — R is given by
(u,v)g = Vu(z)Vo(z) + V(z)u(z)v(x)de  for u,ve X, (2.59)
RN

The associated function
|- Mlsy = X' = [0, +00),

defined for any (u,v) € X by
[, )5y = ((u,0), (u,0))s v = [|(P + Po)ullz2 + [|Qullg + [lv + sull7s, (2.60)

is a norm on X that is equivalent to the original norm || - ||x (see p. @)
In particular, X equipped with the inner product (-,-)syv is a Hilbert space.

To prove this theorem we need the following two lemmata.

Lemma 2.3.4. Assume _that V is _a Kato-Rellich type potential with a positive asymptotic
bottom, i.e., V satisfies (@) and (@), and additionally (ﬁ) Then

/RN (Vu(@)]? + V(2)u()]* dz > dl|ul|7.  for ue X (2.61)

where d > 0 is given by ()
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Proof. Let u € X(,. By Proposition (ii), there exists a sequence (u,),>1 in H2(RY) N Xg
such that u, —— u in H'(RY). Hence, based on Proposition (iii), we have

/ IV, (2) ] 4+ V() [un (2))? de = (A, up) g2 > d||ug |72 for n > 1. (2.62)

]RN

Because u,, —— u in H'(RY), we obtain

/ Vun(2)2de 225 [ |Vu(z)[2dz and / Vi (@) |un(@) 2 dz =2 [ Vi () u() | da.
RN RN RN

RN
Using Lemma (i), we obtain
Uy~ 4 in L2p/(p_1)(RN).

Thus, by Proposition (ii), there exist a subsequence (u,, )r>1 and a function f € L?/(P~D(RN)

such that u,, (z koo (e , for almost every x € R", and
k
U, ()] < f(x) for k>1 and almost every v € RY.

We have V; | f|? € L*(RY) by the Holder inequality, hence the Lebesgue Dominated Convergence
Theorem yields

/RN Vo(@)lun, (2)* do === /RN Vo(@)|u(z)[? d.

Therefore,
| W @F 4 V@l @F de 2% [ V@) + V@) da,
RN RN

which together with () completes the proof. N

Lemma 2.3.5. Let V_be a Kato-Rellich type potential with a positive asymptotic bottom, i.e.,
V' satisfies (@) and (@), and additionally (). The mapping (-,-)q given by () is a scalar
product on X¢, and the associated norm |lullq = \/(u,u)q is equivalent to || - || on Xg.

Proof. Clearly, (-, )¢ is bilinear and symmetric. Furthermore, due to Lemma , (u,u)o >0
for u € Xg and (u,u)q = 0 if and only if u = 0. Hence, (-,-)q is a scalar product and
consequently || - || is a norm.

In view of Lemma (i), there exists a constant C; > 0 such that

luld < IV ullZ + C2 [Vallzo lull3n + Vaoll oo lull2s
< (14 C2 Vol + IVasllzo)llullZn  for u € X5,

On the other hand, by Lemma , there exists a constant C'y > 0 such that
lully = (1/2)IVulze — Collullz. for u € X,
which, by use of Lemma , gives

lullZ < 2lfulll + (265 + 1)l
205 +1 205, + 1
: wmz=(2+ :

< 2l|ul|?
< 2fully + =4 g

)HuHZ2 for u e Xg.
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Proof of Theorem. We readily see that (-, -),y is bilinear and symmetric. It is also clear
that, by Lemma , ((u,v), (u,v))sv > 0, for (u,v) € X, and ((u,v), (u,v))sv = 0 if and
only if (u,v) = (0,0). Hence, (-, -)sv is a scalar product and || - ||s,v is a norm.

Observe that ||v+ sul|2, < 2||v]|2, +2s2||ul|3, and ||(P+ Po)ul|3, < |lul|3:, for u € HY(RY)
and v € L?(R"). Next, the norms | - ||g and || - ||z are equivalent, thus, there exist constants
Ci, Cy > 0 such that

1Qulle < C1lIQullm and [|Qullm < Col|Qullq for uw e H'(RY),

see Lemma . Consequently, due to the boundedness of Q| RN We get
1Qullg < Ct 1 QullE < CE QN Z ¢y lullFn for w e H'(RY).

Therefore, there exists K; > 0 such that, for any (u,v) € X, ||(u,v)||sv < Ki|[(u,v)]x.
The subspace Xp @ X is finite-dimensional, thus, any two norms are equivalent, in partic-
ular, there exists a constant C's; > 0 such that

(P + Py)ul|gn < Cs||(P + Py)ul|z2 for w € HY(RY).
This yields
Jul[70 < 2/|Qull3p + 2[|(P + Po)ullf < 2C3||Qullg, + 2C5(|(P + Po)ull3. for u € H'(RY).
Further, in the light of Lemma , one has
|72 < 2[jv + sullF2 + 28%||Jull32 = 2||v + sul|72 + 25°||(P + Po)ul/32 + 25%(|Qul|32
25*
< 2flo + sullzz +25%(|(P + Po)ullzz + — [Qull3,

for u € H'(RY) and v € L*(RY). Hence, there exists a constant K, > 0 such that, for all
(u,v) € X, [[(u, 0)[lx < Kall(u, v)|lsv- 0

Now, using the decomposition of the space L*(RY) from Proposition , we provide
decomposition of the space X equipped with the scalar product (-, -)x and the corresponding
norm || - |x.

Proposition 2.3.6. Let Xp = Xp x Xp, Xy = Xy X Xy, and Xg = Xé? x Xqg be the spaces
equipped with the induced scalar product (-, -}x and the norm || - ||x.

(i) The space X decomposes as a topological direct sum
X=Xp®X,®Xg (2.63)

with the corresponding projections P, Py, and Q. These projections are bounded linear
operators and, for any s > 0_and a Kato-Rellich type potential V' with a positive asymptotic
bottom, the decomposition (R.63) is orthogonal with respect to the scalar product (-,-)s v .

(ii) The spaces Xp, Xo, and Xq are invariant under A. Moreover, the restrictions Aly , Aly,
are bounded, and the restriction A|XQ is densely defined and closed operator.

(iii) For any t > 0, the subspaces Xp, Xo, Xg are invariant under e, and e commutes

with the projections P, Py, Q. Furthermore, the restrictions Aly , Aly,, A|XQ are the
generators of Cy-semigroups on the subspaces Xp, Xy, Xq, respectively, and

tA _ tAlg tA _tA| tA _ tAlx
e }Xp—e P, e ‘Xo—e Yo, e =€ % for anyt > 0. (2.64)
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Proof. (i) Let (u,v) € X. Recall that L2(RY) splits into an orthogonal sum of subspaces Xp,

Xo, Xg, and_H'(RY) splits into a topological direct sum of closed subspaces Xp, X, X6

(Proposition (i) and (ii)). Thus, there are the unique up € Xp, ug € Xo, ug € X, such

that u = up + up + ug and the unique vp € Xp, vy € Xy, vg € Xg such that v = vp + vy +vg.

Therefore, we obtain the unique decomposition (u,v) = (up,vp) + (ug, vo) + (ug,vg). Hence,

X is a direct sum of subspaces Xp, Xy, and Xg. Since, for any sequence ((un, vn))n>1 in X,
n—oo

(Un, V) =5 (ug,v) in (X, | - ||x) if and only if u, — ug in H'(RY) and v, “—= v, in
L*(RY), it is easily seen that Xp, Xg, Xg are closed subspaces. Therefore, Proposition (i)
implies that the projections P, Py, Q are bounded linear operators.

Further, let (u,v) € Xp & Xy and (ug,vq) € Xg. Then, (P + Fy)ug = 0, Qu = 0 and
v+ su L vg + sug in L*(RY), thus

((u,v), (ug,vq))sy = (P + Po)u, (P + Py)ug)r2 + (Qu, Qug)g + (v + su,vg + sug)r2 = 0.

Hence, Xg L Xp ® Xy in (X, (-, -)sv). Now, let (up,vp) € Xp and (ug,vo) € Xo. The subspace
Xp is perpendicular to the subspace Xy in L*(RY), therefore ((up,vp), (ug,v0))sy = 0 and
Xp 1 XO in (X, <', '>S7v).

(ii) By Proposition (i), subspaces Xp, Xy, and X are invariant under A. Hence,
taking into account the formula for A, we see that Xp, X, and Xg are invariant under A.
Note that the restrictions Aly  and Aly are bounded, because they are the linear maps on the
finite-dimensional spaces Xp and X, respectively.

Obviously, Xp & X is a subspace of D(A). Moreover, due to Proposition (i), D(A) is
a dense subspace of X. Then, based on Proposition (iii), we obtain

DA NXg =D(A) NXg = Xo.
Let us remind that the operator A is closed, see Proposition (i). On the other hand,
Gr A|XQ =GrAn (XQ X XQ)

Hence, Gr A|XQ is closed, i.e., the operator A|XQ is closed.

(iii) Proposition (ii) shows that A generates a Cp-semigroup. Furthermore, in view
of (i), A(Xp) C Xp, A(Xy) C Xy and A(D(A) N Xg) C Xo. Then from Proposition
we deduce that, for any ¢ > 0, subspaces Xp, Xo, Xg are invariant with respect to e, eth
commutes with projections P, Py, Q, linear operators A|XP, A|x0> A|XQ are the generators of

Co-semigroups, and the formulae () are fulfilled. O

After defining the equivalent norm || - || on the space X and providing the decomposition
of X, we are going to prove that the Cy-semigroup generated by the damped wave operator A
is a k-set contraction with respect to the Hausdorff measure of non-compactness on (X, || - ||s.v)
for a properly chosen s > 0.

Proposition 2.3.7. There are s > 0 and p > 0 such that
(Alu,v), (u,v))sv < —pll(u,v)[|Zy for all (u,v) € D(A) N Xo. (2.65)
Proof. We note that, for (u,v) € D(A)NXg, i.e. u€ H*(RY)N Xq and v € X,
(Au,v) 2 = (=Au+ Vu,v) 2 = (Vu, Vo) 12 + (Vu,v) 2 = (u,v)q, (2.66)
thus, in particular, for u € H*(RY) N Xg,

(Au,u) 2 = [l (267)
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Taking into account () and (), by a direct computation, for any s € (0, 8) and (u,v) €
D(A) N Xg, one has

(A, 0), (u,0))sv = (v, =Au = ), (u, v))s v

= (v,u)g + (—Au — fv + sv,v + su) 2

= (v,u)g + (—Au — (B — s)v,v + su) 2

= (v,u)q — (Au,v) 2 — s(Au,u)2 — (B — 5){v,v + su) 2

= —s||u||Q — (B = 8)||v+ sul3: + s(B — 8){u,v + su)e.

Further, by use of Young’s inequality with an arbitrary € > 0 (see Lemma 1] (i)), and next
Proposition R.3. I (iii),

<AWﬂmﬁuw&v§—QW%—%B—SWU+QM§+SW—6)O'mg+d|+SWm)

s—ﬂﬂé—w—@Wwa%+“ﬁ‘$<tg

v+ SU||L2> (2.68)
= s (1= 222 ) lully - (5= 91 sello -+ sl

If we find s € (0, 5) and € > 0 such that

b —s
1 e >0 and 1-—se>0, (2.69)
then, for
—minds (1-222) (8- 51 - se) (2.70)
p=miny s ) S se) ¢, )
we shall obtain
(A(u,v), (u,0))sv < =p(llullg + [lv + sull72) = —pll(u,v)]1Z . (2.711)

Indeed, () is equivalent to the inequalities
1 b—s

- > >
36 4d

(2.72)

and one can easily check that, for sufficiently small s € (0,5), 1/s > (8 — s)/4d and as ¢ we
can choose any number from the interval ((5 — s)/4d,1/s). This completes the proof. O

Corollary 2.3.8. We define sy € (0,5/2],
5/2
s

S —

B/2 fd>< i
B/2—+/(8/2)?—4d ifd< (4),

and function n : (0,5/2) - R

[ s(8—9)
N 4d

n(s) o F(B—s) "

4d(B — 2s)

Then, for any number s € (0,5s¢), i.e.. s fulfilling s(B — s) < 4d. the number p > 0 given by
p = sn(s) is such that the inequality () from Proposition is satisfied.
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Proof. Let s € (0, s0) and define number ¢ € (0,1) by

s(6 — )
Ad

CcC =

In view of (), one may represent number € as

8:1—)\ A(B —s)

s * 4d
for some A € (0,1). We have
As(f — s)
1—A Ad I1—XA X 1—-XA+Ac
€= + = +—=—
s s s 5 5
Then we get
(k. L Y D
4de ) g L—XA+Xe 1—XA+Ac
1—-A+Ac—c (I=X)(1-c¢) 1—c¢
= S - = S - =S
L—XA+Ac L—A+Ac T
1—=A
and

(B=s)1=se)=(B-5)1-(1=-A+A))=(B-5)A=A)=A1—-¢)(f—5)

This implies

s 1—c s 1
B—s o —
8(1— 4d€): 1—1—1_)\-0: 1—1—1_>\-c< .
(B=s)1—se) A1=c)(B—s) A(B = s) A(B = s)

Putting A = s/(8 — s) we obtain that

s (1 - 54;;) < (8- s)(1 - se).

Let us note that, since 0 < s < 59 < /2, one has indeed 0 < A < 1, where A = s/(8

Further, observe that

N o Bes slBms) 8 BECED

1— A 1_ 5 Ad (1_ s )4d 4d(B — 2s)°
£ —s

Thus, by formula () for number p and (), we have

; 1 [ s(B-9)

- S N SR d

p-s(l 4d5>_8 = 3 .C—s o (B —) = s7(s).
1— A 4d(B — 25)

The proof is completed.

We state now the main result of this section.

(2.73)

—s).
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Theorem 2.3.9. If s > 0 and p > 0 are as in Proposition M, then, for all (u,v) € Xg and
all t > 0, the following inequality holds

e (u, 0)lsy < e[l (u, )l (2.75)
and, for any bounded sets Z C X and D C [0,400),
XS,V({etA(u,v) (uw,v) € Z,te D}) < e PPy v (2). (2.76)
In particular, for any bounded Z C X and t > 0,

Xsv (€(Z)) < e X (2).

Proof. Taking (u,v) € D(A) N Xg, Proposition entails, for all ¢t > 0,

d d d

_HetA(uaU)”g = <_etA(uvv)7etA(uuv>> + <€tA(uav)7 _etA<U7U)>

dt Vo \at v dt v
=2 (Act(u,0), e (w,0)), | < ~2plle (u, ) 2y

Hence, we obtain
d
e et (w vl < —2pe e (u, v)[[2

and, as a consequence,

d d
Ll w02y + S () [l (o)l <0,

Therefore, we arrive at

d
(e )[2y) <0

We integrate the inequality above from 0 to ¢ and get

e (u,)|2y = )2y <0,

which gives () for (u,v) € D(A) NX.
In view of Proposition m , D(A) N Xg is dense in X and, since, for fixed ¢ > 0, e
{2

is a bounded linear operator, ) holds for all (u,v) € Xg.
Put
W = {e(u,v) : t € D, (u,v) € Z}.

Since R and X are separable metric spaces, there exist countable and dense subsets Dy C D
and Zy C Z. Let us denote

Wo = {e"(u,v) : t € Dy, (u,v) € Zy}.

We claim that W C Wy. Indeed, let t € D and (u,v) € Z. There are sequences (t,)n>1
in Dy and ((un,v,)), ., in Zy such that t, 2%t and (Un, vn) — (u,v). This yields
e (u,v) = limy, a0 et"&(un,vn), ie. e (u,v) € Wy. Hence, Wy C W C W. and, applying the
monotonicity of the Hausdorff measure of non-compactness (Proposition |A.3.1 (vi)) and the
invariance under passage to the closure (Proposition |A.3.]| (ii)), we get that

Xs,V(W) = Xs,v(Wo)-

Let sequences (t,),>1 and ((un,vn))n>1 be such that

WO = {etnA(una Un)}nZl-
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From the algebraic semi-additivity of the measure of non-compactness (Proposition (iii))
it follows that

XS,V<{etnA(um UN)}nZI) < Xs,v ({(P + Py)e’ (um vn)}n>1) + Xs V({QetnA(una Un)}n>1)

We see that {(P + Pg)e"* (uy,, vn) fn>1 is a bounded subset of the finite-dimensional subspace
Xp ® Xy, thus it is relatively compact in X. Therefore,

Xs,V ({(P + Po)e! (un, Un)}n>1) =0

and

X ({7 (Un, vn) Inz1) < Xow ({QE (U, vn) b1

By Proposmon - @ is an orthogonal projection in (X, (-, -),v), thus. ||Q[|z¢x,.1.v) = 1,
and, by Proposition g (iii), e commutes with Q. Hence, due to (R.79), for ¢ > 0 and

(u,v) € X, we get

Qe (w, v) sy = e Q(u, v)llsy < e (|Qu, v) sy < e lI(u, )]sy

Thus, [|Qe™||zex,j..v) < e . Moreover, note that, because D is bounded and {e*},5¢ is a
Co-semigroup, the set {e'"*(u,v)},>; is relatively compact for any fixed (u,v) € X. Then,
based on Lemma |A.3.2,

XS7V({QetnA(una Un)}nZl) S (hm sup ||@€tnA||£(X,H-||s,v)> (Xs,V({(una Un)}nZl)) S e_pinfDXS,V(Z)-

n—oo

The proof is completed. O

2.4 Linear topological index formula

To compute the topological index of the operator e*, in the following lemma we investigate

the spectrum of e restricted to the subspaces Xp and Xg.
Lemma 2.4.1.

(i) The space Xp decomposes as a direct sum Xp = X, @& X}, where

X5 = P Ker(ue (M1 — 4)

AEop

where op = o(A) N (—00,0) (cf. ()) and numbers us(\) are given by ()
(ii) For any t > 0 we have inclusions e"*(X3) C X3. Moreover, we have
o (em|xi> =0, <etA{Xi> = {er+WVt X e gp} for t >0, (2.77)
P P

and
Mag (€=M = dim Ker(A — A)

for allt > 0 and A\ € op, where malg(e“imt) denotes the algebraic multiplicity of the

etgenvalue of the operator etA’Xi. In particular, 1 ¢ o, (etA|Xi).
P P

(iii) Fort >0, o (etA‘XQ> NR C (-1,1), in particular o, <etA|XQ> NRcC (-1,1).
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(iv) For the subspace X defined by
X = Xp & Xo (2.78)

we have 1 € p (etA}X) fort > 0. Moreover, fort >0,

Ker(e — I) = Ker A = X, x {0}.

Remark 2.4.2. It follows from Proposition (i) that the space (X, | - ||x) decomposes as

a topological direct sum:
X=X, X. (2.79)
Thus, by Proposition (i), the operator f”, which is the projection onto X, is a bounded

linear operator. Moreover, by (), we have P = IP 4 Q. Proposition (i) shows that the
decomposition (R.79) is orthogonal in the space (X, (-,)sv). In view of Proposition D.3.6 (ii),

X is invariant under A and, by Proposition m (iii), X is invariant under e, for any ¢ > 0.
By P we will denote the projections onto X]ig. Observe that, since Xf, are finite-dimensional,
P, are bounded linear operators. Moreover, by x, ¢ we will denote the Hausdorff measure of

non-compactness in the space (X, || - ls.v)- O

Proof of Lemma . (i) Since Xp = Xp x Xp and Xp = P, ,, Ker(A — A), we obtain

Xp = P Ker(AI — A) x Ker(Al — A).

AEop

Recall that py (\) # p_(A) for A € op, because X\ # (3/2)? (see Proposition (iii)), and
Ker(pus(AN)I — A) = {(u, ps(Nu) : u € Ker(A — A)} (see Proposition R.2.1] (iv)). Hence, we
have, for all A € op,

Ker(A — A) x Ker(AM — A) = Ker(u—(A\)I — A) & Ker(uy (NI — A)

and consequently

Xp =X, ® X}

(ii) Since the finite-dimensional subspaces lei consist of eigenspaces corresponding to the
eigenvalues p+()\), A € op.of A, the operator A is diagonal on X5. Therefore, X3 are invariant
under e**, the equalities () are satisfied and, for any ¢t > 0 and X\ € op,

Mg (€"FN) = Mmoo (M) = dim Ker(us(\)T — A).
Furthermore, for any A € op,
dim Ker(pus(A\)I — A) = dim Ker(A] — A).

Hence, mgg(e=™M*) = dim Ker(A — A) for any t > 0 and A\ € op. Since op C (—00,0),
p—(A) < 0and i (A) > 0 (see Proposition (iii)), therefore 1 ¢ o, <etA|Xi>.
P
(iii) By virtue of Theorem ,

hence, due to the spectral radius formula (see [52, Thm. VL.6]),

< g Pt
L Ms,v)

)

tA ‘
e Xq

o (etA’XQ> C Be(0,ert)
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where Bc(0,e77) is a closed ball in the complex plane. In particular, o (etA‘XQ> NR C (—1,1).

(iv) Recall that X5, X are invariant under e** (see the assertion (ii) and Proposition (iii)).
Hence, we obtain that

p (em‘fg> =/ (etA’X;> np (em‘x;> np (em‘x@> :

Then, from the point (ii) we deduce that 1 € p <etA|X,) Np <etA}X+> and from the point (iii)
P P

we deduce that 1 € p <etA|XQ>. Therefore, 1 € p (e“ﬂg).

Since 1 € p (etA|§~§), one has 1 ¢ o, (etA|§~§), which implies
Ker(e — I) = Ker(em‘gg -0® Ker(e“ﬂXO —I)= Ker(em{XO —1I).

Let us note that, as for the subspace Xp, the finite-dimensional subspace X, admits the decom-
position Xy = Xy @ X, where X; = Ker(A + 8I) and XJ = Ker A, hence Ker(em’XO —1I) =
Ker A. By Proposition (iv), Ker A = X, x {0}, and the proof is completed. O

Remark 2.4.3. Consider the Schrodinger operator A = —A 4+ V', where V is the operator of
multiplication by the Kato-Rellich type potential V' : R*\ {0} — R given by V(z) = —a/|z|+b,
with constants a, b > 0. By virtue of (.34), we have

2

Odisc(A) = {/\n - L +b:n> 1} and  0egs(A) = [b, +00).

4n?

The pictures below illustrate how the spectrum of the operator A depends on the spectrum of
the operator A. Let us denote gess = ess(A), and pj 4+ = pa ().

Assume that ¢ = 2v/10 and 3 = 8/\/5

If b =5, then we have b =5 > 3.2 = (3/2)?, and the spectrum of A is as shown below:

Xp Xo XQ
\ llmz \ :
1 2 !
A ° TS ° >
a(A) 0 (8 2)2 Rez
A <0 0< A< (8/2)? i A > (8/2)?

Consequently, the spectrum of the damped wave operator A is depicted in the following picture:

(*)We apply the following fact. Let X be a Banach space that decomposes as a topological direct sum:
X =x;
j=1

Assume further that A : D(A) C X — X is a linear closed operator such that each subspace X is invariant
under A for j =1,...,n. Then the following formula holds:

o(4) = N p(Alx,)-
j=1
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XJ_J Xo XQ Xo XJJS
: Imz
|
|
|
|

H1,— I M2, M2+ H1,+

O'(A) = TS = . - 0 -
B  —=5/2 Rez
|
|
|
|
|
|
|

If b= 2.5, then b = 2.5 < 3.2 = (3/2)?, which implies that the spectrum of the operator A
is as illustrated below:

Xp Xo Xq
\ l Im z \ :
\9 I
o(A) = I, .
! (8/2)? Rez
|
A<0 0<A<(B/22! X>(B/2)7
Accordingly, the spectrum of the operator A takes the form shown here:
Xp X Xo Xo X$
: Im 2
|
|
Hi,— g :M3,f —8/2 w4+ Mo+ M1+
O-(A) — 00— — L g ®
-0 0 Re z
|
|
|
|
|

Now, we prove the topological index formula for the operator e*.

Theorem 2.4.4. Assume that V is a Kato-Rellich type potential such that the asymptotic
bottom of its L°°(RYN)-part is positive (see conditions (@), (bh), and ([)). Moreover, assume
that t > 0 and Z C X is an open bounded set such that (0,0) € Z.

(i) The map H : X x [0,1] = X,
H(u,v,1) = (1= et (u,v) + P (u,v)
is a well-defined continuous k-set contraction, i.e., for any bounded W C §N§,
Xowz(HW x [0,1])) < e x, yz(W) (2.80)

where s > 0 and p > 0 are as in Proposition .
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(ii) If H(u,v, ) = (u,v) for some (u,v) € X, p € [0,1], then (u,v) = (0,0). In particular,
Fix (e*|5) = {(0,0)}.
(iii) The topological index formula is satisfied:

Ind¢- (etA’X,Z) = (—1)m*(‘4)

where Ind¢(-.+) is the topological index for k-set contractions in the space (X, || - ||x) (see
Definition ), and m_(A) is the sum of the multiplicities of the negative eigenvalues
of the operator A.

Proof. (i) By _the decompositions X = Xp & X, & Xg and Xp = X, & X}, (Proposition (i)
and Lemma (1)),
X =X; X} o X

Hence, we have
H(u,v,p1) = (1 — ) Q(u,v) + (1 — p)e P_(u,v) + Py (u, v). (2.81)

In the light of Proposition (iii), Xg is invariant under the operator e’ and, in the light of
Lemma @ (ii), X% are invariant under e*. This shows that the map H is well-defined, i.e.
H(X x 0,1]) C X. Recall that the projections Q and P are bounded linear operators. Hence,
the restrictions of Q, P+ to X are also bounded and, therefore, the map H is continuous.

In order to show (R.80) observe that, by the semi-additivity of the Hausdorff measure of
non-compactness (Proposition A_31| (iii)),

Xovz(HW x [0,1])) < x, vz ({(1 = we™(u,0) : (u,v) € W, p € [0,1]})
+ st‘,’g({uemPﬁL(u,v) : (u,v) € W, u €0, 1]})

(2.82)

Using the homogencity of the measure of non-compactness (Proposition |A.3.1 (iv)) and its
invariance with respect to the subspaces of a Hilbert space (Proposition |A.3.1| (viii)), and the
k-set contractivity of {e'*};>¢ (Theorem ), we arrive at

Xowz({(L = e (u,v) « (u,v) € W, € [0,1]}) < Xz (W) = xav (e (W)
< e Xy (W) = e ", vz (W).

(2.83)

The set {ue®P,(u,v) : (u,v) € W, u € [0,1]} is bounded and contained in the finite-
dimensional space X}, thus

Xow g ({pe™ Py (u,v) © (u,v) € W, € [0,1]}) = 0.

This together with () and () shows ()

(i) Suppose that H(u,v,pu) = (u,v). Therefore, using the formula (), one gets

(1 — we*Q(u, v) = Q(u, v),
(1 — p)e P_(u,v) = P_(u,v),
AP (u,v) = Py (u,v).

Since op C (—00,0), then, in view of Proposition (i), pu—(A) < 0 and p4(A) > 0, hence,
it follows from Lemma R.4.1 (ii) that

op (etA‘x;> C (0,1) and o, (em‘xg) C (1, +00). (2.84)

In consequence, P (u,v) = (0,0).
For = 1, we obtain that Q(u,v) = (0,0) and P_(u,v) = (0,0), which implies (u,v)= (0, 0).
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For € [0,1), we have

e Q(u,v) = (1 - ) 7' Qu, v),
AP_(u,v) = (1 — p) 'P_(u,v).

Taking into account () and the fact that o, (etA|XQ> NR C (—1,1) (see Lemma P.4.1] (iii)),
we arrive at Q(u,v) = (0,0) and P_(u,v) = (0,0). Hence, (u,v) = (0,0).

(i) By virtue of (i), the map H is a k-set contraction in the space (X, || - |s.v), and, by
virtue of (ii), H(u,v,p) # (u,v) for (u,v) € 0Z and p € [0,1]. Moreover, it follows from
Theorem that ||-||x and || -||s,v are equivalent norms. Therefore, the map H, restricted to
7 x[0,1], is an admissible homotopy for the topological index for k-set contractions in (X.||-|[x)

(see Definition |A.4.7). By the homotopy invariance of the topological index (Theorem |A.4.§),
we have

Inde (|3, Z) = Indo(H(,0), Z) = Inde(H(-, 1), Z) = Inde ((¢*P4)|, 2).

The linear operator (etAIP’Jr)‘X X o X is bounded, thus it transforms bounded sets into

bounded sets again. Moreover, (etAIF’+) | ¢ takes values in the finite-dimensional space X}, thus
it is compact. This implies that its topological index for k-set contractions coincides with the
Leray-Schauder topological index (see Theorem A.4.1E]):

Indc ((e"P4)|5,Z) = Indps ((e"Py) |5, 2) .

The contraction property of the Leray-Schauder index (Theorem ) yields
tA B _ tA -
Indys ((¢“Py) 5, 2) = Indys (], , 2 NX})
and, since (0,0) € Z, we may use the linear operator index formula (Theorem ):
Indgs (], ZNXE) = (-1)" (2.85)
P

where m is the sum of algebraic multiplicities of these eigenvalues of etA‘XJr which are greater
P

than 1. On the other hand, by Lemma (ii),
0y (1) = (" X € ap} € (1 +00)

and, for all A € op, mag(e’+M!) = dim Ker(A\ — A). This implies

m= Z Mg (e M) = Z dim Ker(Al — A) = m_(A).
A€op A€o (A)N(—o0,0)
Combining this with (), we arrive at the desired index formula. O

If we assume that Ker A = {0}, then X, = {(0,0)}, so X = X. In this case, the Theo-
rem 2.4.% takes the following form.

Corollary 2.4.5. Suppose that V is a Kato-Rellich type potential such that the asymptotic
bottom of its L°°(RN)-part is positive (see conditions (@), (@), and (B)), and additionally
Ker A = {0}. Moreover, suppose that t > 0 and Z C X is an open bounded set such that
(0,0) € Z.

(i) The map H : X x [0,1] — X, given as in Theorem (i), is a well-defined continuous
k-set contraction, i.e., for any bounded W C X,

Xsv (H(W x [0,1])) < e™xsv (W)
where s > 0 and p > 0 are as in Proposition .
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(ii) If H(u,v,p) = (u,v) for some (u,v) € X, p € [0,1], then (u,v) = (0,0). In particular,
Fix(e") — {(0,0)}.
(iii) The topological index formula holds:
Inde (e, Z) = (—1)™-W

where Ind¢ (-, -) is the topological index for k-set contractions in the space (X, || - ||x), and
m_(A) denotes the sum of the multiplicities of the negative eigenvalues of the operator A.



Chapter 3

Compactness properties

In this chapter we study properties of the Nemytskii operator
F:[0,4+00) x H'(RY) — L*(R")

associated with the function
f:[0,+00) x RY x R — R.

In particular, we show that F' is well-defined, continuous, and satisfies the Lipschitz condition.
We also discuss properties of sequences of functions f,,, n > 1, and the corresponding Nemytskii
operators F,,, n > 1.

Next, we examine the compactness properties of the set

G Fo(D x U) (3.1)

n=1

in the space L*(RY), where D C [0,+00) and U C H'(R") are bounded. We prove that the
set ) is relatively compact, provided that the functions f,, n > 1, satisfy condition (f2)" (see
p. [x) with a common function m € L*(RY). If this condition is not assumed, we show that
the Hausdorff measure of non-compactness of the set (El!) can be estimated by 0(lw)Br2(U).
Here, the number 9(l,) > 0 is defined by (@), and the function [, is the L>(RY)-part of a
Kato-Rellich type function arising from condition (f1).

Subsequently, we establish that the translation along trajectories operator associated with
the nonlinear damped wave equation @) is a well-defined, continuous k-set contraction. This
contraction is with respect to xsy, the Hausdorff measure of non-compactness on the space
(X, - |ls.v/), where X = H'(RY) x L*(RM) and the norm || - ||, is given by (R.60).

The chapter concludes by considering a sequence of frequency changing evolution equations
with eT-periodic mild solutions, as the parameter ¢ > 0 tends to 0. We then prove that the
corresponding sequence of periodic points is relatively compact.

3.1 Nemytskii operator

Suppose that f : [0,4+00) x RY x R — R is a Carathéodory function satisfying conditions
(f1) and (f2) (see condition (C') on p. , condition (f1) on p. Q, and condition (f2) on p. @,
respectively). We then define the Nemytskii operator F : [0, +00) x HY(RYN) — L2(RY) by

[E(t w)](2) = St 2, u(z)) (3.2)

for all u € H*(RY), all + > 0, and almost every x € RY.

From Lemma P.1.3, we deduce basic properties of the linear operators L., Lo, and L,
which are defined as multiplication operators by I, lo, and [, respectively, where | = [, + [y is
a Kato-Rellich type function.

47
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Corollary 3.1.1. Let [ be a non-negative Kato-Rellich type function, i.e., | satisfies (@), (@),
and (8). Consider the linear operators Leo, Lo, and L:

Lo : X(RY) — L2(RY), Lo:D(Ly) — L*(RY), L:H'RY)— L*(R"Y) (3.3a)
defined by
[Locu)(z) = loc(z)u(z), [Loul(z) = lo(z)u(z), [Lul(z) = I(z)u(z), (3.3b)

for almost every v € RN, where D(Ly) = D(Vy) (see (@))

Then the linear operators L., Lo are well-defined and bounded. Furthermore, the space
HY(RYN) is continuously embedded into D(Ly), and the linear operator L = Lo, + Lo is well-
defined and bounded. In addition, for all u € H'(RY),

[ Lull 2 < |llsollzoe llull 2 + Clllo]| e [[ull
where C'= C(N,p) > 0 is a constant.

Proposition 3.1.2. Suppose that f : [0,4+00) x RY x R — R is a Carathéodory function
satisfying (f1) and (£2).

(i) The Nemytskii operator F' given by the formula (@), is well-defined, i.e., F(t,u) belongs
to the space L*(RY), for any t € [0,+00) and uw € HY(RY). Moreover, F is continuous
and satisfies the following conditions:

(F1) F satisfies the Lipschitz condition, i.e., there exists C' > 0 such that, for allt > 0
and uy, uy € HY(RY),

[F(t,u1) = F(t,u2)ll 2 < Clluy — s,
with a constant C' = ||L|| zm1 12y, where the linear operator L is given by () and (),
(F2) F is bounded at zero, i.e., there exists My > 0 such that
|F'(t,0)]|2 < My forallt>0,
with a constant My = ||mg||p2, where function mg € L*(RY) is from condition (f2).
(it) Assume additionally that f is T-periodic in time (cf. condition (P) on p. @) Then the

function f:RY x R — R, given by

Flz,u) = % /0 Ft,z,u)dt, (3.4)

for almost every x € RY and allu € R, is also a Carathéodory function satisfying (f1) and
(f2) with the same functions mg and l. Moreover, F : H'(RY) — L*(RY), the Nemytskii
operator associated with f, is well-defined, continuous, satisfies condition (F1), and

ﬁ(u):%/OTF(t,u)dt for all u € H*(RY). (3.5)

Proof. (i) First, in view of [53, Thm. 10.58], for any ¢ € [0, +o0) and u € H'(R"), the function
F(t,u) : RN — R is measurable. We set ¢t € [0,+00) and u € H'(R"). From conditions (1)
and (f2) we deduce that, for almost every z € R,

[f(t 2, u(x))] < 1) [u(z)] + mo(z) (3.6)
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and, by Corollary , Llu| + my € L*RY), thus F(t,u) € L*(RY). Condition (F2) is
a direct consequence of (f2). To prove (F1) we use condition (f1) and the boundedness of
L: HY(RY) — L*(R") (see Corollary B.1.1]

f——

[1F(t, ur) = F(t,u)l|r2 < ([ L(ur — w2)|[r2 < || Ll gem r2 [Jur — ol
Now, let t,, — to in [0, +00) and u, — up in H'(RY). Due to the Lipschitz condition one gets

| (tn, un) — F(to, uo) ||z < ||F(tn, un) — F(tn, wo) |22 + || F (tn, uo) — F(to, uo)l| 12

3.7
< Ll egrzoy lim — wolla + | (buntie) = Fltoy o)z ")

n—oo

As f is a Carathéodory function, f(t,,z,uo(z)) —— f(to,,uo(x)), for almost every x € RY.
Furthermore, by virtue of (f1) and (f2), one has, for almost every z € RY and all n > 1,

[t 2 00(2))] < 1) fto ()] + ().

Since L|ug| +mo € L*(RY), by the Lebesgue Dominated Convergence Theorem we get
F(tn, ug) === F(to,ug) in L*(RY).

This together with (@) yields
Fltn, ) =2 F(to,up) in L*(RY),

which proves that F : [0, +00) x H'(RY) — L*(R") is continuous.
(i) Observe that, for almost every x € RY and all uy, uy € R,

~

~ 1 (T
V@M%f@wﬂﬁf/LWJWﬁﬁWJWMﬁSWWW—M
0

that is, f fulfills (f1) with function I. Let v € R and approximate f(,u) : RY — R by the
Riemann sums:

~ 1 - 1
f(z,u) = T TL]I_I)IOIOZ fET/n,z,u)(T/n) = T n11_}120 gn(x) for almost every » € RY
k=1

where g, : RY — R, n > 1, are given by

n

gn(x) =Y f(KT/n,z,u)(T/n).

k=1

Since f is a Carathéodory function, g,, n > 1, are measurable, thus, function f (Lu):RY - R
is measurable. Note that, condition (f1) for f implies that f(x,-) : R — R is continuous for

almost every x € RY. Hence, f satisfies the Carathéodory condition. In view of condition (f2)
for f, we have, for almost every v € RV,

=R T
Fla 0l < 7 [ 120l < mo(o)

which shows that f satisfies (f2) with mgy. Since f is a Carathéodory function satisfying the
Lipschitz condition with a Kato-Rellich type function I, based on (i), we claim that the Nemyt-

skii operator F' is well-defined, continuous and fulfills the Lipschitz condition (F1).
Now, we show (@) Let u € H'(R"Y) and denote

1 T
G = T/o F(t, u) dt.
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Counsider the Riemann sums for G:

n

1
G, = T 2 F(KT/n,u)(T/n).

Since G,, — G in L?(RY) as n — oo, we may assume, up to a subsequence, that G,,(z) — G(z)
as n — oo, for almost every z € RY — see Proposition (ii). On the other hand, for almost
every x € RV,

Calw) = 7 32 F(KT/nu) (@)(T/n)
_ %;f(kT/n,x,u(w))(T/n) = 2 [ ) dt = Fouta)

thus, G(z) = f(l‘, u(z)) for almost every x € RV, that is, G = ﬁ(u), as desired. O
Consider sequence of Carathéodory functions
fn:[0,400) x RY xR =R, n>1,
satisfying (f1) and (f2) with [ and mg independent of n, and a Carathéodory function
fo:[0,+00) x RY x R — R
satisfying (f1) and (f2). We say that f,, — fo in the sense of condition (f0) if

n—00

(f0) fo(t,x,u) —= fo(t,x,u) for almost every z € RY all u € R, and uniformly on bounded
subsets of [0, +00) with respect to t.

By F,, n > 1, we denote the Nemytskii operators associated with f,, n > 1, and by Fj the
Nemytskii operator associated with fy. Observe, in view of Proposition@ (i), that operators
F,, n > 1, and Fy are well-defined, continuous and fulfill conditions (F1), (F2).

Proposition 3.1.3. Let f,, n > 0, be Carathéodory functions satisfying conditions (f1) and
(f2) with common functions | and mq. If f, — fo in the sense of condition (f0), then

(i) For almost every v € RN and any sequences t, ———» to in [0, 400) and u, ~—— ug in R

fn(tny X, un) 7H—OO> fO(t(]? xZ, UO)'

(ii) For any sequences t, ——— to in [0, 400) and u, ~—— ug in H'(RN)

Fp(tn, un) =2 Fy(to,ug) in L*(RY). (3.8)
In addition, the set
{F.(t,u):t€ D,n>1} (3.9)

is relatively compact in L*(RY), for any bounded D C [0, 4+00) and u € H'(RY).
(iii) Let F,, : [0,400) x X = X, n > 0, where X = HY(RY) x L3(RY), are given by
F,(t,u,v) = (0, F,(t,u)) for ¢t >0 and (u,v) € X.

Then the mappings F,,, n > 0, are continuous and satisfy the Lipschitz condition (F1)
and are bounded at zero (F2) (see p. ) with constants independent of n,

n—00

]F’n<t’n7u’n7 U’n) E— ]FO(th UO7U0) iIl X7
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for any sequences t, ~— to in [0, +00) and (U, vs) —— (uo, v0) in X, and
t t
/ F, (1, u,v)dr === / Fo(r,u,v)dr in X, (3.10)
0 0

for allt >0 and (u,v) € X, and the set
{F,(t,u,v): t € D,n > 1}
is relatively compact in X, for any bounded D C [0, +00) and (u,v) € X.

Proof. (i) Due to assumption, function fy(-,z,-) is continuous for almost every x € R¥.
Hence(('), in view of the assumed condition (f0),

fn(tna x, U) 7H—OO> fO(th z, U)

for almost every z € RV, all u € R and any sequence t,, —— ¢, in [0, 4+00). Moreover, by (f1),
for any n > 1, there exists a set B,, C RY of measure zero such that, for all x € RY \ B, all
t >0 and all uy, us € R

| fru(t,xuy) — fut, z,ug)| < U(x)|ug — usl. (3.11)

Then B = |J,_, B, has a measure zero and therefore () holds for almost every z € RY, all

n>1,allt > 0 and all u;, us € R. Consequently, for almost every x € R, any sequences
n—0o0

tn 5 to in [0, +00) and u, — uy in R, we have
[t 2, un) = folto, ,u0)| < | fa(tn, 2, un) = fultn, 2, u0)| + | fu(tn, 2, u0) — fo(to, 2, uo)]
< Ux)|up — uo| + | fu(tn, x,uo) — folto, z,up)| = 0 as n — oo.
(ii) Observe that, for all n > 1,
[ (s n) — Fo(to, o)z < (| Fn(tn, un) — Fultn, uo)llz2 + | Fn(tn, wo) — Folto, uo)l|2. (3.12)
By condition (f1) we have
| En(tn, wn) — Fo(tn, uo)||r2 < || Luy — Lugllzz  for all n > 1.

By Corollary linear operator L is bounded. Hence, because by the assumption u,, ——— g
in H'(RY), we obtain
Lu, =% Lug  in L*(RY).
Consequently,
| E(ts ) — Fo(tn, o) || 22 — 0. (3.13)

n—oo

By the assumption, f,, — fo in the sense of condition (f0) and t,, —— to in [0, +00). Therefore,
by virtue of the point (i),

Faltn, T, uo(x)) = fo(to, =, up(x)) for almost every z € RY.
On the other hand, by conditions (f1) and (f2),
| fu(tn, 2, up(2))] < 1(2)ug(z) + mo(z)  for almost every z € RY and all n > 1.

Moreover, by Corollary , Luy + mo € L?*(RY). Therefore, by the Lebesgue Dominated

Convergence Theorem,
n—oo

[ F(tn, wo) — Fo(to, uo)|[r2 —— 0. (3.14)

(})Here we apply the following fact: Let (X, d), (Y,p) be metric spaces and functions f, f,, n > 1, from X to

Y. Then f,(x,) nzee, f(z) for any sequence (zy,),>1 in X satisfying x,, 2722 2 if and only if f is continuous

and f, ——=° f uniformly on relatively compact subsets of X, cf. B2, Prop. 1.3 (2)].



52 Chapter 3. Compactness properties

We apply () and () to () obtaining (@)

Let (w,);>1 be a sequence in the set (B.9). We shall prove that the set {w,};>; is relatively
compact in L%(RY). Then, either there exists n > 1 such that

{wi}jz=1 N Fu(D x {u}) (3.15)

is an infinite set, or, for any n > 1, the intersection () is finite.
We consider the first case. Therefore, we can choose a subsequence (wj, )y>1 such that

wj, € F,(D x{u}) forall k> 1 and some n > 1.
Without loss of generality we can assume that
w; € Fo(D x {u}) forall j>1

Since, by the assumption, the set D C [0, +00) is bounded, we see that it is relatively compact,
and the set D x {u} is relatively compact in [0,+00) x H*(RY). By Proposition @ (i)
the map F,, is continuous. Hence, the set F,(D x {u}) is relatively compact in L2(RY). As
{w;}ij>1 C Fu(D x {u}), we obtain that the set {w;};>; is relatively compact in L*(R").

Let us consider the second case, that is, the intersection (B.15) is finite, for any n > 1. As
the set {w;};>1 consists of infinitely many elements, we can choose subsequences (w,, )y>1 and
(F, )k>1 such that

wj, € F,, (D x {u}) forall k> 1.

Without loss of generality we can assume that
w; € Fj(D x {u}) forall j>1.
Hence, we can choose a sequence (t;);>1 such that

w; = Fj(tj,u) forall j > 1.

Since the set D is bounded, we can assume, up to a subsequence, that ¢; Eini to in D. Thus,
applying point (ii), we get that
w; ﬁ_m) Fo(to,u) in LQ(RN)
Therefore, we proved that the set {w;};>1 is relatively compact in L*(R").
(iii) Let us define j : L2 (RY) — X, j(v) = (0,v), and IT : X — HY(RY), T(u,v) = u. We

see that 7 and II are bounded linear operators and
F,(t, u,v) = j(Fn (t,H(u,v))), (3.16)

for any n > 0, ¢ > 0 and (u,v) € X. By Proposition (i) the mappings F,, n > 0,
are continuous and satisfy (F1) and (F2) with constants independent of n. Taking this fact
together with (B.16) we get that F,, n > 0, are continuous and satisfy (F1) and (F2) with
common constants.

Let £, —> t, in [0, 4+00) and (up,vy,) e, (up,v) in X. As II is a bounded linear
operator, we have II(uy,,v,) — [(ug,v) in H'(RY). Hence, by the assertion (ii)

By (tn M(tn, vn)) “—==> Fy(to, M(ug, vo)) in L*(RY).

Since j is a bounded linear operator, we get that

F,(t, U, ) = j(Fn(tn,H(un,vn))) nooo, j(FO(tO,H(uO,vo))> — Folto,uo, o). (3.17)
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We take some ¢t > 0 and (u,v) € X. Since F,,, n > 0, satisfy conditions (F1) and (F2)
with constants independent of n, there exists a constant C' > 0 such that, for all n > 0, all
t € [0,400) and all (u,v) € X

[Fn(t, u, v)]lx < O+ [|(u, 0)[x)-

Taking the above estimate together with () and using the Dominated Convergence Theorem
we get (B.10).

Now, let D C [0, +00) be bounded and (u,v) € X. Observe, again by the assertion (ii), that
the set

{F,(t,1I(u,v)) : t € D,n > 1}

is relatively compact in L?*(RY). Moreover, we have
{F,(t,u,v): t€ D,n>1} = {j(Fn(t,H(u,v))> :teD,n> 1}
=7 ({Fn(t,ﬂ(u,v)) :teD,n> 1}) .
As j is a bounded linear operator, we see that the set
{F,(t,u,v): t € D,n > 1}
is relatively compact in X. O

Remark 3.1.4. Observe that we may slightly weaken the assumptions on the function fy in
Proposition E Namely, let f,, n > 1, be Carathéodory functions satisfying conditions (f1)
and (f2) with common functions [ and mg. If the function f; is a Carathéodory function such
that f, — fo in the sense of condition (f0), then fy satisfies conditions (f1) and (f2) with the
same functions [ and my.

In fact, from the proof of Proposition (i), we deduce that inequality () holds for
almost every z € RV, alln > 1, all t > 0, and all u;, us € R. Passing to the limit as n — oo
in (), we obtain that fj satisfies condition (f1) with the function /. Similarly, we observe
that, for almost every x € R, all n > 1, and all ¢ > 0,

|fn<t’ €, O)l < m0<x>

Hence, after passing to the limit as n — oo, we conclude that fj satisfies condition (f2) with
the function my. O

We also consider a parametrized version of the above results. Let (M,d) be a compact
metric space and a function

h:[0,+00) x RY xR x M — R
be such that
(C) (Carathéodory condition) function
(t,u, p) — h(t,z,u, p)
is continuous on [0, +00) x R x M, for almost every x € RY and function
x> h(t,z,u,p1)

is measurable, for all t > 0, all v € R, and all u € M,
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(h1) (Lipschitz condition) there exists a non-negative Kato-Rellich type function [ : RY — R,
i.e., [ fulfilling (@), (@), and (@), such that

|h(t, z,ug, 1) — h(t, z,ug, p)] < U(x)|ug — ugl,
for almost every x € RY, all t > 0, u;, us € R, and p € M;
(h2) (Boundedness at zero) there exists mo € L?(RY) such that
At 2,0, )| < mo(),
for almost every x € RY, all t > 0, u € M.
We define the Nemytskii operator
H :[0,+00) x H'(RY) x M — L*(R")
associated with function h by
[H (¢, u, p)](z) = h(t, z, u(x), 1), (3.18)
for all u € H*(RY), almost every x € RN all t > 0, u € R, and p € M.

Corollary 3.1.5. Suppose that a Carathéodory function h satisfies (hl) and (h2). Then the
Nemuytskii operator H given by the formula (@) is well-defined, i.e., H(t,u,u) belongs to the
space L2(RYN), for anyt > 0, u € HY(RY), and y € M. Moreover, H is continuous and satisfies
the following conditions:

(H1) H satisfies Lipschitz condition, i.e., there exists C' > 0 such that
[1H (2, ur, 1) = H(t, ug, p)ll 22 < Cllus — wallm,
forallt >0, uy, up € H'(RY), and pu € M;
(H2) H is bounded at zero, i.e., there exists My > 0 such that
I1H(t,0,p)]|2 < Mo,
forallt >0 and € M.

Proof. By the Carathéodory condition and [53, Thm. 10.58], function H (¢, u,p) : RY — R is
measurable for any ¢ > 0, u € H*(RY), and u € M. Similarly as in Proposition m (i), we
obtain that H(t,u, i) belongs to the space L*(RY), for any t > 0, u € H'(RY), and p_€ M,
using (h1), (h2) and the fact that L|u|+mo € L*(R") for any u € H*(R") (see Corollary @)

As in Proposition B.1.2 (i), from (h1l) and the boundedness of the linear operator L (see
Corollary ﬁ), we deduce (H1). We see also that (H2) is a direct consequence of (h2).

Now, let t, —— to in [0, 4+00), Up —— 1y in HY(RN), and pt,, — 1o in M. We define
sequence of functions

fu:[0,400) xRY xR =R, n>1,
by the formula
fn(t,ac,u) - h(t7x7u7,un)7

and function
fo:[0,400) x RY xR = R

by the formula
fO(t7 z, U) = h(t7 €, U, ,LL())



3.2. Compactness properties for L>-bounded nonlinearity 55

Then f,, n > 1, are Carathéodory functions fulfilling (f1) and (f2) with common functions [
and mg. Furthermore, fj is also a Carathéodory function satisfying (f1) and (f2). We see that

H(t,u, pu,) = F,(t,u) foralln>1,t>0, uc H'(R"Y),

and
H(t,u, po) = Fo(t,u) forallt >0, ue H(RY).

Carathéodory condition implies that function
(t,u, ) — h(t,z,u, p)
is continuous on [0, +00) x R x M for almost every € RY. Hence, in particular,
h(t, @, u, pin) — h(t,z,u, o),
for almost every 2 € RV, all t > 0, all u € R, and all € M. In addition, this convergence is
uniform on bounded subsets of [Oi;a) with respect to t. Therefore, condition (f0) is satisfied.

Thus, in the light of Proposition | (i1),

H(tnaumﬂn) = Fn(tna un) 7L—>_OO> FO(tO:UO) = H(tO’ UO>HO) in LQ(RN)>

which shows that H is continuous, and ends the proof. [

3.2 Compactness properties for L>-bounded nonlinearity
In this section we consider functions f : [0, +00) x RY x R — R satisfying condition:
(f2)" there exists m € L*(RY) such that
[f(t, 2z, u) < m(x),
for almost every x € RV, all t > 0, u € R.

As before, by
E, :[0,+00) x H'(RY) — L*(RY), n>1,

we denote the Nemytskii operators associated with functions
fu:[0,400) xRY xR =R, n>1.
Now, we show that under assumption (f2)" the set (Ell) is relatively compact in L2(RY).

Proposition 3.2.1. Let f,,, n > 1, be a sequence of Carathéodory functions satisfying conditions
(f1) and (£2)" with common functions | and m. Assume that fy is a Carathéodory function
satisfying (1), (£2)', and such that f, — fo in the sense of condition (f0) (see p. )

If sets D C [0,4+00) and U C H'(RY) are bounded, then the set

G F.(D x U)

n=1

is relatively compact in L*(RY).
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Proof. Let (w;);>1 be a sequence in | J 2, F,(D x U). Then, either there exists n > 1 such that
{w;}js1 N Fu(D x U) (3.19)

is an infinite set or, for any n > 1, the intersection () is finite.
We consider the first case. Therefore, there exists a subsequence (wj, )r>1 such that

wj, € F,(DxU) forall k>1,
and some n > 1. Without loss of generality we may assume that

w; € F,(DxU) forall j>1.
Hence, there exist sequences (t;);>1 in D and (u;),;>1 in U such that

w; = F,(tj,u;) forall j > 1.

Since the set D C [0,400) is bounded, we may assume, extracting a subsequence if necessary,

that ¢; 2= t, in D. Furthermore, based on the Eberlein-Smulian Theorem (see [0, Thm. 3.18
and Thm. 3.19]), we may assume, passing possibly to a subsequence, that

wj 2 g in HY(RN). (3.20)

We put
Wy = Fn(to,UO).

Let m € L*(RY) be as in condition (f2) and fix some € > 0. We take 7 > 0 such that

||mHL2(]RN\B(O,r)) <e. (3.21)
Then
{witiz1 C{w;lpem izt +{wilempon bizt- (3.22)
Note, by condition (f2)" and (), that
lw;Lew\ B0, llz2 = llwjllL2@3\ B0 < M@y B <€ forall j > 1. (3.23)

In view of the Rellich-Kondrachov Theorem (see Theorem ), possibly passing to a
subsequence, we get that

u; 7% in L*(B(0,r)),
for some v € L*(B(0,7)). In particular,

u; — v in L*(B(0,7)).
On the other hand, from () we deduce that

u; 2% 4y in L*(RM),

and consequently

u; 2% ug  in LA(B(0,7)).

Uniqueness of a weak limit yields ug(x) = v(z) for almost every x € B(0,7), hence
ule(o’T) ﬂ uolB(Oﬂ.) in LQ(RN) (324)
Therefore, passing to a subsequence if necessary,

u;(2) 1o, () EREN uo(2)1p(0(x) for almost every z € RY; (3.25)
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see Proposition (ii). Observe that
w;(2) s (%) = fu(tj 2,45 (2) 100 () Lo (2),

for all j > 0 and almost every x € RY. Since f, is a Carathéodory function, from () we
deduce that

wj(x) 10 () EmiaN wo(x)1p0n(x) for almost every z € RY.
This together with condition (f2)" allow us to apply the Lebesgue Dominated Convergence
Theorem, thus,

wle((]’r) ﬁ_w> wolB(om) in L2<RN)
This means that the set {w;1p(} =1 1s relatively compact in L2(]RN ). Since € > 0 is arbitrary,
combining this with (B.22) and (B.23) we obtain that {w;};>; is relatively compact in L?(RY).
We consider now the second case, i.e., for any n > 1, the intersection (B.19) is finite. Since

sequence (wj);>1 consists of infinitely many elements, we get the existence of subsequences
(wj, )e>1 and ([}, )g>1 such that

wj, € F,,(DxU) forall k> 1.
As i k2% 50 and Nk koo, oo, we may assume that
w; € F;(DxU) forall j>1.
Hence, there exist sequences (¢;);>1 in D and (u;);>1 in U such that
w; = Fj(tj,u;) forall j > 1.
Let € >0 be arbitrary and >0 be such that () is satisfied. Then, using condition (f2)’,
{w;}iz1 C{wjlpom}iz1 + Br2(0,¢). (3.26)

. . j— .=
As before, we may assume, extracting a subsequence if necessary, that ¢; I ¢ in D,

u; 2% 4y in HY(RY),
and '
u;(2) 10 () Einiiac up(z)1p(z) for almost every xz € R, (3.27)
Let

Wy = Fg(to, UO)-

Observe that
wi(z) 10, (x) = fi(t;, 2w (2) 1 () 10 (),

for all j > 0 and almost every x € RY. Recall that ¢, i to in D, ( holds, and, by
assumption, f; — fo in the sense of condition (f0). Therefore, Proposition M (i) yields

w;(2) 1) () EmEN wo(2) 1, (x) for almost every z € RY.

As all the functions f;, j > 1, satisfy (f2)’ with a common function m € L*(R"Y), we may use
the Lebesgue Dominated Convergence Theorem:

wle((]’r) ﬁ_w> wO]-B(O,r) in L2<RN)

Therefore, {w;1p(0. };>1 is relatively compact in L?(RY). Since & > 0 is arbitrary, this together
with (B.26) show that the set {w;};>1 is relatively compact in L*(RY). The proof is completed.
0
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As before we formulate a parametrized version of the result for sequence of functions.
Namely, consider a Carathéodory function & : [0, +00) x RY x R x M — R satisfying (h1) and

(h2)" there exists m € L*(RY) such that
At 2, u, p)| < m(x),
for almost every x € RV, allt > 0, v € R, and pu € M,
where (M, d) is a compact metric space. By
H :[0,+00) x H'(RY) x M — L*(R")
we denote the Nemytskii operator associated with h.

Corollary 3.2.2. Assume that a Carathéodory function h satisfies conditions (h1) and (h2)'.
Then, for any bounded subsets D C [0,4+00) and U C HY(RYN), the set H(D x U x M) is
relatively compact in L*(RY).

Proof. We take a sequence (wy),>1 in H(D x U x M). Then there exist sequences (,),>1 in
D, (up)p>1 in HY(RY) and (p1,)n>1 in M such that w, = H(t,, un, jt,) for any n > 1. We may
assume, extracting a subsequence if necessary, that p, —— po in M. We define functions

fu:[0,400) x RY xR =R, n>1,

by the formula
fn(t7 x? u) - h(t7 "/L" u) Mn)’
and function
fo:[0,+00) x RY xR — R
by
fo(t,z,u) = h(t,x,u, po).

Since h is a Carathéodory function satisfying (h1) and (h2)’, we see that f,, n > 1 are also
Carathéodory functions satisfying conditions (f1) and (f2)" with common [ and m. Next, in the
same way, we get that fy satisfies Carathéodory condition, (f1) and (f2). By F,, n > 0, we
denote the Nemytskii operators associated with f,,, n > 0. Hence, {wy,}n>1 C U, Fr(D x U).
Moreover, as in Corollary , from the continuity requirement in Carathéodory condition for
h we deduce that f,, — fo in the sense of condition (f0). Therefore, by Proposition , the

set |J°7, F(D x U) is relatively compact in L?(RY), thus, {w,},>1 is also relatively compact
in L?(RY). The proof is finished. O

3.3 Compactness properties for nonlinearity with sublin-
ear growth

We begin by the main result of this section providing the estimate of the Hausdorff measure of
non-compactness of the set (El])

Proposition 3.3.1. Suppose that Carathéodory functions f,, n > 1, satisfy conditions (f1),
(f2) with common functions I, my, respectively. Let fy be a Carathéodory function satisfying
conditions (f1), (£2), and such that f, — fo in the sense of condition (f0) (see p. )

If the sets D C [0, +o0) and U C HY(RYN) are bounded, then

vz (U FalD x U)) < 8ll) a2 (0) (3.28)

where the number 0(lw) > 0 is given by (@)



3.3. Compactness properties for nonlinearity with sublinear growth 59

Proof of Proposition relies on the following lemma concerning compactness on L?(B(0, R))
for some R > 0.

Lemma 3.3.2. Let f,, n > 1, fo, D C [0,+00) and U C H*(RY) be as in Proposition .
Then, for any R > 0, the set

U Fu(D x U)1p0.8)

n=1

is relatively compact in LQ(]RN ), where
Wlgor = {ulpor € L*(RY) :ue W},
for any subset W C L?(RY).

Proof. Let (wp,)m>1 be a sequence in | J,~; F,(D xU)1p,r). We distinguish two possible cases.
In the first case we assume that there exists n > 1 such that infinitely many elements of the
sequence (Wp,)m>1 belong to F,(D x U)lper. Hence, there exists a subsequence (wm, )i>1
such that

Wy, € Fo(D x U)lpp forall k> 1.

In the second case we can choose subsequences (wy,, )r>1 and (F,, )r>1 such that
Wiy, € Fp (D x U)lp,r) forall k> 1. (3.29)
We consider the first case. Without loss of generality we may assume that
W, € Fo(D x U)lpe,ry forallm > 1.
Hence, there exist sequences (t,)m>1 in D and (uy,)m>1 in U such that
W, = F(t, um)1por for allm > 1.

Since D is bounded, we can assume, extracting a subsequence if necessary, that t,, — o for some
to € D. By the Eberlein-Smulian theorem, we can also assume, again passing to a subsequence
if necessary, that

U — uy  in HY(RY).

In view of the Rellich-Kondrachov theorem
umlg(o,R) meee, u013(07R) in Lz(RN)

— see () Since function f,, satisfies condition (f1) with Kato-Rellich type function [, we
obtain the following estimate

| Fo (i, um) L g0,r) — Fn(to, u0)1B(0,R) || L2
< [ En(tm, um1p0,r)) — Fulto, uolpo.m)ll 2
< | Fn(tms um1B0,r)) — Fultm; volpo,r)) |2
+ | Fo(tm, wolpo,r)) — Fu(to, uolpor))| 2 (3.30)
< [ Lumpo.r) — Luolpo,rllzz + [ Fa(tm, uolpo.r) — Falto, wolso,r)ll L
< || Loctum1B(0,r) — Loctolp(o,m)l| 22 + || Lotum1B(0,r) — Lotolpo,r)| L2
+ || F(tm, wolpo,r)) — Fn(to, uolpor)| c2-

As L is a bounded linear operator on L?(R"Y) (cf. Corollary ) and F,, is continuous (cf.
Proposition 3.1.5 (1)), we get that

||Looum13(07R) — LoouO]-B(O,R)HLQ —0 as m — o0 (331)
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and
HFn(tm,uO]_B(o,Rﬂ — Fn(to,U01B(07R))|’L2 — 0 as m — oo. (332)

By Proposition linear operator Ly : H'(RY) — L?(R") is compact. Hence,
LoumlB(()’R) WH—OO> LouolB(o’R) in LQ(RN) (333)

because

umlB(o’R) e, uolB(O,R) in Hl(RN).
Combining (|33]J), (|33j), (|33ﬁ) with () we obtain that (wy,),>1 admits a convergent sub-
sequence.

We consider now the second case, that is, there are subsequences (wp,, )k>1 and (F,, )r>1
such that (B.29) is satisfied. Obviously, we may assume that

Wy, € Frp(D x U)lper forallm > 1.
Hence, there exist sequences (t,)m>1 in D and (uy,)m>1 in U such that
Wy, = Fy(tm, um) 1o, for all m > 1.
As before, passing to a subsequence if necessary, t,, — t, for some ¢, € D,
Um1po.r) ——> uglpor in H'(RY),

and
m—00 ;
UmlB((]’R) — UO]-B(O,R) 1n L2<RN)

From () and () we deduce that
LumlB(o’R) m—>—oo> LuO]-B(O,R) in L2(RN) (334)

In view of the assumption, f,, — fo in the sense of condition (f0). Therefore, Proposition
(ii) yields
m—0o0 .
Fm(tma u[)lB(O,R)) — F()(to, uO]-B(O,R)) mn LQ(RN) (335)
By assumption functions f,,, m > 1, satisfy condition (fl1) with a common Kato-Rellich type
function . Hence, we get the following estimate

| Fon(tm, um 1 0,R)) — Fo(to, wolpo,r))l L2
< | Ep(tms um1B(0,r)) — Fin(tm, uolpo,r)) || L2

(3.36)
+ || E (tms w0l Beo,r)) — Folto, uolpo,r))l 2
< |[Lum1po,r) — Luolpo,r)ll2 + || Fn(tm, volpo,r)) — Fo(to, uolpo,r))l r2-
We then apply () and () to () obtaining
Fm(tm,um)lB(o,R) m—)_oo) Fﬂ(t07u0)1B(0,R) in L2(RN)

This shows that (w,,)m>1 admits a convergent subsequence, and the proof is completed. O
Proof of Proposition . Let 0 < € < 1 and take the covering of the set U:

k

U C UBLQ(U’Z'?XLQ(U) +€)
i=1

As H'(RY) is a dense subspace of L*(RY), we may assume that any u; € HY(RY). Observe
that, for any R > 0, if [ is a Kato-Rellich type function, then [ 1z~ p(o r) is also a Kato-Rellich
type function. Hence, by Corollary E.l.l, one has, for any R > 0 and v € HY(RY),

||LU||L2(]RN\B(O,R)) = ||(L 1]RN\B(O,R))U||L2 < e 1RN\B(0,R)|| |ul|z2 + Clllo 1RN\B(O,R)||LP ]| 1

= |llss || oo @™\ B0, R)) |1l 22 + Clllo]| e @M\ B0, RY) [|1]] 72
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where C'= C(N,p) > 0 is a constant. Let R be such that

oo Loe @M\ B(0,R)) < 0(ls0) + €.

Since C' does not depend on R and U C H(RY) is bounded, then, increasing R if necessary,
we have
CHZOHLP(RN\B(O,R))HU - quHl <e for ueU and i€ {1, ceey k’}

Hence, for any v € U and i € {1,...,k},
HLU — Lui‘|L2(RN\B(O7R)) < (/Q\(loo) + 6)||u - Uz‘||L2 + €. (337)

Observe that

U F.(DxU)C U Fo(D x U)lpe.r) + Fu(D x U)lgy\po,r)

n=1 n=1
C |J Fu(D x U)1pop + | Fu(D x U)1gm po.n)-
n=1 n=1

Hence, due to the monotonicity and algebraic semi-additivity of the measure of non-compactness
(cf. Proposition [A.3.1]),

v (U A0 x 1)) < xs (U A0 x U)t) + 0o (U FalD 5 0o (335)
n=1

n=1 n=1

By Lemma the set Uy, Fi.(D x U)1p( g is relatively compact in L?*(RY), which implies
XLZ( |J Fu(D x U)) < XLZ( |J Fu(D x U)1RN\B(O7R)). (3.39)
n=1 n=1

Since D C [0, +00) is relatively compact and Fy : [0, +00) x H*(RY) — L*(RY) is continu-
ous, due to Proposition B.1.3 (ii), for any i € {1,...,k}, the sequence

D>t By (tu) € L*(RY), n>1,
converges uniformly to
D >t Fy(t,u;) € LA(RY)[2)

As we have a finite number of sequences (t — F(t, ul)) there exists n. > 1 such that, for

n>n.and i€ {l,...,k},

n>1’

HFn(t,uz) — Fo(t,ui)HLQ <e forte D. (340)

Since D is relatively compact and operators F}, : [0, +00) x HY(RY) — L*(RY), n =0,...,n.,
are continuous, functions

D>t Fy(t,u) € LARY), n=0,1,...,n., i =1,...,k,

are uniformly continuous. Hence, there exists a number ¢ > 0 such that, for any ¢, t, € D
fulfilling |t; — t2| < d, any n € {0,1,...,n.} and i € {1,...,k}, there holds

HFn(tl,uz) — Fn(tg,ui)”L2 < E. (341)

Now, we consider a set {t; € D : 1 < j < m} such that for a given ¢ € D there is t; satisfying
|t —t;] <é.

(%)See footnote on p. @
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We claim that

ne m

LﬂFDwamchLMJUBm Wt i), 1) (3.42)

i=1n=0j=1

where
n=(0(l) + &) (x12(U) + €) + 2¢.
Indeed, for a given element F),(t,u)1lgn p(o,r) there exist i € {1,...,k} and j € {1,..._.m
such that u € BLz(ui,XLz(UiF) and |t —¢;| < d. If n € {1,...,n.}, then, in view of (B.37)
41]

and the uniform continuity (B.41]), one gets

[ Fn(t,w) — Fou(ty, wi) ll L2\ s0,r))
< | Fu(tw) — Fult, wi) |l 2@ so,ry) + [1En(t, i) — Fu(ty, i) |l 2 o, r))
< [[Lu = Lug|| L2@v\peo,ry) + [[Fn(ts us) — Fulty, wi)| 2@y o,y
< (e+ 0l —willz2 +e+e < (e 4 0(loo)) (xz2(U) + €) + 2.

On the other hand, if n > n., then, again by (), the uniform convergence (), and the
uniform continuity (), we arrive at

| Fn(t, u) — Fo(ty, wi) || 2 v\ Bo,r))
< |V Fult,w) — Foult, ws) | L2 peo,ry) + | Fnlt, ws) — Fo(t, ug)|| 2 + || Fo(t, wi) — Fo(ty, w22
< ||Lu — Lui||L2(RN\B(O,R)) + 2e < (@\(loo) + 8)(XL2(U) + 8) + 2e.

Hence, () holds, as claimed.
In view of () we get

viz (| (D x U)lemipom ) < (@) +2)(xaa(U) +€) + 22,

n=1

This together with () yields

o0

XLQ(UmeU)) (8(loo) + &) (22 (U) + &) + 22

n=1

As ¢ was arbitrary, the proof is completed. O

Remark 3.3.3. Observe that Proposition (and Lemma ) are still true if we consider
Carathéodory functions f, : M x RY x R — R, n > 0, where (M,d) is a metric space,
satisfying properly changed versions of conditions (f1), (f2) and (f0), and a relatively compact
subset D C M instead of bounded subset D C [0, +00). O

In view of the remark above, from Proposition we get the compactness result concern-
ing Nemytskii operator associated with a parametrized function.

Corollary 3.3.4. Suppose that (M,d) is a compact metric space and a Carathéodory function
h:]0,4+00) x RY x R x M — R satisfies (h1) and (h2) (see p. ) Then, for any bounded
sets D C [0, 4+00) and U C HY(RY),

xrz(H(D x U x M)) < 0(leo)x22(U).
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3.4 k-set contractivity of the translation along trajecto-
ries operator

Let us recall that X = HY(RY) x L2(R") and in X we consider the scalar product (-, -)x together
with_the associated norm || - ||x (see p. @) A : D(A) € X — X is the linear operator given
by (R.41)), i.e.

A(u,v) = (v, —Au — Bv) on D(A) = H*(RY) x H(RY)

where A : H*(RY) C L*(RY) — L*RY) is defined by (@), ie. Au = (—A + V)u. Here
V . H*RY) ¢ L*(RY) — L*RY) is the linear operator of multiplication by a Kato-Rellich
type potential V : RV — R (see (Q) and (@)) which L (RY)-part has a positive asymptotic
bottom (see ([1)). Let us recall that the operator A is the generator of a Cy-semigroup {e"*};>,
see Proposition (ii).

On X we also consider the scalar product (-, )5, given by (), ie.

((ur,v1), (U2, v2))s v = (P + Bo)ur, (P + Fo)uz) 2 + (Qui, Qua)q + (v + sur, va + sua) 2
together with the associated norm || - [|s v given by (), ie.

1, )12y = ((w,0), (w,0))sy = 1P+ Po)ullzz + [Qullg + [lv + sul[Z2

where the scalar product (-,-)sy and the norm || - |[|cy_depend on a parameter s > 0 and
a Kato-Rellich type potential V. Due to Theorem the norms || - |x and || - ||s,v are
equivalent. x,(-) stands for the Hausdorff measure of non-compactness in (X, || - ||s,v). By

virtue of Theorem R.3.9 there exist s > 0 and p > 0 as in Proposition P.3.7 such that
Xsv(€®(2)) < e P'x,v(Z) for any t>0 and bounded Z C X. (3.43)

Below we state a result on the existence and continuity of mild solutions, and the k-set con-
tractivity of the translation along trajectories operator for the following parametrized problem

(lt), 5(£)) = AA(u(D), v(t)) + (o,H<t,u<t>,u>), E>0 peM A>0  (3.44)
where (M, d) is a compact metric space and H o0o) x HYRN) x M — L*RY) is a
continuous mapping satisfying (H1) and (H2) (see p . For any A > 0, the linear operator

A D(A) € X — X is defined in a usual way:
(M) (u,v) = M (u,v) on D(AA) = D(A).

Recall that a continuous function (u,v)(-, @, @, p, A) : [0,4+00) — X is called the mild solution
of (@) with an initial condition (u,v) € X if it satisfies the Duhamel formula

(u(t),v(t)) = ™ (@, 7) + /Ot eION (0, H(r,u(T), p)) dr for t >0 (3.45)

— see Section .

Theorem 3.4.1.

(i) For any (u,v) € X, p € M and X\ > 0 there exists the unique global mild solution
of () with an initial condition (u(0),v(0)) = (@,v). In particular. the translation
along trajectories operator (by time ty > 0) associated with equation (), o, - X X
M x (0,400) = X, given by

O, (w, T, p1, A) = (u,v)(to, @, v, 1, A)

s well-defined for any to > 0.
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(i) If (U, 0p) — (W, Vo) in X, pn, — po in M and X, — Ng for A\g > 0, then
(1w, V) (t, Ty Ty fony An) — (1w, 0)(E, To, Do, Lo, o)

uniformly on bounded subsets of [0,400) with respect to t. In particular, the translation
along trajectories operator ®,, : X x M x (0,400) — X is continuous for any to > 0.

(iii) Suppose additionally that there exists k € [0,+/d p), where (cf. () on p. @),

d = dist(0,0(A) N (0, 400)) (3.46)
such that, for any bounded subsets D C [0, +00) and U C H'(RY),
Xe2(H(D x U x M)) < ky2(U). (3.47)

Then, for any ty > 0, the translation along trajectories operator @y, : X X M X [a,b] — X,
where 0 < a < b < +00, is a k-set contraction with respect to the measure of non-
compactness xsyv (see Section |A.4), more precisely, for any bounded subset Z C X,

Xov (B1o(Z x M x [a,b])) < e~ (=R/VDatoy (7). (3.48)
In particular, the thesis holds if H is completely continuous, that is, it satisfies ()

with k = 0.

Proof. (i) Since the linear operator A is the generator of a Cy-semigroup and A > 0, AA is the
generator of a Cy-semigroup and e/ (u, v) = e®V2(y, v), for all > 0 and (u,v) € X. Observe
that the Lipschitz condition and boundedness at zero imply that H has a sublinear growth,
that is, there exists C' > 0 such that

H (Eu, )| 2 < C(L+ Jul|a1)

for all t > 0, v € H'(RY) and p € M. Define H : [0,+00) x X x M — X by formula
H(t,u,v,pn) = (0,H(t,u,p)). Further, let II : X — H'(R") be given by II(u,v) = u and
j: L*(RY) — X be given by j(v) = (0,v). We see that II and j are bounded linear operators
and, for any t > 0, (u,v) € X, p € M,

H(t, u,v, p) = j(H (¢, (u,v), p1)). (3.49)

Hence, H is continuous, fulfills the Lipschitz condition and has a sublinear growth, i.e., it
satisfies conditions (H1) and (H2) — see p. . Therefore, we are in a position to apply the well-
known global existence and uniqueness result (see Section [L.5) to get that, for any (u,v) € X,
p € M and A > 0, there exists a unique global mild solution (u,v)(-, @, 7, u, A) : [0, +00) — X
of (B.44) with (w(0),v(0)) = (@, 7).

(i) Let us take a sequence A, — Ao for A\g > 0. This implies the existence of an interval
[a,b], where 0 < a < b < 400, such that A\, € [a,b] for all n > 0. Next, we see that M x [a, b]
is a compact metric space. By Remark EI there exist numbers K > 1 and w € R such that
"] zxy < Ke*! for t > 0. Hence, we have

||et()‘A) (1, v) || £(x) < KM < Kelvlbt (3.50)

for all t > 0 and A € [a.b]. This means that the family of linear operators {AA} ¢cjqy fulfills
condition (A1) (see p. ) Then, using the resolvent identity|®), we get, for any A > |w|b and
(u,v) € X,
RO AA) (1, 1) — BOLAA) (1, 1) = RO AA) (O — Ah) RO\ Aoh)(u, 0)
= (An — o) R(A,AA) A R(A AA) (u,v).
(3)We use the resolvent identity of the form (see [36, Prop. 1.9]): let A: D(A) C X — X and B : D(B) C
X — X be closed linear operators on a Banach space X such that D(A) = D(B); then, for any A € p(A)Np(B),

R(\, A) — R(\,B) = R(\, A) (A— B) R(\, B).
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Consequently, using () and the Hille-Yosida Theorem (see Theorem ), one has
IR, AnA) || 2x) < K/(A — |wl|b) for all X > |w]b.

We arrive at

K

[ R, AnA) (1, v) — R(A, AoA) (u, ) || < [An — Ao A — |wlb

|A RN, AA)(u,v)|| — 0 asn — oo.

Therefore, the family of operators {AA} ¢,y satisfies condition (A2) (see p. ) This allows
us to apply Theorem [L.5.1 (i), hence (u, v)(t, Ty, Ty, fin, An) — (u, v)(t, o, Do, fio, Ao) uniformly
on bounded subsets of [0, +00) with respect to ¢.

(iii) As the L>(R¥)-part of a Kato-Rellich type potential V' has a positive asymptotic
bottom, from Proposition Ell (iii) we deduce that d > 0 and the assumption that k € [0,/d p)
makes sense. Let D C [0,400) and Z C X be bounded. By () there exist s > 0 and p > 0
such that, for any ¢ > 0,

Xs,V({et()‘A)(u,v) : (u,v) € Z, N € [a,b]}) <e "y, (Z). (3.51)
In view of () one has

H(D x Z x M) =j(H(D xII(Z) x M)).

Since j : (L2RM), | - |lz2) = (X,]| - |s.) is a bounded linear operator, the measure of non-
compactness can be estimated as (see Proposition |A.3.1] (v))

Xsv (H(D x Z x M)) = xsv (i (H(D x II(Z) x M)))
< il ez ) xee (H(D x I(Z) x M)) (3.52)
< illzz@yyx) k xe2(II(Z)).
Observe that, for all v € L2(RY),

17(0) sy = (0, 0)[ls,v- = [|v]l 2

Hence,
171l 2@y x) = 1. (3.53)

Now, we apply the fact that L?(R") admits the orthogonal decomposition L*(RY) = Xp® X,®
X¢ with projections P, Py and @ (cf. Proposition |2.3.i (i)). Thus, by algebraic semi-additivity
of measure of non-compactness,

x12(I(2)) < x2((P + Po)II(Z)) + x22(QUL(Z)).

As (P + Py)II(Z) is a bounded subset in finite-dimensional subspace Xp @ X, it is relatively
compact, so xr2((P + Py)II(Z)) = 0 and consequently

x22(I(2)) < xr2(QU(Z)) < Q| £, 2(ny) Xs,v (£)- (3.54)

Let (u,v) € X. Thus, Qu € X, = H'(RY) N Xg. In view of Lemma we have ||Qul|3, >
d||Qu||?,, which yields ||Qul|z> < (1/V/d)||Qul|lg. This implies that

1QTI(w, )12 = 1 Qullz2 < (1/VA)|Qullq
< WV (IP+ Byulls + 1Quly + o+ sull2) " = (/v (. v)l.v-

Therefore,
Q| px 2y < 1/Vd. (3.55)
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We take together the inequality above and () to get
x2(11(2)) < (1/Vd)xs v (2).
Finally, this estimate, () and () yield
Xev (H(D x Z x M)) < (k/Vd)xav(2).

As k € [0,+/d p), this enables us to apply Theorem (ii) to obtain that, for any t, > 0 and
bounded Z C X the inequality ( is satisfied. Il

3.5 Compactness result for a sequence of frequency chang-
ing problems

Throughout this section, we assume that X is equipped with the scalar product (-, )5 and the
corresponding norm || - ||s,v. Let us recall that, by Proposition m (i), the space (X, (-, )sv)
admits the orthogonal decomposition

X:XP@XO@XQ

with corresponding projections P, Py, Q. In addition, subspaces Xp, Xy are finite-dimensional.
By virtue of Theorem PR.3.9, the following inequality holds

1e“Q|lze) < e forallt >0, (3.56)

where p > 0 is as in ()

We now state the compactness result for a sequence of frequency changing problems.

Proposition 3.5.1. Assume that mappings F, : [0.400) x H'(RY) — L*(RY), n > 1, are
continuous, satisfy conditions (F1) and (F2) (see . @) with common constants, and moreover
assume that

(F3) F, are T-periodic, that is, there exists T > 0 such that F,(t + T,u) = F,(t,u), for all
t>0,ue H'(RY) andn > 1.

Suppose that there exists k € [0,v/d p), where d is as in (3.46), such that
Y13 ( L Fu((0.7] U)) < Jexpz(U), (3.57)
n=1

for any bounded U C H'(RY). Additionally, let ((tn,,)), ., be a bounded sequence in X, and
(n)n>1 be a sequence in (0, +00) such that a,, — g in [0, +00).
If, for any n > 1, (u,,vy,) : [0, +00) — X is the o, T-periodic mild solution of

{(u@),@(t)) — Au(t), v(t)) + (0, Fu(t/am, u(t))), >0,
(u(0),v(0)) = (Un,Tn),

then the set {(t,,Ty)}n>1 s relatively compact in X.

(3.58)

Remark 3.5.2. Assume that mappings F, : [0, +00) x HY{(RY) — L2(RY), n > 1, are con-
tinuous and satisfy conditions (F1) and (F2) with common constants, and let ((@,,7,)) _, be
a bounded sequence in X, and (a,),>1 be a sequence in (0, +00). If (u,,v,) : [0,+00) — X,
n > 1, are the mild solutions of (@, then the sets

{(un(t),00(t)) : n>1,t €[0,To]} and {(0,F,(t/an, un(t))) : n>1,t €[0,Tp)}
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are bounded for any bounded interval [0,7p] C [0,400). Indeed, we readily see that the
mappings F,, : [0, +00) xX — X, n > 1, defined by F,,(¢, u,v) = (0, F,,(t/a,, u)), are continuous,
and satisfy conditions (F1) and (F2) (see p. {) with common constants. Hence, there exists a
constant C' > 0 such that N

[ (2, w, 0) [ < C(L+ [ (u, v)|x) (3.59)

forallm > 1,¢ >0, and (u,v) € X. We apply then Remark to get a constant C > 0 such
that

(@ (8), va()|1x < C
for all n > 1 and ¢ € [0, Tp]. From this inequality and () we deduce that also the set
{I@;n(t,un(t),vn(t)) n>1t¢€ [O,TO]}
is bounded. 0
Before the proof we need the following lemma.

Lemma 3.5.3. Suppose that all the assumptions of Proposition are satisfied and (t,)n>1
is a sequence in (0,400) such that t, — to with to > 0. Then we have inequality

Xs,V({(un(tn)v U'fl(tn))}n21) S e_ptoxs’v({(ﬂn’ﬂn)}nZI)
k. ! e P(to=T) Un (T), U (T T
+ \/E/o Xs,V({( n( )) n( ))}n21)d :

Proof. Let Ty be a number such that {t,},>1 C [0,75]. We have, by the semi-additivity and
regularity of the Hausdorff measure of non-compactness x; v (cf. Proposition A.3.1) (iii), (i)),

Xs,V ({ (Un(tn), vn(tn)) }n21) < Xs,v ({(]P) + Po) (un(tn), Un(tn))}nzl)
+ Xs,v ({Q(Un(tn)7vn(tn))}n21) (3.60)
= XS,V({@(Un<tn)a Un(tn))}nzl)

since X = Xp @ Xy ® X and Xp, X, are finite-dimensional. By Proposition (iii), Q and
e® commute for ¢t > 0. Therefore, the Duhamel formula (see (E)) entails

X ({Q(un(tn), vn(tn)) bnz1) < Xov ({7 Q(Tn, Un) 1)

e ({ / ") dT}M) (3.61

where functions J, : [0,t,] = X, n > 1, are given by
Ju(1) = R Q (0, Fo (1, un(7)))

and mappings F), : [0, +00) x HY(RN) — L2(RY), n > 1, are defined as F,(t, u) = F,(t/an, u).
Since the sequence (t,),>1 is bounded and {e"},5¢ is a Cp-semigroup (cf. Remark [L.1.1)), the
set {e*(u,v)},>1 is relatively compact for ani iulv) € X. Then the sequence of bounded

linear operators estimate for x,y from Lemma |A.3.2, yields

Xov ({72 Q (U, Tp) bnz1) < Oi?f;ip ||et"AQ||z:(X)> Xsv ({ (@, Tn) bnz1) (3.62)

< e Xov ({(TWn, Tn) bnz1)

because, in view of (), e 2Ql| ) < e for n > 1.
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We set some ¢ > 0 such that ¢y — e > 0. Then, there exists ng > 1 such that |¢, —to] < &
for all n > ng. In particular, t,, > ty — ¢ for n > ng. Taking into account the fact that finite
sets are always compact, we arrive at

Yo ({ [ n d}) _ ({ [ n d})
< Xev ({ /0 e dT}n>no> (3.63)
+ X ({ /tt_ () dT}an) |

Using again the inequality (), we get, for any n > 1 and all 7 € [0,¢,],
(s < (@ 2Q ) 10, Falmun (™)L, < (0, Ealrun ()],
By Remark , there exists a constant C' > 0 such that [|(0, E,(r, un(7))) Hs,v < (C, for all

n > 1and 7 € [0,Tp]. Hence, ||J,(7)||sv < C, for all n > 1 and 7 € [0,t,]. This allows us to
use the integral estimate for x 1 (see Theorem |A.3.3)

Xow ({ /0 R dT}nzn()) < /0 o xov ({0}, ) 7

We apply again the sequence of bounded linear operators estimate for the measure of non-
compactness obtaining, for any 7 € [0, ¢y — &,

Xs,V <{J”(T)}n2no> < e_p(tO_T)Xs,V ({ (07 ﬁn(ﬂ un<7_))) }n2n0> .

From this we deduce that

Xs.v ({ /O " Tu(7) dT}MO) < /0 " e—f’(to—”xsy({(o,ﬁn@, un(T)))}nZno) dr.  (3.64)

Note that, as t,, — (to — €) = (t, — to) + & < 2¢, for all n > ny,
< 2Cke.

tn
‘/ Jn(T) dT
to—e s,V
tn
Xs,V {/ Jn(T) dT} < 2Ck,
to—e n>ng

which, together with () and (), yields

tn to—e .
Xs,V {/ Jn(T) dT} < / e~Plto=)y | ({ (0, Fo(7,un(7))) }n>n0> dr +2Ce

0 n>1 0 =

to—e "
_ / e_puO_T)Xsy({(o,Fn(T,un(T)))}n>l) dr + 2Ce.
; >

Hence,

Letting ¢ — 0T, we arrive at

Xs,V ({/Otn Jn(T) dT}n>1> < /Oto efp(tofT)Xs,V<{(O’ ﬁn(ﬂ un(T))>}n21) dr. (3.65)
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We claim that, for any 7 € [0, to],

xov ({0 Fufr un(m)) },,) < % Xew ({0 (7), 00(7) bz ) (3.66)
Note that N B
{(0, Fu(myun(m))) },5y = G ({Fn (7, un(7)) }oz1) (3.67)

where j : (L2RY), || - ||lz2) — (X, || - ||s,v) is given as j(v) = (0,v). The map j is a bounded
linear operator satisfying |||/ zz2@v)x) = 1 (see (8.53)). Let

U = {un(7)}nz1-
By Remark , the set U is bounded in H*(RY). Since operators F,, : [0, +o0) x H}(RY) —
L*(RY) are T-periodic, i.e., they fulfill condition (F3), one has
{F.(r, un(7) } o0 € | Ful(0, 7] x U). (3.68)
n=1

By (B.57). (B.67) and (B.68) we get

o (LB 1) = Wil s (G ) )
< kxz2(U).

(3.69)

As subspaces Xp and X are finite-dimensional, we see that

xr2(U) = xr2((P + Fo + Q)U) < xr2(QU).
Since
U = ({(un(7), va(7)) }nz1)
where 1T : X — HY(RY), I(u,v) = u for (u,v) € X, and the linear operator QII : (X, || - ||ls.v) —
(L2(RM), || - ||2) is bounded and fulfills || QII||zx 2@y < 1/Vd (cf. (B.58)), we arrive at

X2 (U) < NQU| g, ragy) Xy ({(wn(7), va (7)) }uz1) < %Xs,v({(un(f),vn(T))}n>1)-

d
From this and (w) we get ), as desired.
3.60

Finally, from (B.65) and (B.66) we deduce that

Xs.v ({ /0 ’ Jn(T) dT}m) < \% /0 ! e Py o v ({(Un(7), 0 (7)) iz ) dT.

Therefore, taking together (|36d), (B6]J), (BGj) and the estimate above, we get the desired
inequality. [

Proof of Proposition . Let t > 0. Applying Lemma for a constant sequence t, =t
we get

Xow ({(un(®), vn()},2,) < € Xow ({ @y D) },10,)
& te—ﬂ(t—T) U (T), U (T T
- / Yo ({(un(r) va(T)},10,) .

Let function ¢ : [0, +00) — [0, +00) be given by

g(r) = Xs,V({(Un(T)v Un(T))}n21).



70 Chapter 3. Compactness properties

Based on the inequality above and the Gronwall inequality, we obtain that
g(t) < e HVDlg(0)

that is,
X ({(un (), vn(8)) Y1) < 6_(’J_k/\/&)t><s,v({(ﬂmWn)}nzl) (3.70)

We define the sequence (t,),>1 as follows

n

o anTv lf (7)) > 0’
- ([1/an) + D, T, if ap = 0.

Observe that, if g > 0, then t, — a¢T and, if g = 0, then T' < ¢, < T + o, 1, for
all n > 1, hence t, — T. Hence, t,, — ty where t, > 0. By assumption, mild solutions
(tn,vp) 1 [0, +00) = X, n > 1, are o, T-periodic, hence (Uy, U,) = (un(t,), v (ty)) for all n > 1.
Thus, Lemma E yields

Xs,V({(ﬂna 611)}”21) S eiptOXs,V({(any @n>}n21)
ko [*
+ ﬁ/o 6—p(to—‘r)Xs7V <{(un(7),vn(7))}n21) dr.
We use () for the estimate above to get that
X&V({(Hn?En)}nZJ S e_ptOXs,V({(Hm@n)}nZI)

k to Nz
+— / ¢ Pt0=T) =R VATY (T T Y ) d
0

t
= (e’pto + La /Oe’)(toﬂe(pk/ﬂ)f dT)X V({(ﬂ Un)} >1)
\/a . s, ny Un)fn>

= e VD ({0 )} )

As k € [0,Vdp) and t, > 0, we obtain that xsv ({(TWn,Dp)}nz1) = 0, i.e., {(Wn,p)}n>1 is
relatively compact in X. The proof is finished. O



Chapter 4

Periodic solutions for equations at
resonance

In this chapter, we study periodic solutions of the nonlinear damped wave equation (@), namely,
wy + Buy = Au—V(x)u+ f(t,x,u), t>0, v €RY, (4.1)

in the resonant case, that is, when the resonance condition (@) holds:
Xo =Ker(=A+ V) # {0} and fisbounded by a square integrable function, (4.2)

i.e., f satisfies condition (f2) — see p. @ We also assume that V : RV — R is a Kato-Rellich
type potential (cf. (@) and (@)) such that the asymptotic bottom of the L*°(RY)-part of V
is positive (cf. ([1)). Moreover, we assume that f : [0,+00) x RY x R — R is a T-periodic
Carathéodory function satisfying condition (f1) (see condition (P) on p. Q, condition (C) on
p. , and condition (f1) on p. [i¥, respectively).

We seek T-periodic mild solutions of ({.1)), i.e., mild solutions of the evolution equation

((t), v(t)) = Alu(t),v(t)) + (0, F(t,u(t))), t>0 (4.3)

where A : D(A) C X — X is the damped wave operator (see Section @), and F : [0,4+00) X
HY(RYN) — L*(RY) is the Nemytskii operator associated with the function f (see Section B.1).

In Section (El!, we compute the topological fixed-point index of the translation operator
associated with autonomous evolution equations. A version of the resonant averaging principle,
combined with the continuation principle, is proved in Section @

In Section @, we focus on geometric conditions imposed on the nonlinear term — namely, the
Landesman-Lazer and strong resonance conditions. Based on these, we derive new geometric
conditions, along with index formulae on the finite-dimensional space Xj.

In Section .4, we combine these results with the continuation principle to prove the main
theorem stating that the equation @) admits T-periodic mild solution. Finally, in Section §.5,
we apply this theorem to the equation ([ll) with the Coulomb potential and specific nonlinearities.

4.1 Index formula for autonomous equations

Let us recall that, by Proposition (i) applied for A = —A + V| the space L?(R") admits
the orthogonal decompositions:

L*(RY) = Xp @ Xo @ Xg
with projections denoted by P, Py, and () on corresponding subspaces. Then

L*RY) = Xo® X, where X = Xp & Xy,

71
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with corresponding projections Py and P. In addition, by Proposition (ii), the space
H(RYM) decomposes as the direct topological sums:

H'(RY) = Xp ® Xo ® X{,, where X, = H'(RV) N X,
and B N B
H'(RY) = Xo@® X', where X' = H}(RY) N X.

In this section we derive a topological index formula for the translation along trajectories
operator associated with the autonomous equation

(u(t), 0(t)) = A(u(t),v(t)) + (0, Fo(Pou(t))), t>0 (4.4)
where ¢ € (0,1] and Fy : Xy — X is a nonlinear perturbation.

Theorem 4.1.1. Suppose that Fy : Xog — Xo satisfies the Lipschitz condition (see (F1) on p.
), r, R>0 and U C Xy is an open bounded set such that Fy(u) # 0 for u € OU. Let, for any

e € (0,1], Cf)gf) . X — X be the translation operator associated with (1.4) and U = (U@ B.) X Bg,
where B, = B%,(0,7) and Bg = B2(0, R).
Then, there ezists €g € (0,1] such that, for all € € (0, &),

Inde (B4, U) = (~1)"- AN deg (R, U)

where m_(—A + V') is the sum of the multiplicities of the negative eigenvalues of —A + V
and degg(Fy,U) is the Brouwer topological degree of the map Fy on the set U.

The following lemma will be used in the proof of above theorem.

Lemma 4.1.2. Suppose that F : E — FE, where E is a finite-dimensional Banach space,
satisfies the Lipschitz condition and > 0. Let @gf) :ExX E — E x E be the translation along
trajectories operator (by time T > 0) associated with the system

u(t) = v(t), t>0,
0(t) = —pu(t) + eF(u(t)), t>0,

where € € (0,1]. If U C E is an open bounded set such that F(u) # 0, for u € oU, then, for
any R > 0, there ezists €g € (0,1] such that, for any e € (0, &0,

0¥ (w,v) # (W,v) for all (u,v) € AU x Bg(0, R))

and
Indz(0%), U x Bp(0, R)) = (—1)% P deg4(F, U)

where Indp(+,-) denotes the Brouwer topological index in the space E X E.

Proof. Let us consider the system

{u<t> = (i + (1 = we)o(t) t>0,

5() = —pBo(t) + cFu(t),  t> 0, (45)

where € € (0,1] and p € [0, 1] are parameters. We define Fg,f) : Ex Ex[0,1] - E x E as the
translation along trajectories operator associated with the system (4.5). We shall show that
there exists g9 > 0 such that, for all € € (0, o],

IS, v, 1) # (w,v), forall (u,v)€ dU x Bg(0,R)), < l0,1]. (4.6)

(})Proposition B.l.lg (iii) shows that o(—A + V') N (—00,0) consists of the finite number of eigenvalues with
finite multiplicities.
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If we suppose to the contrary that (@) does not hold, then we infer that exist ¢, € (0, 1],
tn € [0,1] and (w,,v,) € (U x Bg(0,R)), n > 1, such that £, — 07 and Fgf")(ﬂn,ﬁn,un) =
(Un, Up), for n > 1. Hence, for any n > 1, there exists a T-periodic solution (u,,v,) : [0, +00) —
E x E of (@) with € = &,,, p = p,, and the initial condition (u,(0),v,(0)) = (W, v,). Using
compactness argument, we may assume that pu, — po and (u,,v,) — (4o, 7g), for some py €
[0,1] and

(o, To) € (U x Bg(0,R)) = (dU x Bg(0,R)) U (U x dBg(0, R)). (4.7)

By the parameter continuity of solutions for ODEs, ((uy,v,)),>1 converges, uniformly on
bounded subsets of [0,+00), to the T-periodic solution (ug,vg) : [0,400) — E x E of the

system
u(t) = pov(t), t>0,
{@(ﬁ = —poPo(t), t>0. (4.8)

It follows immediately that, if gy = 0, then ug(t) = Gy and vy(t) = vy, for all t € [0, +00), and,
if po € (0, 1], then, by the second equation of (@) and periodicity of vy, vg(t) = Tp = 0 and
up(t) = g, for all ¢ € [0, +00).

Observe also that

Bl (t) + 0n(t) = B(1 — pin)envn(t) + €, F(un(t)), for n>1andt € [0,+00),

which, after integrating from 0 to 7" and dividing by &, yields

0= 01— ) /OTUn(t> dt + /OTF(un(t))dt for n > 1.

Passing to the limits, we get
0= B(1 = po)vo + F (). (4.9)

If 1o € (0, 1], then, since 7y = 0 and (@) holds, we get @y € OU and F(uy) = 0, a contradiction.
If pp = 0, it follows from the second equation in (@) and the T-periodicity of v,, that

T
Tp(1 — e 1) = 5n/ e H BT P (u, (1)) dt. (4.10)
0

If there exists ng such that, for all n > ng, p, = 0, then () implies that, for any n > ny,

fOT F(u,(t)) dt = 0 and passing to the limit we obtain F'(%,) = 0. Applying (1.9) we get vy = 0

and thus u, € JU, a contradiction. Now, we may assume that, passing to a subsequence if
necessary, fi, > 0, for n > 1. Dividing () by w, T, we get

]__ Mn/BT
o 6—:_ _/ e~ BT Py, (#)) dt for n > 1.
pnT

The left-hand side of the above equation converges to fvy. Hence, if ((£,,/ttn))n>1 is unbounded,
then F'(up) = 0 and, together with (4.9), we get 7y = 0, i.e., a contradiction as before. If the se-
quence ((en/ttn))n>1 is bounded, by passing to a subsequence if necessary, we may assume that
En/pn — & > 0, then we get vy = §F (), which, again in view of (@), yields 7y = 0 = F'(uy),
i.e., a contradiction completing the proof of (4.G).

Now, by use of (4.6), we apply the homotopy invariance of the topological index (see The-
orem |A.4.2), to get

Ind(0%), U x Bp(0,R)) = Indp(T'¥(-,1),U x Bg(0, R))
(&)

(4.11)
IndB(F; (,0),U X BE<O, R))
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Observe that, for any ¢ € (0, 1], Fgf)(-, 0) = ®.r, where ®.r is the translation by time 7T for
the system

at) = v(t), t>0,
o(t) = F(u(t)), t>0.

Hence, by the Krasnosel’skii Theorem (see [42, Lemma 13.1]), decreasing ¢y if necessary, we
get, for all e € (0, &,

Indp(TE) (-, 0), U x Bp(0, R)) = Indp(®.r, U x By(0, R)) = degy(—F, U x Bp(0, R)) (4.12)
where the vector field F : E x E — E x E is given by F(u,v) = (v, F(u)). Let us observe that
degp(—F,U x Bg(0, R)) = (=1)*%™E degz(F, U x Bg(0, R)). (4.13)
Consider the homotopy H : E X E x [0,1] — E x E given by the formula
H(u,v,p) = (1 = p)o — pF(u), (1 — p)F(u) + po).

We claim that H(w,v,pn) # 0, for any (u,v) € O(U x Bg(0,R)) and u € [0,1]. Suppose, by
contradiction, that H(w, o, u) = 0, for some (w,v) € (U x Bg(0, R)) and p € [0, 1]. This means

Al EA R

Since det F;” 11”#] = (1—p?+pu* >0, then v = 0 = F(u). Hence, u € 9U, a
contradiction. Then the homotopy invariance of the Brouwer degree (see Theorem )
yields

deg,(F,U x Bg(0, R)) = degy(H(-,0),U x Bp(0,R)) = degy(H(-,1),U x Bp(0, R))

where H(u,v,1) = (=F(u),v) = (—F xIg)(u,v). Hence, by the multiplicativity of the Brouwer
degree (cf. Theorem

f——

Y

degB(H('v 1)’ U % BE(()?R)) = degB(_F’ U) degB(]E’ BE(Oa R)) - (_1)dimEdegB(Fa U)a

which together with (|41]J), (|41j), (|41i{) and the two equations above ends the proof. ]

Proof of Theorem . Observe that the mapping Fyo Py : HY(RY) — L*(RY) satisfies (F1).
Thus, in view of Theorem 3.4.i (points (i) and (ii)), for any ¢t > 0 and € € (0, 1], the translation

along trajectories operator (TDI(;E) is well-defined and continuous. As Fyo Py maps bounded subsets
of H'(R¥) into bounded subsets of L%(R"), and the space X is finite-dimensional, this mapping
(iii) shows, for any ¢t > 0 and ¢ € (0, 1], that 555)

is completely continuous. Then Theorem
is a k-set contraction with respect to the Hausdorff measure of non-compactness x,y on_the
space (X, || - ||s,v)- The norm || - ||s v is induced by the scalar product (-,-)sy given by (@),
and it follows from Theorem that || - ||sv and || - ||x are equivalent norms.

Recall that

Xp = Xpx Xp, Xo=Xox Xo, and Xq= X} x Xq,
and, by Proposition (i), the space (X, (-,-)s,) admits the orthogonal decomposition
X = XP @ Xo @ XQ

with corresponding projections P, Py, Q. Furthermore, X = Xp @ Xg with the associated
projection P. Observe that X = X’ x X.



4.1. Index formula for autonomous equations 75

For any ¢ € (0, 1], we define 0 : Xy — Xy, as the translation operator (by time t > 0)
associated with the system

(i(t). 5(8)) = (0(t), ~Bo(t) + cFa(u(t)), >0, (4.14)
and I'; : X — X as the translation operator associated with
(a(t),0(t)) = Au(t),v(t)), t>0. (4.15)

Since X is finite-dimensional and Fy : Xo — X satisfies the Lipschitz condition, the operator
0! is well-defined and continuous, for any ¢ € (0,1] and ¢ > 0. By Remark P.4.2, X is invariant
under e* for t > 0, hence, I'; is well-defined for ¢ > 0. Based on Theorem P.4.4 (i), operator
I'; is a continuous k-set contraction with respect to x, i, for any ¢ > 0. We claim that

&7 (w,7) = 6\ (B (w, 7)) + [(P(w, 7)) foralle € (0,1], (7,7) € X, t > 0. (4.16)

Indeed, let (u,v) : [0,400) — X be the mild solution of @ with an initial condition
(u(0),v(0)) = (u,v) and define (ug,vo) : [0,+00) — Xo, (uo(t),vo(t)) = Po(u(t),v(t)), and
(W,7) : [0,400) — X, (@(t),o(t)) = P(u(t),v(t)). Then, for all t > 0,

(u(t), v(t)) = (uo(t), vo(t)) + (u(t), v(t)). (4.17)

Therefore, it suffices to prove that (ug, vg) solves () with the initial condition (u(0),v(0)) =
Py(w,v) and (u,v) is the mild solution of () with the initial condition (u(0),v(0)) = P(w, ).
t

);
Using the Duhamel formula for the solution (u,v) of (4.4) and the fact that, for t > 0, Py and
oA

commute (see Proposition P.3.6 (iii)), we obtain

(Ug(t), Uo(t)) = GtAIED()(ﬂ, 5) + /0 G(t_T)A E]P)O (O, F()(Pou(’?'))) dr

t
= e"“Py (7, T) + / elt=mA e(0, Fy(uo(7))) dr.
0
This means that (ug,vg) is the mild solution of

(UQ(t), 'Uo(t)) = A(Uo(t), Uo(t)) + 6(0, Fo(uO(t)>), t>0.

Moreover, for t > 0, we get A(ug(t),vo(t)) = (vo(t), —Bvo(t))._Therefore, since Xy is finite-
dimensional, (ug,vp) is differentiable on [0, +00) and solves (4.14) with the initial condition

(u(0),v(0)) = Po(u,v). Similarly, since P and e"* commute, for ¢ > 0, from the Duhamel
formula we deduce that, for t > 0,

(@(t),5(t)) = e P(u,v) + ¢ /0 AP(0, Fy(Pou(t)) = e*P(u, ),

because {0} x X, C KerP. Hence, we get that (@, ) is the mild solution of () with the
initial condition (u(0),v(0)) = P(u,v), as desired.
We define the sets
Up=U x (BRNX,) C Xy and Uy = B’ x By C X
where By = B3(0, R). Observe that

Uo@{(0,0)} cUcCU,eU,. (418)

(2)Recall that the space X is equipped with the norm || - || 2.
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The inclusion Up & {(0,0)} C U is clear. If (u,v) € U, then u = ug + w1, where ug € U and
up € B’ On the other hand, v = Pyv + Pv. Since projections Py, P are orthogonal in L3(RY),
Py € BrN Xy and Pv € Bp. Therefore, (ug, Pyv) € Uy and (ul,Pv) € Uy, which implies
UcCUp@U,. By Lemma there exists ¢¢ € (0, 1] such that

0¥ (w,v) # (w,v) for ce€(0,5) and (w,7) € AUy, (4.19)
and ‘
Indz(0%), Up) = (1)1 Xodeg ,(Fy, U) for e € (0, 2] (4.20)

Moreover, from () we deduce that
Fix(©¥), Ug) C Uy for € € (0, &) (4.21)
where - -
Fix(0%), Ty) = {(u,v) € Uy : OF (u,v) = (u,v)}.

We claim that B _
Indc (B, U) = Inde (DY), Uy ® Uy) for £ € (0, 2). (4.22)

Indeed, since U C Uy @ Uy, in the light of the excision property for the topological index (see
Theorem [A.4.8), it is sufficient to show that

Fix(®, Uy ® U,) C U for e € (0, ).

Let (u,v) € FiX(CT)(TE),UO ® U,). Since the projections Py and P are continuous, one has
Uy @ U, = Uy @ U;. Consequently, applying (), Py(u,v) € Fix(@(TE) Uy) and %v) €

Fix(I'7, ;). In view of Theorem D.4.4 (ii), P(u,v) = (0,0). Hence, using () and ({.1§), we
get, for any e € (0, g¢],

Fix(®E, Uy @ U,) € Fix(0%, Tp) @ {(0,0)} € Uy & {(0,0)} C U.

This proves () Now, taking into accoun) and the product formula for the topological

index for k-set contractions — see Theorem |A.4.9, we obtain, for all € € (0, o],
Inde (3, U) = Inde (0%, Uy) - Inde Ty, Uy) = Indp(0%, Up) - Inde (I, Uy).

By Theorem (iii)
Inde (I, Uy) = (—1)™ A4V,

Taking together the two equations above and (), we arrive finally at
Inde (B, U) = (—1)"-CA+VIHdimXo oo (Fy U for € € (0, &),

which completes the proof of the theorem. [

4.2 Resonant averaging principle

The theorem below presents a version of the resonant averaging principle and establishes an
index formula for the evolution equations

(at), () = Alu(t), v(t) + £(0, F(t,u(t))), t>0, e € (0,1], (4.23)

under the assumption that ¢ € (0,1] is sufficiently small. Combined with a continuation
argument, this result will enable us to compute the topological index for the nonlinear damped
wave equation (K.1).
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Theorem 4.2.1. Let CI> 9 X = X be the translation operator associated with () and the
mapping Fy : Xo = X, be given by

— 1 [T
Fo(u) := T/o PyF(t,u)dt forue X. (4.24)

Suppose that r, R > 0 and U_C_ X, is an open bounded set such that Fo(u) # 0, for u € 0U,
and let U be as in Theorem l.1.1.
Then, there ezists g € (0,1] such that, for all € € (0, 0],

Inde (@4, U) = (=1)"- AN degy(Fy, U).

Remark 4.2.2. It is a version of the index formula obtained by Cwiszewski [15, Thm. 3.1]
and Kokocki [40, Thm. 4.1]. Both results pertain to equations on bounded domains. U

Before the proof we need the following auxiliary result.

Lemma 4.2.3. Let Ty > 0 and suppose that (u,v) : [0, +00) — X is a To-periodic mild solution

of
(a(t), 0(t)) = Alu(?), v(t)), t>0. (4.25)
Then, u(t) = ¢, for all t > 0 and some ¢ € Xy, and v(t) =0, for all t > 0.

Proof. Since (u,v) is a Ty-periodic mild solution of ), one has (u(t),v(t)) = etAlcp,ﬁ),
l4 !

for ¢ > 0 and some (p,€) € X, and (¢,¢) € Ker(e®® — I). In view of Lemma (iv),
Ker(eTo® — ) = X x {0}, thus ¢ € Xj and ¢ = 0.

According to Proposition ﬁ (iii), Xp is invariant with respect to e**, for all ¢ > 0, hence,
(u(t),v(t)) € Xy, for t > 0. The subspace X is finite-dimensional, thus (u,v) is differentiable
on [0, +00) and solves the system

a(t) = v(t), t>0
o(t) = —put),  t>0.

This implies that v(t) = e ¢ = 0, for t > 0. Consequently, u is a constant function, which
means that u(t) = ¢, for t > 0, as desired. O

Proof of Theorem . Let ‘Ilgf) : X' x [0,1] — X be the translation operator associated with
the evolution equation

(u(t), v(t)) = Alu(t), v(t)) + (0, H(t,u(t), 1)), t>0, (4.26)
where ¢ € (0,1] is parameter and map H : [0, +00) x HY(RY) x [0,1] — L?(RY) is given by
H<t7u7 :u) = (1 - N)F(t’ u) + NFO(POU)

Recall that F' : [0, +o00) x H'(RY) — L?(R") is continuous and satisfies conditions (F1) and
(F2). By Proposition B.2.1] the mapping F' is completely continuous. Observe that, for any wu;
and us € X,

_ _ 1 [T
HFO(UI) — FO(U2)||L2 S T/ ||POF(t, Ul) — POF<t, UQ)HL2 dt
0
1 T
< T/ Lllug — ol dt < LC|lux — ua| 2
0

where L > 0 is a constant from the condition (F1) and C' > 0 is such that |ju||z < C||ul| L2,
for all u € Xy, as all norms are equivalent in finite-dimensional spaces. Hence, Fy satisfies
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(F1). Consequently, the mapping Foo Py : H'(RY) — L?(R") satisfies (F1). As X is a finite-
dimensional space, it is also completely continuous. Therefore, we infer that H is continuous,
satisfies conditions (H1) and (H2) (see p. p4)), and it is completely continuous. Thus, based on

Theorem , for any e € (0, 1], the translation operator \Ilgf) : X x [0,1] — X is well-defined
and continuous, and it is a k-set contraction with respect to x,y. Note that, for any ¢ € (0, 1],

\Iléf)(-, 0) = q)gf) and \Ilgf)(-, 1) = 55‘3), where <T>§f) is the translation operator associated with
(a(t),o(t)) = Alu(t),v(t)) + (0, Fo(u(t))), t> 0. (4.27)
We claim that there exists g9 € (0, 1] such that, for any e € (0, &,
U (u, v, 1) # (u,) for any (u,v) € OU and p € [0, 1]. (4.28)

Indeed, suppose to the contrary that () does not hold, that is, there exist sequences (¢,,),>1
in (0,1], (tn)n>1 in [0,1] and ((Tp,Ty))n>1 in OU, such that €, — 07 and

U (@, B i) = (W, T) for > 1,

This means that, for any n > 1, there exists a T-periodic mild solution (u,,v,) : [0,4+00) — X
of (1.26) with p1 = py,, € = €, and (u,(0),v,(0)) = (Wn,Vy). Obviously, we may assume that

fn — to in [0,1]. On the other hand, define U7 : X x [0,1]> — X as the translation operator
associated with

(a(t), 0(t)) = A(u(t), v(t) + (0, H(t, u(t), n,e)), t >0,

where H : [0,400) x HY(RY) x [0,1]2 = L2(RY) is defined by H(t,u, p, &) = eH(t,u, ). We
readily see that H is continuous, satisfies (H1) and (H2), and it is completely continuous.
Thus, in view of Theorem , the operator Wy is a well-defined continuous k-set contraction

with respect to x, . Additionally, for any bounded subset Z C X
Xsv (Pr(Z x [0,1]%)) < e xs v (2).

Observe that @T(ﬂ, U, [, €) = \II(TE)(E, v, ), for any (w,v) € X, u € [0,1] and ¢ € (0, 1]. Conse-
quently, one has

Xow ({ @y Ta) bnz1) = Xov ({01 (T, Ty 1, €0) Fuz1) < €7 X ({ (T Ta) bz

i.e., the set {(Uy, Uy)}n>1 is relatively compact and we may assume that (@, v,) — (%o, Tg) in
X. Since JU is closed, we get (ug,Tp) € dU. By the parameter continuity of mild solutions
for evolution equations — see Theorem B.4.1) (ii), (un(t),vn(t)) — (uo(t),vo(t)), uniformly on
bounded subsets of [0,400) with respect to ¢, where (ug,vq) : [0,4+00) — X is a T-periodic
mild solution of the problem

{<u<t>,o<t>> = A(u(t),v(t)), t>0,
(u(0),0(0)) = (o, Ti)-

Consequently, by Lemma , we have, for ¢t > 0,

'LL()(t) =Ty € Xo and Uo(t) = 0. (429)

Since 7y = 0 and

QU =0 @ B.) x Br U U B, x 0B,

(3)Recall that the norms || - [|x and || - ||s,v are equivalent (cf. Theorem ) Hence, these norms generate
the same topology and the boundary 0U is taken in X with this topology. Moreover, the boundary O(U & E,ﬁ)
is in H'(R"™) endowed with the topology generated by the norm || - || 71 and the boundary dBp is understood
to be in L?(RY) with the topology generated by the norm || - || 2.
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we have wy € 0(U @ é,ﬁ) and, since uy € X, and
dU®B)=0UmB. U UaoB[Y)

we obtain ug € OU.

We define (p,,q,) : [0,+00) — X, n > 1, as (pu(t), qn(t)) = Po(un(t), v,(t)). In view of
Proposition R.3.6 (iii), Py commutes with e**, thus, by virtue of the Duhamel formula, (p,, ¢.),
n > 1, are T-periodic mild solutions of

(p(t)v Q(t)) = A(p(t), q(t)) + En ]PO (07 H(ta un(t)a :U’n))

with the initial condition (p(O), q(())) = Py(@n,v,). The space Xy is finite-dimensional, thus,
(Pn, Gn), n > 1, are differentiable on [0, +00) and

{ Pn(t) = qalt),
qn(t) = _5qn(t) +éen PO H(@“n(ﬂaﬂn%

which yields
Gn(t) + Bpn(t) = en Po H(t, un(t), tn). (4.30)
After integrating () on [0,7] and dividing by &, one has

0= / ' PoH (t,un (), 1) dit. (4.31)

Since (uy, v,) — (ug, vo) in C([0,7],X) as n — oo and H is continuous, we get that
POH(7un()7/JJn) — POH('u UO(')v MO) in C<[07T]7 Lz(RN)) as n — oo.

Hence, we have
T T
/ PoH (t, un(t), py) dt — / PoH (t,ug(t), po) dt in L*(RY) as n — oo.
0 0

Therefore, () yields
T
/ PoH (¢, uo(t), o) dt = 0.
0

From this and () we obtain
T T B
0= / PoH (t, g, pto) dt = / P0<(1 — po) F(t, o) + NoFo(ﬂo)> dt
0 0
T
— (1= o) / PoF(t o) dt + 1T Fo(Tlo) = TFo (o).
0

Hence, Fy(tp) = 0, which contradicts the assumption that Fy(u) # 0, for u € oU.
The homotopy invariance of the index (see Theorem A.4.§) yields, for any e € (0, g,

Inde (%), U) = Inde (T (-,0), U) = Inde (¥ (-, 1), U) = Inde (B, U).

Finally, decreasing €5 > 0 if necessary, we apply Theorem to get the desired index formula.
The proof of the theorem is completed. O

(*)The boundary U is considered in X, with the topology generated by the norm || - ||z> and the boundary
8@; is taken in X’ with the topology generated by the norm || - ||z1. Since all norms are equivalent in finite-
dimensional spaces, the product topology on H'(R") induced by the spaces X, and X' coincides with the
topology generated by || - ||g1.
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Using the resonant averaging principle we provide the following continuation principle.
Theorem 4.2.4. Let Fy: Xy, — X, be given by (), and let exist Ry, > 0 such that
(a) degp(Fo, Br., N Xo) # 0, where Br., = Br2(0, Ryy);
(b) fore € (0,1), equation () has no T-periodic mild solutions with ||(w(0),v(0))|lx > Reo-
Then the equation (@) admits a T-periodic mild solution.

Proof. In view of Theorem , applied for U = Br_ N Xg, r = ||}N7H£(H1)ROO and R = R,
there exists g9 € (0, 1] such that

Inde (@), U) = (—1)"- CATVIHdmXo goo (Fo U) for e € (0, &), (4.32)

with U = U @ B, x Bp_. Let H : [0,400) x H'(RY) x [0,1] — L2(RY) be defined by
H(t,u,e) = eF(t,u). We see that H is continuous, satisfies conditions (H1) and (H2), as well
H is completely continuous. Thus, in view of Theorem B.4.1|, the translation along trajectories
operator Uy : X x [0, 1] — X associated with the equation

(w(t),v(t)) = A(u(t),v(t)) + (0, H(t,u(t),e)), t>0,

is a well-defined continuous k-set contraction with respect to x,y. Moreover, Ur(u,v,e) =

@gf)(u, v). for all (u,v) € X and ¢ € (0, 1], where @gf) is the translation operator associated
with (1.23). Due to condition (b),

Ur(u,v,e) # (u,v), forall (u,v)eX\ Bx(0,Ry), €€(0,1). (4.33)

We claim that
Bx (0, Ry) C U. (4.34)

In fact, let (u,v) € Bx(0, Rs). Then u € By1(0, Ry) and v € B, . Consequently, ||Pyul/zz <
[ul| 2 < Roo, ie. Pou € Br, ,NXo, and ||Pullg < [Pz llullmr < | Pll(at)Roo, ie. Pu € BL.
Hence, (u,v) € U.

Therefore, either CI>(T1 ) = Ur(-,1) : X — X has a fixed point in OU, which would imply the
assertion, or, in view of (4.33) and (), we have

Uy (u,7,¢) # (w,v), forall (w,v)edU, e€(0,1].
Applying the homotopy invariance of the topological index (see Theorem )7 we obtain
Inde (@Y, U) = Inde(V7 (-, 1), U) = Inde (V7 (-, 5), U) = Inde (5, U).
This, together with () and the assumption (a), yields
Inde (@Y, U) = (—1)m CATVIHdmXo qog (F U) £ 0.

Thus, by the existence property of the topological index (see Theorem ), there exists a
T-periodic mild solution of (4.1)), which ends the proof of the theorem. O
4.3 Geometric conditions for the nonlinear perturbation

We will work with the following Landesman-Lazer conditions:

T T
(LL), / / frodrdt + / / fopdxdt >0 for any ¢ € Ker (—A+ V) \ {0}
0 J{p>0} 0 J{p<0}
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and

T T
(LL)_ / / frpdadt + / / fopdxdt <0 for any ¢ € Ker (—A+ V) \ {0}
0 J{e>0} 0 J{p<0}

where 5 R
fe(t,x) = liminf f(t,2,s) and fi(t,z) = limsup f(¢,z,s)

s—+oo s—+oo

for almost every x € RY and all t > 0.

Remark 4.3.1. Since function f : [0, +00) x RY x R — R satisfies the Carathéodory condition,
it is measurable (cf. [2, Lemma 4.51]). Observe that, for almost every z € RN and all ¢t > 0,

~

fi(t,x) =supinf f(t,x,s) =supinf f(¢,x,s).

reR s>r neN s>n

Clearly, (n,+00) N Q is a dense subset of (n,400). Since f(¢,x,-) is continuous, we see that
{f(t,x,s) : s € (n,+00) NQ} is dense in {f(¢,z,s) : s € (n,+00)}. Hence,

~

t,x) =su inf t,x,s

f+(t, @) neg Se(n#m)m(@f( )

which means that f, : [0,+00) x RY — R is measurable. Similarly, functions f,, fi :
[0, +00) x RY — R are measurable. In particular, functions fi(-,z), fi(-,2) : [0,4+00) — R
are measurable, for almost every z € RY. As f is bounded by m € L*(RY), one has |f+(¢, )|,
|f=(t,z)| < m(z), for almost every z € RY and all ¢ > 0. This yields, for any ¢ € L*(RY),

T
/ / Fepldedt <T / ime|d < mllzzllellzz < +oo
0 RN RN

and the same estimate holds for fi. Thus, based on the Fubini-Tonelli Theorem, figp and
fr :[0,T] x RY — R are integrable, and the integrals, both in (LL), and (LL)_, are well-
defined and finite. O

Alternatively, we will work with the so-called strong resonance conditions:

There exists r € L*(RY) such that, for almost every z € R,
r(z) >0 and wf(t,z,u) >0, forall |ul] >r(z)andalltel0,T],

(SR)+ T T
/ k+da:dt—|—/ / k_dxdt >0 forall p € Ker(—A+V)\ {0}
0 J{ex>0} 0 J{p<0}
and
There exists r € L?(R"Y) such that, for almost every z € RY,
(SR) r(z) >0 and wuf(t,z,u) <0, forall |u| > r(z) and all t € [0, 77,

T T
/ / k:+dxdt+/ / k_dxdt <0 forall p € Ker (A +V)\ {0}
0 J{e>0} 0 J{p<0}

where the limits k. (t,2) = lim, 1o uf (¢, 7, u) exist and are finite, for almost every x € RY
and all t € [0,77.

Remark 4.3.2. Given that f : [0,+00) x RY x R — R is measurable (cf. Remark ),
functions ki : [0, +00) x RY — R are also measurable. Moreover, if (SR), is satisfied, then
ki(t,r) > 0, for almost every z € RY and all ¢ > 0, thus, by Tonelli’s Theorem, for any
¢ € Ker(—A+V)\ {0} the integrals in the condition (SR). are well-defined and non-negative.
In particular, these integrals can attain +oo. Similarly, if (SR)_ is satisfied, then ki (t,2) <0,
for almost every x € RY and all ¢ > 0, thus, again by Tonelli’s Theorem, the integrals in the
condition (SR)_ are well-defined and non-positive, in particular, they may equal —oo. O
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Remark 4.3.3. If cither (SR), or (SR)_ holds, then both the limits lim, 1+ uf(t,z,u) are
finite, for almost every x € RY and all ¢ € [0,T]. Therefore lim, 1 f(t,2z,u) = 0, for almost
every x € RN and all t € [0,7]. O

Due to [27, Prop. 3 and Remark 2| we have the following version of the unique continuation
property.

Theorem 4.3.4. [Unique continuation property] Assume that N > 3 and V = Voo + Vj is a
Kato-Rellich type potential. If u:RY — R is a nonzero weak solution of —Au+ Vu =0, i.e.,
u € HL (RY) and

loc
N Vu(x) Vi(z) + V(z) u(z) p(z)de = 0 for all p € CF(RY),

then the set {u = 0} has measure zero. In particular, if u € Ker(—A + V') \ {0}, then the set
{u = 0} has measure zero.

The unique continuation property enables us to show that the conditions (LL)1 or (SR)+
are implied by conditions (LL)". (see p. Q) or (SR)". (see p. H), respectively, which can be
verified without the explicit knowledge of Ker(—A + V).

Lemma 4.3.5. Let N > 3. If the condition (LL)', is satisfied, then the Landesman-Lazer
condition (LL), is satisfied. Similarly, if the condition (LL)" is fulfilled, then the Landesman-
Lazer condition (LL)_ is fulfilled.

Remark 4.3.6. In view of Remark , functions fi, fi : [0, +00) x RY — R are measurable
and ]fi(t,x)\, \fi(t,ﬂi)’ < m(xz), for almost every z € RY and all + > 0. Hence, fi(',ac),
fi(-, x) : [0,7] — R are integrable for almost every z € RY, and consequently the functions
hi by i RY 5 R are well-defined. 0

Proof of Lemma . Suppose that (LL)', is satisfied. Let ¢ € Ker(=A + V') \ {0} and the
set £ C RY be as in this condition. From Fubini’s Theorem we deduce

T T
/ / f+godxdt:/ gp/ f+dtdx:/ whydxr >0
0 J{e>0} {e>0}  JoO {¢>0}

T T
/ / fgoda:dt:/ 90/ fdtdx:/ ph_dx >0,
0 J{p<0} {p<0} JO {p<0}

because 7L+<£L') > 0, ho(z) < 0, for almost every z € RY. In view of the unique continuation
property (see Theorem ), l{¢o =0} =0, hence

and

[El = [En{p <0} +[EN{r >0}

Observe that either |E N {p > 0} > 0 or |[EN{p < 0} > 0, thus, because 7;| > 0 and
B

~

h_| <0, we obtain either

E
/ gpﬁ+dx>0 or / golAz_dac>0.
{¥>0} {p<0}

This ends the proof in the case of (LL)',.
Assume now that (LL)" holds, ¢ € Ker(—A + V) \ {0} and the set £ C R" is as in the
definition of (LL)" . Then, by Fubini’s Theorem,

T
/ / f+<pd:cdt:/ whydr <0
0 J{e>0} {¢>0}
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and the inequality is strict if |[E N {p > 0}| > 0, and

T
/ / f_gpdxdt:/ ph_dxr <0
0 J{p<0} {p<0}

and the inequality is strict if |EN{p < 0}| > 0. Since, due to the unique continuation property,
cither [EN{p > 0} > 0 or |[EN{p < 0} > 0, we get the desired inequality. The proof is
completed. O

Lemma 4.3.7. Let N > 3. Then the condition (SR)', implies the strong resonance condition
(SR)4, and the condition (SR)" implies the strong resonance condition (SR)_.

Remark 4.3.8. In the light of Remark , functions k4 : [0, +00) x RY — R are measurable.
In particular, functions ki(-,z) : [0,+00) — R are measurable, for almost every x € RY.
Furthermore, because k4 (¢, z) > 0, for almost every z € RY and all ¢t > 0, if (SR), is fulfilled,
and ki (t,z) < 0, for almost every x € RY and all ¢ > 0, if (SR)_ is satisfied, the integrals

fOT ki(t,z)dt are well-defined, for almost every x € R, O

Proof of Lemma . Assume that the condition (SR)’_is satisfied, ¢ € Ker(—A + V') \ {0},
and the set E' is as in this condition. Taking into account Tonelli’s Theorem, we obtain

T T T T
/ / k+dxdt:/ / ki dtdr >0 and / / k:_d:pdt:/ / k_dtdx >0
0 J{p>0} {¥>0} JO 0 J{p<0} {p<0} JO

because ki(t,x) > 0, for almost every x € R™ and all ¢ > 0. By virtue of the unique
continuation property (see Theorem Y.3.4)), either |[EN{p > 0} > 0 or |[EN{p < 0} > 0,
thus, since fOT ki dt > 0 for x € E, we have either

T T
/ / kydtdx >0 or / / k_dtdx > 0.
{¥>0} JO {w<0} JO

This ends the proof in the case of the strong resonance type condition (SR)’, .
Now, assume that the condition (SR)" is fulfilled, ¢ € Ker(—A + V) \ {0} and E is like in
this condition. As before, in view of Tonelli’s Theorem,

T T
/ / kydrdt <0 and / / k_dxdt <0
0 J{ex>0} 0 J{p<0}

and the first inequality is strict if |[E N {¢ > 0}| > 0, and the second inequality is strict if
|[EN{p < 0}] > 0. Consequently, by the unique continuation property, either |[EN{e > 0}| > 0
or |[EN{p <0} > 0, which completes the proof. O

The next two results will establish connections between the properties of f and the geometry
of the Nemytskii operator F'.

Lemma 4.3.9. Let (p,)n>1 in (0,+00) and (uy)n>1 in C([0,T], H{(RY)) are such that p,, —
+o00 and u, — o in C([0,T], H(RY)) as n — oo, for some ¢ € Ker (—=A+ V) \ {0}. Then

T T T
lim inf / (F(t, i (), Potn (1)) 1 dt > / / Fopdudt+ / / Fodrdt (435)
0 0 {p>0} 0 {p<0}

n—0o0

and

T T T
lim sup / (F(t, pntin(£)), Potin(£)) 12 dt < / / Frpdedt + / / Fodedt. (4.36)
0 0 J{p>0} 0 J{p<0}

n—o0
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Proof. Since sequence (u,),>1 is convergent in C'([0, T], H'(R™)) and f is bounded by a function
m € L*(RY), there exists a constant C' > 0 such that

[(F(t, pnun(t)), Poun(t)) 12| < C forallm >1and ¢ € [0, 7).

This allows us to apply Fatou’s Lemma:

lim inf /0 Pt gt (8)). Py () g2 dt > /0 i inf (F (¢, o (6). Pot () g2t (4.37)

n—oo n—oo

Fix t € [0,T]. Then there exists a sequence of positive integers (ng)x>1 such that

Hm inf (F (¢, paun(t)), Poun(t)) 2 = kh_}rrolo(F(t, Py Uy, (£))y Potin,, (1)) 12 (4.38)

n—oo

Next, we choose a further subsequence (for simplicity denoted by (u,, )x>1) such that u,, (t)(x) —

¢(z) and Pyu,, (t)(z) = ¢(z), for almost every x € RY. In addition, there is h € L2(R") such

that |Pyuy, (t)(x)] < h(x), for all k > 1 and almost every = € RN — see Proposition @ (ii).
Observe that, for all & > 1 and almost every z € RV,

| £ (£, 2 fon i, () (2)) Pt () ()] < m(@)h(x).

Hence, applying again Fatou’s Lemma, we have

lim (F(t, ftny Uny (), Potin, (£))),, = lim F (&, 2, pny i, (8)(2)) Poun, (t)(z) dz

k—oo L k—oco RN

> /R i ((f (6. gt (1) (2)) ot (1))

N k—oo

= /W lim inf (f (t, x, ,unkunk(t)(x)) Pouy, (t>($)> dx

>O} k—o00

+ /{(p lim inf (f(t,x,unkunk (t)(x)) Pyuy, (t)<56)) dx

:0} k—o0

+ /{ lim inf (f(t, Ty Py Uy, (t)(x)) Py, (t)(a:)) dx

<P<0} k—o00

= /{ liminf f (¢, 2, fin, un, (t)(2)) ¢(z) dz + /{ lim sup f (¢, 2, fn, tn,, (t)(x)) () dz.

p>0p koo p<0} k—oo

Taking into account that, for almost every z € RV,
i inf f (£, 2, fingtg (£)(2)) > limin f(t,2,7) = (¢, 2)
k—o00 r—4o00

and R
lim sup f (¢, 2, fn, tn,, (t)(x)) < limsup f (¢, z,r) = f_(t,2)

k—o0 T——00

we arrive at

1MWWMMN»%%@WZA j@m+/ 7 pda.
©>0

k—o0 {80<0}

Using the inequality above (M) and (M), we get ()

In order to obtain (l@) we apply the analogical arguments. Il

Lemma 4.3.10. Let N > 3. Suppose that (fin)n>1 5 a sequence in (0, +00) such that p,, — +00
and (up)n>1 18 a sequence in C([0, T], H*(RY)) such that u, — o in C([0,T], H*(RY)) asn — oo
with ¢ € Ker (—A + V) \ {0}. If there exists r € L*(RY) such that, for almost every x € RY,
r(z) >0 and

uf(t,z,u) >0 forall |u| >r(z) andall te0,T], (4.39)
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then

T T T

lim inf/ (EF(t, pnun(t)), ot (t)) 2 dt > / / ky dxdt + / / k_dxdt. (4.40)

n—oo fo 0 {p>0} 0 {w<0}

Moreover, if there exists r € L*(RY) such that, for almost every x € RN, r(x) > 0 and
uf(t,z,u) <0 forall |u|>r(z) andall te0,T], (4.41)

then

T T T
lim sup/ (F(t, pnun(t)), pntin(t)) 2 dt < / / kydxdt + / / k_dzdt. (4.42)
n—oo  JQ 0 {x>0} 0 {p<0}

Proof. We will deal only with (), because the inequality (1.49) can be proved analogously.
For each n > 1 and ¢ € [0, T, let us denote

Un(t) = pinun(t), B, ={z € RY :|u,(t)(z)| < r(z)}.
Observe that, for all n > 1 and all ¢ € [0, 7],

(F(t, (), un(t)) o = (F(t,n(t)), Un(t)1p, ) o + (F(t, Un(t)), n(t)1zr\5,)
= (F(t,un(t)1p,), un(t)1p, ), + (F(t, Un(t)1r3 B, ), Un(t)1zy\ 5, ) 5
= F,(t) + Go(t)
(4.43)

where
Fo(t) = (F(t,n(t)1p,), Un(t)1p,),,, Gn(t) = (F(t, un(t)lrm\p, ), Un(t)1gx s, ), -
From inequality () we deduce that, for all n > 1, all ¢ € [0, 7], and almost every x € RY,
F(t, 2, (t)(2) 15, (2)) Un(t)(z) 1p,(x) = 0,

which yields F,(t) > 0, for all n > 1 and all ¢ € [0, T]. Therefore, by the Fatou Lemma,

T T
lim inf/ F,(t)dt 2/ liminf F,,(¢) dt. (4.44)
We prove that
Gn(t) 22250 forall t € [0,T]. (4.45)

To this end, we choose an arbitrary subsequence (G, (t))i>1_and we show that (G, (t))k>1

contains a subsequence that converges to 0. By Proposition |A.2.2 (ii), passing to a subsequence
if necessary,

U, (1) (2) 2255 o(x) forall z € B

where B C RY is such that |[RY \ B| = 0. We prove now that
1gy\B,, (2) B0 forallx e { #0}NB. (4.46)

Indeed, let z € {¢ # 0} N B. There exists k1 > 1 such that |u,, (t)(x)] > 3]e(z)| for all k > k.
Hence there exists ko > ky such that |a,, (t)(x)] > r(z) for all & > ks, i.e.,

v ¢ RY\ B, forall k> ks,
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which proves () It follows from the unique continuation property (see Theorem ) that

[RY\ ({ # 0} N B)| =0,

hence ({4.46) is satisfied for almost every z € RY. Moreover, observe that, for all k > 1, all
t € [0, 7], and almost every z € RV,

‘f(t, T, Uy (1) (2) 1gn g, (@) Un (1) (@) 1\, (a:)’ < m(x)r(z). (4.47)

Since m(-)r(-) € LY(RY), it follows from the Lebesgue Dominated Convergence Theorem that
G, (1) 222 0. Since a subsequence (Gp, (t))k>1 is arbitrary, this proves () By (),

|Gn(t)] < |lm||g2 |72 for all ¢t € [0,T].

Therefore, using the Dominated Convergence Theorem once again, we obtain

T T
lim Gp(t)dt = / lim G,(t)dt = 0. (4.48)
0

n—o0 0 n—o0

Combining (4.43) and () with (), we arrive at
T T T
liminf/ (F(t,un(t)), un(t)) :liminf/ F.(t) dt+/ G, (t)dt
0 0 0

n—oo n—oo
; (4.49)
> / liminf F,,(t) dt.
0 n—oo
Now, we set some ¢ € [0,7] and extract a subsequence (F,, )x>1 such that
h}ggf F.(t) = kh_)Iglo F,.(t). (4.50)
Further, we can assume, passing to a subsequence if necessary, that w,, (t)(z) s ¢(x), for

almost every x € RY (cf. Proposition IE.2.2 (ii)). Therefore,

k—o0

Un, (t)(x) 1, (v) — +oo for almost every z € {¢ > 0}

and

Un, (t)(z) 1B, () 2% o0 for almost every x € {p < 0}.

Then, the Fatou Lemma and the unique continuation property yield
lim F, (t) > / liminf f (¢, z, @, (t)(2) 1, (2)) U, (t)(z) 15, (z)dz
k—o00 RN k—oo k k

_ /{ limninf £ (£, , T, (1) (2) 1, (2)) g (1)(2) 1, () d

>0} k—o0

+ / lininf £ (.2, G (£) () 1, (2)) Ty () (&) 15, ()
{

90<0} k—o0

—/ ky(t,x) dw+/ k_(t,x)dz.
{¥>0} {p<0}

Since t € [0, 7] is arbitrary, from (1.50) we deduce that

liminf F,,(t) > / ky(t,z)dx + / k_(t,x)dz forall t € [0,T].
{e>0}

Combining this with () we obtain () O
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Lemma 4.3.11. Suppose that (p,)n>1 is a sequence in (0,+00) such that w, — 400 and
(tn)n>1 45 a sequence in C([0,T], HY(RN)) such that u, — ¢ in C([0,T], H{(RY)) as n — oo,
for some p € Ker (—A+ V) \ {0}, and (wy,),>1 is a bounded sequence in C([0,T], HY(RY)). If
limy, 400 f(t,2,u) = 0, for almost every x € RY and all t € [0,T], then

lim (F(t, pnun(t)), wn(t)) 2 dt = 0.

n—oo 0

Proof. As f is bounded by m € L*(R"), we have, for any ¢ € [0,T] and n > 1,

[(E(t; pnun (1)), wn (1)) 2| < |ml 2 €

where C' > 0 is a bound of the sequence (w,,),>1. Therefore, in view of the Lebesgue Dominated
Convergence Theorem, it suffices to prove that, for any fixed ¢ € [0, T,

(F(t, pun(t)), w,(t))rz = 0 asn — oo.

To this end, take any € > 0 and let R > 0 be such that |[m|| 2@~ po,r) < €/C. Thus, for all
n>1andte[0,7T],

[ (bt (£)), w0 (0) 2] < [ (). 0 (8)) 200,200 |+ [ (s pratn(£)), 0 (8)) o o)
< Wt pattn(£)), walt)) oo,y |+

Hence,

lim sup [(F(t, pintin(t)), wn(t)) 2| < limsup [(F(L, pntn(t)), wn(t)) L2(s0,r))| + €-

n—oo n—oo

Let (ng)g>1 be such that

limsup [(F(E, pintn (), wn(t)) 2 (mo,py| = B0 |(E(E, pin 1 (8))s W (8)) 12 (30,1 |

n—oo

Now, by the Rellich-Kondrachov Theorem (see Theorem ), we may assume that
Wy, (t) = w in L*(B(0, R)) as k — oo.

Consequently, extracting a subsequence if necessary, u,, (t)(z) = ¢(z) and w,, (t)(z) — w(z),

for almost every € B(0, R), and there exists h € L*(B(0, R)) such that |wy, (t)(x)| < h(z), for

almost every z € B(0, R) (cf. Proposition A.Z.Q (ii)). Therefore, using the Lebesgue Dominated
“.3

Convergence Theorem and the unique continuation property (see Theorem ), we have

k—o0 B(0,R)

B(0,R) (4.51)

i (06 w00

0{90>0} k—o0

o, i, (8. oyt (£)(0)) 0, (£)(2))

0,R)N{p<0} ko0

Note that, for almost every x € B(0,R) N {¢ > 0}, u,, (t)(x) = ¢(x) > 0 as k — oo. Hence
k—ro00 .
Ly, U, (t)(x) —— +00 and we obtain

klim ft, , pnun, (t)(z)) = lim f(t,z,u) =0 for almost every z € B(0,R) N {y > 0}.
—00

U——+00
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Similarly, we get

lim f(t, z, fin, tun, (t)(z)) = lim f(t,z,u) =0 for almost every z € B(0,R) N {p < 0}.

k—o00 U——00
Hence,
limnsup [ (F(t, pintin(£)), wa () 2] < €.
n—oo
Since € > 0 was arbitrary, the proof is completed. [

The next result provides well-known index formulae on the finite-dimensional space X, =
Ker(—A + V') under Landesman-Lazer or strong resonance conditions.

Lemma 4.3.12. If one of the conditions (LL)+ or (SR)+ is satisfied, and N > 3 in the case
of (SR)4, then there exists Ry > 0 such that

+(Fo(u),u)2 >0, forall ue& Xy\ Br(0,Rp) (4.52)
where Fo: Xo — X is given by (B.24). Moreover, for any R > Ry,

_ ; h
P om0 = { (v, S S s

Proof. We shall show (4.52) under conditions (SR)_ or (LL)_. With conditions (SR); or
(LL), one can proceed analogously. Suppose to the contrary that () is not satisfied, which
implies the existence of a sequence (u,),>1 in Xy such that ||u,|| 2 — 400 and

(Fo(up),un)r2 >0 foralln > 1.

Consequently,

(Fo(un), tn) o = <% /0 CPoF(tuy) )

L2

1 [T e
- <T/O F(tyun) dt,un>L2 - T/O <F(t>un>7u”>L2 dt

and

T
/ (F(t,un),up)p2dt >0 forallm > 1. (4.54)
0

Subsequently, we put u,, = ||u,||r2 and @, = u,/p,. Then (u,),>1 is a bounded sequence in the
finite-dimensional space X, so we may assume that u, — @ in H'(RY), for some ¢ € X;\ {0}.
If (SR)_ is satisfied, then, in the light of Lemma ,

T T
lim sup/ (F(t,up), uy) 2 dt = lim Sup/ (F(t, ), fntin) 2 dt < 0,
0 0

n—o0 n—oo

a contradiction with () Observe that, if (LL)_ holds, then, in view of Lemma ,

T
lim sup/ (F(t, tpty), Un) 2 dt <0,
0

n—oo

again a contradiction with ()
In order to show (), we assume firstly that one of the conditions (LL)_ or (SR)_ is

satisfied. Let us define the map H : X, x [0,1] — X as follows

H(u,p) = (1 = p)Folu) — pu.
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Obviously, H is continuous. Next, let p € [0.1] and v € X, be such that ||u||;2 = R, where
R > Ry and Ry > 0 is as in (@) Hence, () yields

(HE (1 1), w2 = (1 — ) (Fo(u), ubse — pllull22 < 0,

which implies H (u, ) # 0. Therefore, it follows from the homotopy invariance that

deg(Fo, B12(0, R) N Xo) = degp(H(-,0), B2(0, R) N Xo) = deg(H(-, 1), B2(0, R) N Xo)
= degg(—1, Br2(0, R) N Xy) (_1)dimX0‘

In the case of the conditions (LL) or (SR), we consider the homotopy H : Xy x [0, 1] — X
given by B
H(u, 1) = (1 — p)Fo(u) + pu.

Therefore, the proof is completed. [

4.4 Proof of Theorem @

In this section we will prove a slightly extended version of Theorem m involving Landesman-
Lazer (LL) and strong resonance (SR) conditions, which are more general than the conditions
(LL)!, and (SR)'., respectively; see Lemma and Lemma {1.3.7.

Theorem 4.4.1. Assume that V : RY — R, where N > 1, is a Kato-Rellich type potential
such that the asymptotic bottom of the L>=(RN)-part of V is positive, that is, conditions (@),
(@), and (H) are satisfied. Suppose that the nonlinear term f is a T-periodic Carathéodory
function (see conditions (P) and (C) on p. @) satisfying the Lipschitz condition (f1) (see p. )
Moreover, assume that the nonlinear damped wave equation ( is at resonance at infinity,
i.e., Ker(—A + V) # {0} and f satisfies condition (£2)" (see p. ia).

(i) If one of the Landesman-Lazer conditions (LL)y is satisfied, then equation (@) admits
a T-periodic mild solution. Moreover, the assertion is also true if N > 3 and one of the
Landesman-Lazer type conditions (LL)". holds.

(ii) If N > 3 and one of the strong resonance conditions (SR)+ is satisfied, then equation (@)
admits a T-periodic mild solution. Furthermore, the assertion is also true if one of the
strong resonance type conditions (SR)'. is satisfied.

To complete the proof of Theorem we will need the following two lemmata.

Lemma 4.4.2. Assume that sequence of continuous functions (wn : [0, +00) — X) is such

n>1
that w, — 0 in C([0,T],X) as n — oo, ((Un,Vn))

>y 88 bounded in X and (un,v,) : [0, +00) —
X, n > 1, are T-periodic mild solutions of -
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Then there exists a subsequence ((tn,, vy, ))
some ¢ € Ker (A + V).

Proof. Based on periodicity of (u,,v,), n > 1, the Duhamel formula (see (@) in Section )
and the algebraic semi-additivity of the Hausdorff measure of non-compactness x;y, we obtain

o ({@7)},2) = o ({n (D), 0D},

< Xs,v<{€TA(ﬂn,@n)}n21> + Xs,v ({/OT e, () dt}n>1) :

such that (Uy, , vn,) = (¢,0) in C([0,T],X), for

k>1
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By Theorem :
Xs,V ({GTA(ETH Fn) }n21> S e_pTXs,V ({ (Ena En) }n21) .

Since, by assumption, w,, — 0 in C([0,7],X), we have

T
lim eT=Vhy (t) dt = 0.

n—oo 0

Therefore,
Xor ({70} 0, ) < e ({@ )},

and the set {(ﬂn, Un) }n>1 is relatively compact. Hence, we may extract a subsequence ((ﬂnk , Gnk)) o1
such that (,,, 0, ) — (o, Do) as k — oo, for some (T, Ty) € X. -
By the continuous dependence of solutions on the initial conditions — see Proposition m

(i), we get (wn, (t), vy, (t)) = (uo(t), vo(t)) as k — oo, uniformly on bounded subsets of [0, +00),

where (ug, vg) : [0, +00) — X is the mild solution of
{<u<t>,v<t>> = A(u(t),v()), t>0,
(u(0), v(0)) = (0, 7).

Consequently, (ug,vg) is T-periodic, thus, by virtue of Lemma , uo(t) = ¢ and vy(t) = 0,
for t > 0, with ¢ € Ker(—A + V). This completes the proof of the lemma. O

Lemma 4.4.3. Assume that G : [0,+00) x HY(RY) — L*(RY) is a continuous mapping and

M > 0 is such that ||G(t,u)| 2 < M, for allt >0 and u € H'(RY). Then there exists R > 0

such that, for any (u,v) € X and a T-periodic mild solution (u,v) : [0,+00) — X of
= A(u(t),v(t)) + (0,G(t, u(t))), t>0,

(u(0),v(0)) = (w,v),

the inequality is satisfied

(4.55)

IB(u(t), v(®))llx < R for t € [0,T).
Proof. Let (u,v) € X and (u,v) : [0, +00) — X be a T-periodic mild solution of () Put

Cy = |Pllex and Cy = sup ||e™| ce-
te[0,T

Recall that, by Remark , P commutes with e® . thus, in view of the Duhamel formula
(see (B.45) in Section B.4)), we obtain, for ¢ € [0, T,

P(u(t),v(t)) = etAI?P;(ﬂ, v) + ﬁ)/o et=m)A ((), G(r, u(T))) dr.

Observe that, for all ¢ € [0, T,

]P’/O €(t7T)A(0,G(T,u(T))) dr

t
<y / Cy H(O,G(T,u(T)))HX dr
X 0
t
S Cl / CgMdT S ClTCQM = C
0

From the T-periodicity of (u,v) we deduce that

(I — ™)B(@,7) = P /0 eT(0, G(r, u(r))) dr.
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In the light of Lemma (iv), 1L €p (eTA‘X). Therefore, (I — e™)~! € £(X) and let
Cs = - €TA)_1H£(§§)

Hence, we arrive at

u@mvwxzﬂu—eﬂvlﬁﬁTéT”Amx%nwﬂ»dr

X

T
< (s IP’/ G(T_T)A(O,G(T,U(T))) dr
0

< C;C.
X

Finally, we obtain, for any t € [0, T],

n@mwmwmxswm@mmm+ﬂﬁie“ﬂM&GvaMdT
< Gy |[P(@,7)||x + C < CoC5C + C

X

and the proof is completed. O

Proof of Theorem m We claim that the assumption (b) of Theorem is satisfied, that
is, there exists R,, > 0 such that,

for any € € (0,1) and a T-periodic mild solution of (), I(w(0),v(0))]|x < Roo-  (4.56)

Indeed, suppose to the contrary, i.e., that there are sequences (g,,),>1 in (0,1) and (%, Tp))n>1
in X such that ||(@,,7,)||x_— 00, and, for any n > 1, there exists a T-periodic mild solution
(tn, v) : [0, +00) — X of ([1.23) with & = £, and (un(0), v(0)) = (T, T ).

For any n > 1, let us define (pn,q,) : [0,4+00) = Xo, (pn(t), ¢u(t)) = Po(un(t),vn(t)), for
t > 0. Obviously, (pn,qn), n > 1, are T-periodic. Furthermore, P, commutes with e (cf.
Proposition P.3.6 (iii)), thus, based on the Duhamel formula and the property that X, is finite-
dimensional, we infer that (p,,¢,), n > 1, are differentiable on [0, +00) and solve the ordinary
differential system

Pn(t) = an(t), t>0
{<>:—w¢>+%%meﬁ», 1> 0 (457)
This yields, for any t > 0 and n > 1,
th”Bpn( ) + Qn<t>||%2 = <6pn( ) + Qn(t) ﬁpn(t) + Qn(t)>L2
en{PoF (L, un(1)), Bpa(t) + ¢u(t)) 12
< (t un( ))7P0(5pn + Qn<t))>L2
EnBF(t, un(t)), pa(t) + B qn(t)) 2
Hence, by T-periodicity,
/OT(F(t, U (1)), pu(t) + B qn(t))2dt =0 for n > 1. (4.58)

From () we also obtain, for t > 0 and n > 1,

d
7
This yields, by T-periodicity, for t > 0 and n > 1,

e qu(t)) = ene™ Py F (t, un(t)).

t+T
an/ PR (s,u(s))ds = g, (t +T) —ePq(1)
4

= qn(t)(eﬁ(t""T) _ eﬁt)'
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Since f is bounded by m € L*(RY), we get, for all t > 0 and n > 1,
t+T
Jan ()2 < 2ale?®HD = )70 [ P RF (5, (5)) 2 ds
t

t+T
< g, (PUHT) — P71 / || F (s, un(s))| 12 ds (4.59)
t

t+T

< g, (AT — Pt~ / e(|ml| 2 ds = e, |mlr2/B < ||ml|12/8.
t

Now, let p, = ||(@,,7,)||x and (w,, v,) : [0, +00) — X, n > 1, be given by (u,(t),v,(t)) =
o, H(wn (t), vn(t)), for t > 0. Then we easily see that (u,,v,), n > 1, are T-periodic mild
solutions of

%M%MmzAwww@waﬁmF@mwm%t>&
(u(0),0(0)) = 15 (T, T).

Notice that ||(%,(0),0,(0))||x = 1, for all n > 1, and, given that f is bounded by m € L*(RY),
entty (0, F (¢, pntin(t))) = 0 in C([0,7],X) as n — oo.
Hence, due to Lemma , we may assume that
(Un, V) = (,0) in C([0,7T],X), as n — o0

with some ¢ € Ker (—A 4 V) such that ||¢|| g = 1.

Let us assume that one of the conditions (LL)y is satisfied. Based on Lemma , we have
either

n—o0

T T T
lim inf/ (F'(t, pntin(t)), Potn(t)) 2 dt > / / frpdx dt+/ / f-pdxdt >0 (4.60)
0 0 J{p>0} 0 J{p<0}

or

T T T
limsup/ (F(t, tntn(t)), Potn(t)) ;2 dt < / / frodxdt +/ / fopdxdt < 0.
n—oo J(Q 0 J{p>0} 0 J{p<0}
(4.61)
On the other hand, dividing () by ., and using (), we get

AuwM@w»%m@Mﬁ:m{Awm%mmmmpw

T
= —,u;l/ (F(t,u,(t), B qu(t))2dt — 0 asn — oo,
0

which contradicts either () or () This shows the existence of R, > 0 such that () is
satisfied. Consequently, increasing R, if necessary, Lemma implies that the assumption
(a) of Theorem (@ is fulfilled. Hence, we may apply Theorem {4.2.4 to get the existence of a
T-periodic mild solution of ({£.3).

Now, we assume that N > 3 and either (SR); or (SR)_ holds. In view of Lemma ,
we have either

T T T
lim inf / CF(E, i (£)), finin(8)) g2 > / / ky dvdt+ / / kodvdt>0 (4.62)
0 0 J{e>0} 0 J{p<o

n—oo

or

T T T
lim sup / (Pt i (£)), finin(8)) 2 dt < / / ky dudi+ / / b dudt < 0. (4.63)
0 0 J{p>0} 0 J{p<0}

n—o0
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On the other hand, put w, : [0, +00) — HYRY), w,(t) = u,(t) — p.(t), t € [0, +00), n > 1.
Then

Pty (1), v (1)) = (Pun(t), Pua(t)) = (wn(t), Pv,(t)) for any t >0 and n > 1,

because P(u, v) = (Pu, Pv), for all (u,v) € X. Thus, in the light of Lemma , thereis R > 0
such that

|wn(E) || 72 < ||Iﬁ(un(t),vn(t))||x <R, forallte[0,7] and n > 1.

Since ¢,,([0,T]) C Xy and X is a finite-dimensional subspace, the L*(RY)-norm and H'(R")-
norm are equivalent on Xy. Thus, from (1.59) we deduce that

(W, — B qn)n>1 is bounded in C([0, T], H'(RY)).
Hence, combining Remark with Lemma , we obtain
T
/ (F(t, pntin(t), wn(t) — B1qn(t))p2dt — 0 as n — oo.
0

Consequently, it follows from () that
/0 (F'(t, pnin (1)), pinlin (1)) 12 db = /0 (F(t, un(t)), un(t)) 2 dt
:A@@W@MNHMNMMt

::A<F@mﬁﬂywdﬂ—ﬁl%@»mﬁ—ﬂ)%nf+m,

which contradicts either () or () This shows the existence of R., > 0 such that ()

is satisfied. Consequently, increasing R, if necessary, Lemma {.3.12 implies again that the
assumption (a) of Theorem {.2.4 is fulfilled. Therefore, we may apply Theorem {.2.4 once more
to get the existence of a T-periodic mild solution of (@) Hence, the proof is completed. [

4.5 Applications to PDEs

We study the following equation

uﬂ+&h:Au+fw+Aw+g@ww@@wxu—m@»,t>o,xeR3 (4.64)
x
where § > 0 is a damping coefficient, a > 0 is a constant, and \; is the k-th eigenvalue of the

Schrodinger operator
a

- — 4.65
= (4.65)
— see Example,g: [0,+00) xR? 5 R, b: R =R, v:[0,400) xR> - R, and r : R3 - R
are certain functions.

We present results on the existence of periodic solutions of () in two theorems. The
first theorem concerns the Landesman-Lazer type conditions.

Theorem 4.5.1. Assume that g is a T-periodic Carathéodory function such that there exists
go € L*(R?) N L*(R?) satisfying

lg(t, )| < go(z) for almost every x € R® and all t > 0, (4.66)

b is bounded and satisfies the Lipschitz condition, v is a T-periodic Carathéodory function,
which is bounded and positive, i.e., v(t,x) > 0 for almost every x € R® and allt > 0, and r is
measurable.
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(i) If g fulfills the condition

@) g(t,z) >0 for almost every x € R® and all t > 0,
+ g(t,x) >0 forallz € E andt >0, for some E C R? of positive measure,

and
by = lim b(u) (4.67)

u—r=+oo

where by are real numbers such that by b_ < 0, then equation () admits a T-periodic
mild solution.

(ii) If g fulfills the condition

@) g(t,z) <0 for almost every v € R and all t > 0,

- g(t,z) <0 forallz € E andt >0, for some E C R3 of positive measure
and by given by () are as in the point (i), then equation () admits a T-periodic
mild solution.

Remark 4.5.2. As an example of a function b : R — R satisfying assumptions of Theorem
we can take
b(u) = arctan(u) or b(u) = — arctan(u).

Indeed, if b(u) = arctan(u), then by = lim, ., b(u) = 7/2 and b_ = lim,, . b(u) = —7/2,
and, if b(u) = —arctan(u), then by = —7/2 and b_ = 7/2. Additionally, if r is not an eigen
function of the Schrodinger operator —A — a/|z| with the eigenvalue \g, then equation (@)
does not admit a constant T-periodic mild solution given by (u(t),v(t)) = (r,0). O

Proof of Theorem . Let us define V : R*\ {0} — R by the formula

V(z) = —% W (4.68)

and f:[0,+00) x R3 x R — R by the formula

ft,x,u) = g(t, x)b(v(t, x)(u — T(x))) (4.69)

In view of Example , V is a Kato-Rellich type potential such that o(Vy) = —A; > 0. We
see that f is a T-periodic Carathéodory function. We now verify that f satisfies condition (f1).
Indeed, for almost every x € R3, for all t > 0, and for all u;, us € R, one has

(2, u0) — F(t,u9)] < |g(t, )] ’b(v(t,x)(ul — r(x))) — b(U(t,x)(uz — r(x)))|
< go(x) Ly My |uy — ug]

where ¢y is as in (), Ly is the Lipschitz constant of b, and M, is a bound for v. Since
go € L3(R3), it is a Kato-Rellich type function. Hence f satisfies (f1) with [ = LyM,go. As b is
E.1.15

bounded and g satisfies (@), it follows that f satisfies (f2)’. By Example :, one has

Odise(FA+V)={\, = A\, :n>1} and oes(—A 4+ V) = [=\g, +00)
where \,, n > 1, are the eigenvalues of the Schrodinger operator () In particular, we have

0 € 0gisc(—A + V), and thus Ker(—A + V') # {0}.
We turn to the proof of the point (i). From (G) we deduce that function G : R? — R,

Gla) = /O ot ) dt (4.70)
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is non-negative, i.e., G(x) > 0 for almost every z € R?, and G|, > 0 for some set E C R? of
positive measure. Since by given by (4.67) are real numbers, one has

?Li(l') = /0 limsup f(t, z,u) dt = /0 limsup g(¢,z) b(v(t,z)(u —r(x))) dt = byG(x) (4.71)

u—rFoo u—r+oo

and similarly .

Since b b_ < 0, we have either b, > 0 and b_ < 0, or by < 0 and b_ > 0. If the former holds,
then, by (4_711) and (1.72), we obtain

I (r) >0 for almost every x € R®, and 7L+‘ >0
E

and
h_ () <0 for almost every z € R®, and lAz_’ < 0.
E

Therefore, the Landesman-Lazer type condition (LL), is satisfied and, by Theorem (i),
there exists a T-periodic mild solution of (@)
Next, if the later case occurs, i.e., b, < 0 and b_ > 0, we see that, again by () and (),

?LJF(Q;) <0 for almost every x € R®, and }Ahr‘ <0
E

and
E_(x) >0 for almost every x € R?, and lvz_’ > 0.
E

This means that the Landesman-Lazer type condition (LL)" is satisfied. This allows us to
apply Theorem @ (i) obtaining the existence of a T-periodic mild solution of ()

Now, we prove the assertion (ii). By the assumed condition (G)_, function G : R® — R,
given by (4.70), satisfies G(x) < 0, for almost every x € R*, and G|, < 0 for some set £ C R?
of positive measure. By the assumption, b,b_ < 0, hence, either b, > 0 and b_ < 0, or by <0
and b_ > 0. In view of the formulas (@) and (@), if the former possibility holds, then the
Landesman-Lazer type condition (LL)" is satisfied, and if the later possibility holds, then the
Landesman-Lazer type condition (LL)', is satisfied. Then, by Theorem {.4.1] (i), there exists a
T-periodic mild solution of (@) O

We present now the second theorem concerning the strong resonance type conditions.

Theorem 4.5.3. Assume that functions g, b, and v are as in Theorem and r € L*(R3)
is such that r(z) > 0, for almost every x € R3.

(i) Suppose that g satisfies condition (G) and

ce = lim ub(u) (4.73)

u—+o00

are real numbers. If either
¢y, ¢ >0 and ub(u) >0 for allu € R,

or
¢y, ¢ <0 and ub(u) <0 for allu € R,

then equation () admits a T-periodic mild solution.

(ii) If g satisfies condition (G)— and numbers cy given by () are as in the point (i), then
equation ({.64) admits a T-periodic mild solution.
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Remark 4.5.4. As an example of a function b : R — R satisfying assumptions of Theorem
we can take

u u
b(u) = T & b(u) = T

Indeed, if b(u) = u/(1 + u?), then ¢y = ¢ = 1 and ub(u) > 0 for all u € R. On the other

hand, if b(u) = —u/(1 + u?), then ¢, = ¢ = —1 and ub(u) < 0 for all u € R. Additionally, if

r is not an eigenfunction of the Schréodinger operator —A — a/|x| with the eigenvalue \x, then
equation (4.64) does not admit a constant T-periodic mild solution given by (u(t),v(t)) = (r,0).
U

Proof of Theorem . It follows from the proof of Theorem that the function V' given
by () is a Kato-Rellich type potential and the function f given by () is a T-periodic

Carathéodory function satisfying (f1) and (f2)’. In addition, Ker(—A + V') # {0}.
We prove the assertion (i). Since, by the assumption, (G); holds and v is positive, we obtain

g(t, )
v(t, x)

>0 forallze Eandallt >0, (4.74)

for a set of positive measure £/ C R?. Note that, for almost every z € R?, all t > 0, and all
u € R,

uf(t,z,u) =ug(t,x) b(v(t, x)(u — T(JJ)))

B ggi o(t,2) (u = r(@) b(o(t,2)(u = r(2))) (4.75)

+g(t,z)r(x) b(v(t, x)(u — T(:E)))

Moreover, since, by the assumption, cy are real numbers, we have lim,_, 1, b(u) = 0. Hence,
for almost every x € R? and all ¢ > 0,

ke(tor) = T uf(t,z,u) = % (4.76)
are real numbers.
Suppose that ¢, > 0, c— > 0 and ub(u) > 0 for v € R. We have then that
b(u) >0 forallu>0 and b(u) <0 forallu<O0.
Let x € R3. If u > r(z), then, for all ¢t > 0,
v(t,z)(u—r(x)) >0,
hence
b(v(t,z)(u—r(z))) > 0. (4.77)
Similarly, if u < —r(z), then, for all ¢ > 0,
b(v(t, z)(u—r(z))) <O0. (4.78)
Therefore, we have
uf(t,z,u) >0 forall |u| > r(x)and all ¢t > 0. (4.79)
By (4.74) and (4.76),
/T ky(t,z)dt >0 forallx € E. (4.80)
0

This means that the strong resonance type condition (SR)’, holds and, by Theorem (ii),
there exists a T-periodic mild solution of ({.64).
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Now, assume that ¢, < 0, c_ < 0 and ub(u) < 0 for u € R. Hence,
b(u) <0 forallu>0 and b(u)>0 forallu<O0.
Similarly as before, we show that
uf(t,z,u) <0 forall |[u| >r(z)andall t > 0. (4.81)

Moreover, from (4.74) and () we deduce that
T
/ ki(t,x)dt <0 forall z € E. (4.82)
0

Therefore, the strong resonance type condition (SR)" is satisfied and, using again Theo-
rem @ (ii), we obtain that equation (4.64) admits a T-periodic mild solution.

We prove now the assertion (ii). From the assumed condition (G)_- and the assumption
that v is positive we deduce that

g(t, )
v(t, x)

<0 forallze€ Eandallt>0. (4.83)

p)

uppose that ub(u) > 0, for all u € R, and ¢y, ¢ > 0. Let z € R3 and ¢ > 0. From () and
@) it follows that, for almost every x € R3,

— [,

ub(v(t,z)(u—r(z))) >0 for all |u| >r(z) and all ¢ > 0.

By the assumption, g(t.z) < 0, for almost every z € R? and all ¢ > 0, which implies ()
Moreover, (4.76) and (E) yield (4.82). Thus, the strong resonance type condition (SR)" is
satisfied and we can use Theorem {.4.1 (ii) to get the existence of a T-periodic mild solution
of ([.64).

Now, let ub(u) < 0, for all u € R, and ¢;, ¢ < 0. Similarly as before, we obtain that, for
almost every x € R3,

ub(v(t,z)(u—r(z))) <0 for all |u| >r(z) and all ¢ > 0.

Since g(t,z) < 0, for almost every z € R® and all ¢ > 0, we arrive at () From (4.76)
and () we deduce (M) This means that the strong resonance type condition (SR)’, holds
and, based again on Theorem Y.4.1 (ii), equation (4.64)) admits a T-periodic mild solution. The
proof is completed. O







Chapter 5

Periodic solutions for non-resonant
equations

In this chapter, we study periodic solutions of the nonlinear damped wave equation (see @))
wy + Buy = Au— V(x)u+ f(t,z,u), t>0, z€RY (5.1)

under non-resonance conditions — that is, when the kernels of —A + V| perturbed by the
linearizations of f at infinity and at zero, are trivial. Here 5 > 0 is a damping coefficient,
V : RY — R is a Kato-Rellich type potential (see (@) and (@)) whose L>®(RM)-part has a
positive asymptotic bottom (see (é)) The nonlinear term f : [0, +00) x RY xR — R is assumed
to be a T-periodic Carathéodory function satisfying conditions (f1) and (f2) (cf. condition (P)
on p. Q, condition (C') on p. , condition (f1) on p. |x, and condition (f2) on p. [X).

As in the resonant case, we seek T-periodic mild solutions of (p.1)), i.e., T-periodic mild
solutions of the associated evolution equation:

(a(t), b(t)) = Alu(t), v(t) + (0, F(t,u(t))), t>0 (5.2)

where A : D(A) € X — X is the damped wave operator (see Section @), and F : [0, +00) X
HY(RY) — L*(RY) is the Nemytskii operator associated with the function f (see Section B.1).

Section develops averaging principles for nonlinear damped wave equations. First, we
prove an averaging principle for arbitrary sequences of equations. Next, we consider a sequence
of frequency changing problems with ¢,-periodic solutions, where t,, — 0%, and we prove that
the sequence of periodic points contains a converging subsequence and a corresponding sequence
of solutions converges uniformly to a stationary solution.

In Section @, we introduce the index averaging formula, which states that, for sufficiently
small times, the index of the translation along trajectories operator associated with the fre-
quency changing nonlinear damped wave equation coincides with the index of the translation
operator associated with the autonomous equation with the time-averaged nonlinearity. From
this formula, we derive the continuation principle.

Section @ establishes a priori estimates: we prove that the absence of nonzero periodic
solutions of a linearized equation implies certain bounds for the starting points of the frequency
changing nonlinear damped wave equation. This allows us to apply the continuation principle.

Section @ presents index formulae for the translation along trajectories operator associated
with the autonomous nonlinear damped wave equation under non-resonance conditions.

Section @ contains the proof of Theorem on the existence of T-periodic solutions to
the equation (p.1)) under non-resonance conditions. The chapter concludes with Section p.4,
which applies this theorem to the equation (El]) with the Coulomb potential on R? and specific
classes of nonlinearities.

99
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5.1 Averaging principles for nonlinear damped wave equa
tions

We consider the evolution equation (@) with a parameter ¢ € (0, 1]:
(u(t), v(t)) = Alu(t),v(t)) + (0, F(t/e,u(t))), t>0 (5.3)
and the autonomous evolution equation
(a(t), 9(1)) = Alu(t),v(t)) + (0, F(u(t))), >0 (5.4)

where F' : H'(RY) — L*(RY) is the Nemytskii operator associated with the function f :
RY x R — R given by

~ 1 [T
fz,u) = T/ f(t,z,u)dt for almost every x € RY, and all u € R. (5.5)
0

By Proposition (ii), function f satisfies the Carathéodory condition, (f1) with the same
function [ as f, and (f2) with the same function my as f, and hence the mapping F' is well-
defined and satisfies (F1) (see p. @)

Proposition 5.1.1. Let ((ﬂn,ﬂn))n>1 be a sequence in X such that (u,,v,) — (Uo,vo) as

n — 00, and (£,)n>1 be a sequence in (0,+00) such that e, “— &g in [0, +00). Assume that
fn [0, 400) x RY x R — R, n >0, be T-periodic Carathéodory functions satisfying conditions
(f1) and (£2) with common functions | and my, and be such that f, — fo in the sense of
condition (f0) (see p. )

Let (up,vy) : [0,400) = X, n > 1, are the mild solutions of the equation (@) with F = F,,
n > 1, being the Nemytskii operators associated with the functions f,, n > 1, € = &,, and the
initial conditions (u,(0),v,(0)) = (Tp, Uy,)-

(i) Suppose that ey > 0 and let (ug, vo) : [0, +00) — X be the mild solution of the problem (@)
with F' = Fy being the Nemytskii operator associated with the function fy, € = g, and the
initial condition (ug(0),v0(0)) = (To,To). Then, the convergence of

(Un (1), v,(t)) = (uo(t),vo(t)) asn — oo
is uniform on bounded subsets of [0, +00) with respect to t.

(it) Assume that e = 0 and let (ug, Vp) : [0, +00) — X be the mild solution of the problem (@)
with F' = Fy and the initial condition (1y(0),09(0)) = (Uo, Vo). Then, the limit

(un(t), vn(t)) = (to(t),0o(t)) asn — o0
holds uniformly on bounded subsets of [0,+00) with respect to t.
Proof. (i) We define the mappings F,, : [0,+00) x X — X, n > 0, as follows
F,(t,u,v) = (0, Fy(t,u)) fort>0and (u,v) € X. (5.6)

By Proposition (iii), operators F,,, n > 0, are continuous and satisfy conditions (F1) and
(F2) with common constants, and the set

{F,(t,u,v): t € D,n>1}

is relatively compact in X, for any bounded D C [0,+0c0) and (u,v) € X. Using Proposi-
tion B.1.3 (iii) once more, we get

t t
/ Fo (7, u,v)dr n_>—00>/ Fo(r,u,v)dr in X,
0 0
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for all ¢ > 0 and (u,v) € X. Therefore, all the assumptions of Theorem are satisfied and
its application yields the assertion.
(ii) Let us define the mappings IF,, : X — X, n > 0, by

~ 1 (T
F,(u,v) = T/ F.(t,u,v)dt for any (u,v) € X,
0
where the operators [F,,, n > 0, are given by (@) As the mappings F,,, n > 1, are T-periodic
on time (cf. condition (F3) on p. pA), we see that F,,, n > 0, also have this property (cf.
condition (F3) on p. ) In view of Proposition m (iii), for any (u,v) € X,

Fo(u,v) 222 Fo(u,v) in X
Thus, all the assumptions of Theorem are satisfied and its application ends the proof. [J

Proposition 5.1.2. Let ((ﬂn,ﬁn))n>1 be a bounded sequence, and let the sequence (€,,)n>1 and
the functions f,, n > 0, be as in Proposition . Assume additionally that the function |
from condition (f1) satisfies

(1) < Vdp (5.7)

where 9(loo) > 0 is given by (@), d > 0 is as defined in (B.46), and p > 0 is as in ()
Moreover, suppose that (u,,vy,) : [0,+00) = X, n > 1, are the ,T-periodic mild solutions
of the equation (b.3) with F' = F,,, € = €, and the initial conditions (u,(0),v,(0)) = (Up, Ty).

(i) Suppose that eg > 0. Then, passing to a subsequence if necessary, (U,,v,) — (Uo, Vo) as
n — 00. Let (ug,vp) : [0, +00) — X be the mild solution of the problem (5.3) with F' = Fy,
e = eo, and the initial condition (u(0),vo(0)) = (T, o). Then, the limit

(un(t),vn(t)) = (uo(t),vo(t)) asn — oo (5.8)

holds uniformly on bounded subsets of [0, +00) with respect to t, and the solution (ug,vy)
is o1 '-periodic.

(ii) Assume that g = 0. Then, passing to a subsequence if necessary, (Un,0,) — (To, Vo) €
D(A) as n — oo, and

A~

A(To, o) + (0, Fo(uo)) = 0. (5.9)

In addition, the convergence
(un(t),vn(t)) — (o, Vo) asn — oo
is uniform on bounded subsets of [0, +00) with respect to t.

Proof. (i) Observe that the mappings F;, : [0, 400) x H}(RY) — L?(RY), n > 1, are T-periodic,
continuous, and satisfy conditions (F1) and (F2) with common constants. In addition, by
Proposition ,

v (U Fall0.7] % U)) < @ll)xs2(U)

for any bounded U C H*(RY). Therefore, it follows from Proposition that {(@,, Un) }n>1

is relatively compact, hence, we may assume that (T,.7,) —— (o, To) for some (T, 7o) € X.
Applying Proposition p.1.1| (i) we get that the limit (@7) holds uniformly on bounded subsets
of [0, 4+00) with respect to t. We shall show that the solution (ug,vg) is g97-periodic. To this

end, we fix some t > 0. Since, for any n > 1, the solution (u,,v,) is £,T-periodic, one has

(un(t + e, T), v, (t +,T)) = (un(t),v,(t)). (5.10)
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Moreover, the solution (ug,v) is continuous and t + £, T == t 4 £,T", which yields
(un(t + e, 1), vt +,T)) — (uo(t +eoT), vo(t + 0T)) as n — oo.
Therefore, from (@), (), and the limit above we deduce that

(uo(t + &0T"), vo(t + €0T)) = (uo(t), vo(t))-

Since t > 0 was arbitrary, this shows that (ug,vg) is €gT-periodic.

(ii) We examined in (i) that all the assumptions of Proposition are satisfied, hence,
passing to a subsequence if necessary, (T, ,) —— (T, Tg) for some (T, Ty) € X. Therefore,
by Proposition ﬂ (ii), (un(t),vn(t)) — (4o(t),vo(t)) as n — oo, uniformly on bounded
subsets of [0, +00) with respect to t, where (i, 0p) : [0, +00) — X is the mild solution of the
problem (@) with F' = Fjy and the initial condition (#y(0),2(0)) = (o, Vo).

We claim that (ug(t),09(t)) = (o, Do) for any ¢ > 0. Indeed, let ¢ > 0 and, for any n > 1,
we take k, = [t/e,T]. Then k,e,T — t and, using the uniform convergence, we get

(tn (knenT), vn(knenT)) — (Uo(t), vo(t)) as n — oo.
On the other hand, by the periodicity,
(tn (knenT), vn(knenT)) = (U, Un) — (U0, Vo) as n — oo.

Therefore, (up,2q) is a constant solution of (@) with F' = Fy and (4y(0),00(0)) = (o, V).
Then, Lemma [L.2.3 shows that (g, 7p) € D(A) and

A~

A(To,v9) + (0, Fo(up)) = 0.

5.2 Index averaging formula

Let (IDSE) : X' — X be the translation along trajectories operator associated with (@) Since the
Nemytskii operator F' : [0, 4+00) x H'(RY) — L?(RY) is continuous and satisfies (F1) and (F2),
we see, based on Theorem M (points (i) and (ii)), that <I>§E) is well-defined and continuous, for
any t > 0 and ¢ € (0, 1]. Moreover, if we assume additionally that f : [0, +00) x RY x R — R
satisfies (f1) with a function [ such that (lﬁ) holds, then, by Proposition

i b

X2 (F(D x U)) < 8(loo)x12(U) < Vd pxr2(U),

for any bounded sets D C [0, +00) and U C H'(R"). Therefore, by Theorem (iii), ' is
a k-set contraction, for any ¢ > 0 and ¢ € (0, 1]. More precisely,

X (B (2)) < etV (7)),

for any ¢ > 0 and bounded subset Z C X, where x,y is the Hausdorff measure of non-
compactness in the space (X, | - |[sv) and || - ||sv is the norm induced by the scalar product
(-, )sv (cf. () and (@)) Let @, : X — X be the translation along trajectories operator
associated with (p.4). Since the Nemytskii operator F:H (RN) — L2%(RY) is continuous and
satisfies (F1), we see that ®, is well-defined and continuous, for any ¢ > 0. Recall that (see
Proposition @ (ii)) function F:RY xR — R fulfills conditions (f1) and (f2) with the same
functions [ and mg as f. Therefore, if f satisfies (f1) with [ such that (@) holds, then ®, is
also a k-set contraction, for any ¢ > 0.
Now, we shall prove the index averaging formula.
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Theorem 5.2.1. Assume that a T-periodic Carathéodory function f : [0,+00) x RY x R — R
satisfies (f1) and (£2), and function | from (f1) is such that (@) holds, and Z C X is an open
bounded set such that

Au,v) 4 (0, F(u)) 0 for (u,v) € D(A)NIZ. (5.11)
Then, there ezists g9 € (0, 1] such that, for all € € (0, &),
09w, 7) £ (u,7) and O(u,v) £ (W) for all (u,v) € OZ,

and R
Inde(), Z) = Inde(Sor, Z). (5.12)

Proof. We define h : [0,4+00) x RY x R x [0,1] = R as

Wty u, 1) = (1= ) f(t,0u) + pf (o, ).

Observe that the mapping h is a Carathéodory function (see condition (C') on p. @) satisfying
conditions (hl) and (h2) (see p. p3) with the same functions [ and mg as the map f. Conse-
quently, by Corollary B.1.5, the Nemytskii operator H : [0, +00) x H(RY) x [0,1] — L*(RY)
associated with the function h. is well-defined, continuous, fulfills conditions (H1) and (H2)
(see p. @) As [ is such that (@) holds, from Corollary B.3.4 we deduce that

a2 (H(D x U x [0,1])) < 8llac)x22(U) < Vd ppa(U), (5.13)

for any bounded D C [0,+c0) and U C H'(RY). Moreover, for t > 0, v € H*(RY) and
w € [0, 1], we have
H(t,u,p) = (1= p)F(t,u) + pF(u).

Next, let \IIEE) : X x [0,1] — X be the translation along trajectories operator associated with
the equation

(MWMW=AW®W@%MOHW€M®m%t>O (5.14)
where ¢ € (0, 1] is a parameter. Observe that, for any fixed e € (0,1], H(-/e,- ,- [0, +00) X
HY(RYM) x [0,1] — L*(RY) is continuous, satisfies (H1) and H and fulfills ( ) for any
bounded D C [0, +0cc) and U C HY(RY). Therefore Theorem shows that for any t > 0

and ¢ € (0, 1], the translation operator \Ifg )

respect to the Hausdorff measure of non-compactness x; v .
We claim that there exists gy € (0, 1] such that

is a well-defined, continuous k-set contraction with

U (@, v, 1) # (w,0) forall e € (0,0), (w,v) € dZ, and p € [0, 1]. (5.15)

Indeed, suppose to the contrary that () is not true. Then, there exist sequences (En)n>1 In
(0,1], (ftn)n>1 in [0, 1], and ((ﬂn,ﬂn)) in 07 such that ¢,, — 0 asn — oo and \IfE T(un, Upy fhn) =
(Un,v,) for n > 1. Hence, for any n 2 1, there exists the e,T-periodic mild solution (u,,v,) :
[0,400) — X of (@) with € = €,, 4 = pp, and (u,(0),v,(0)) = (U, v,). Without loss of
generality, we may assume that u, — po for some py € [0,1]. Let us define, for any n > 0,
the T-periodic mapping f,, : [0, +00) x RY x R — R as f,(t,z,u) = h(t,z,u, j1,). Since h is a
Carathéodory function satisfying (h1) and (h2) with the same functions [ and mq as f, we get
that f,,, n > 0, are also Carathéodory functions satisfying (f1) and (f2) with the same functions
land mg. As h(-,z,-,-) : [0,+00) xRx[0, 1] — R is continuous, we see that f, — f; in the sense
of condition (f0). Let F, : [0,4+00) x HY(RY) — L2(RYN), n > 0, be the Nemytskii operators
associated with functions f,,, n > 0. Observe that, for any n > 1, t > 0 and u € H'(R"),

F.(t/en,u) = H(t/en, u, ).
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Hence, by Proposition (ii), we may assume that (u,,v,) — (Uy,vy) as n — oo, for
(T, 9) € D(A) N OZ such that

~

A(To, Vo) + (0, Fo(uo)) = 0, (5.16)

where Fy : H'(RY) — L2(RY) is the Nemytskii operator associated with the function fy. Since,
in view of Proposition
any u € H'(RV),

(ii), Fp is the time-averaged operator of Fy, we see finally that, for

A I I
FD(U)ZT/O Fg(t,u)dtzf/o H(t,u, po) dt

_ %/0 (1 = o) F(t, 1) + po Bw) dt = B(u).

Hence, () contradicts (), which proves (), as desired. Thus, for any fixed ¢ € (0, &¢],

the homotopy invariance of the fixed-point index (see Theorem |A.4.§) yields

Inde (), Z) = Inde(VE)(-,0), Z2) = Inde(VE) (-, 1), Z) = Inde(Der, Z).
Therefore, we obtain the index formula (), which completes the proof. ]

Using the above index averaging formula, we get the following continuation principle.

Theorem 5.2.2. Suppose that f :[0.+00) x RY xR — R and Z C X are as in Theorem .
If, for any e € (0, 1], the equation (@) has no €T -periodic mild solutions with (u(0),v(0)) € 0Z,
then R

Indc(q)T, Z) = lim Indc(fI)t, Z)

t—0t

where Oy is the translation operator associated with the equation (@)

Proof. In view of the assumptions, for all € € (0, 1] and (@,v) € 0Z, we have

O (1,) # (W,7). (5.17)

Consequently, from Theorem it follows that there exists g9 € (0, 1] such that, for all
e € (0,e0] and (u,v) € 07,

O.r(u,7) # (0,7) and Indg(®), Z) = Inde(Dor, Z). (5.18)

Given €, € (0, 0], we consider the translation operator ®, : X x [e;, 1] — X associated with the
equation
(u(t), v(t)) = eA(u(t),v(t)) + (0, F(t,u(t))), t>O0. (5.19)

Theorem implies that, for any ¢t > 0, &)t is a well-defined, continuous k-set contraction
with respect to the Hausdorff measure of non-compactness x;y. Then, changing variables in
the Duhamel formula, we obtain, for all £ > 0, all € € [ey,1], and all (w,7) € X,

d,(w,v,e) = 5 (u,v).

Hence, in particular, ®, = (T)t(-, 1). This and () entail that @7 is the admissible homotopy
on the closure of the set Z, thus, in view of the homotopy invariance of the fixed-point index

(see Theorem |K.4.8) and (ETS),

de (@7, Z) = Inde(Br(-, 1), Z) = Inde(Br(-, 1), Z) = Indo(®EY, Z) = Inde(®.,1, Z).

Since e € (0, &o] was arbitrary, the proof is completed. O
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5.3 A priori estimates

In order to apply the continuation principle (Theorem ) we will need a priori estimates.
To this end, we recall notions of linearizations and non-resonance conditions.

Namely, we say that function f : [0, +00) x RY x R — R admits a linearization at infinity
(or it is asymptotically linear at infinity, see ()), if there exists a Carathéodory function
w: [0,+00) x RY — R such that

lim —f(t’ 7, )

|u|—o0 U

= w(t,;c) (520)

for almost every z € RY, uniformly on bounded subsets of [0, +00) with respect to t. We then
say that the function w is the coefficient of the linearization at infinity (or it is the asymptotic
coefficient at infinity), and the function f : [0, +00) x RY x R — R given by

fe(t,x,u) = wt,x)u (5.21)

for almost every x € RV, all t > 0, and all v € R, is the linearization of fat infinity. Moreover,
we say that f admits a linearization at zero (or it is asymptotically linear at zero, see ()), if
there exists a Carathéodory function « : [0, +00) x RY — R such that

t
llnl f( 7'I7 u)
u—0 u

= a(t,x) (5.22)

for almost every # € RY, uniformly on bounded subsets of [0, +00) with respect to t. As before,
the function « is called the coefficient of the linearization at zero (or the asymptotic coefficient
at zero), and the function f*: [0, +00) x RY x R — R defined by

fe(tx,u) = a(t,x)u (5.23)

for almost every x € RV, all t > 0, and all u € R, is called the linearization of fat zero.
We shall assume that (cf. ())

1

o) = /0 w(t,z)dt and &(x):% /0 alt, z) dt, (5.24)

for almost every x € RY, are Kato-Rellich type functions (see (@) and (@)) We shall also
assume the non-resonance condition at infinity (see ([L3)), that is,

Ker(-A+V —@) = {0}, (5.25)
and the non-resonance condition at zero (see ()), that is,

Ker(-A+V —a) = {0} (5.26)
where the linear operators @, & : H'(RY) — L?(R") are given by

(Wu|(z) = @(z)u(z) and [aw](z) = a(x)u(x), (5.27)

for all u € H*(RY), and almost every x € RY.
Now, we state the result concerning the a priori estimates.

Proposition 5.3.1. Assume that f : [0,4+00) x RY x R — R is a T-periodic Carathéodory
function satisfying (f1) and (£2), and function I from (f1) is such that (@) holds.
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Suppose that f admits a linearization at infinity with a coefficient of the linearization
w:[0,4+00) x RY — R such that & defined by (@) is a Kato-Rellich type function. In
addition, assume that the non-resonance condition at infinity (5.28) is satisfied. If, for
any € € (0,1], the linearized equation

uy + Buy = Au— V(z)u+w(t/e,z)u, t>0, v€RY, (5.28)

does not admit nonzero €T -periodic mild solutions, then there exists Ry > 0 such that,
for any € € (0,1], the equation (@) does not admit €T -periodic mild solutions such that

1(u(0),v(0))[lx = Ro.

Suppose that f admits a linearization at zero_with a coefficient of the linearization « :
[0, +00) x RY — R such that & defined by () is a Kato-Rellich type function. In
addition, assume that the non-resonance condition at zero (5.26)) is satisfied. If, for any
e € (0,1), the linearized equation

Uy + Buy = Au—V(z)u+ a(t/e,z)u, t>0, v€RY, (5.29)

does not admit nonzero eT'-periodic mild solutions, then there exists rq > 0 such that,
for any € € (0,1], the equation (@) does not admit €T -periodic mild solutions such that

0 < [[(u(0),v(0))]lx < ro-

Before the proof we provide the following remark.

Remark 5.3.2. Let f : [0, +00) xRY xR — R be a T-periodic Carathéodory function satisfying
(f1) with [ and (f2) with mg. Moreover, suppose that f admits a linearization at infinity and
at zero with coefficients of linearization w, a : [0,4+00) x RY — R, and linearizations f,
fe:[0,+00) x RY x R — R, respectively.

(i)

(i)

(iii)

The existence of a linearization at zero implies that f(¢,z,0) = 0, for almost every z € RY
and all ¢ > 0.

The coefficients of linearizations w and a are T-periodic, and fulfill |w(¢, x)| < I(z) and
la(t, )| < I(z), for almost every z € RN and all t+ > 0. In fact, the periodicity follows
from the periodicity of f. Further, if f admits a linearization at infinity, then by (f1) and
(f2), we get, for almost every x € RY and all ¢ > 0,

’f(t,x,u) < l(x)|u| + mo(x)

— l(z) as |u| = oo.

[ul

Next, if there exists a linearization at zero, then by (fl), one obtains that, for almost
every x € RV and all t > 0,

‘f(t,x,u)

SZ@WH+V@wﬂH

Jul

= l(z),

u

because, by (i), f(t,x,0) = 0 for almost every z € RY and all ¢t > 0.

The linearizations f“ and f* defined by () and by (), respectively, are T-periodic
Carathéodory functions satisfying condition (f1) with the same function [ as the mapping

f, and condition (f2) with the function my = 0. Indeed, by the assumption, w and « are
Carathéodory functions and, by the point (ii), they are T-periodic, and |w(t,z)| < I(z)
and |a(t,r)| < I(z), for almost every x € RY and all ¢ > 0. Therefore, the mappings
1@, f« are as desired. Let F¥, F : [0,+00) x H'(RY) — L*RY), be the Nemytskii
operators associated with functions f*, f®, respectively. It follows from Proposition B.1.2
(i) that the mappings F* and F* are well-defined, continuous, satisfy condition (F1)
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with a constant |L| gt 12y, where L : H! RN) — L*(RY) is the linear operator of
multiplication by a functlon [ (see Corollary B.1.1)), and condition (F2) with ||mgl|z2 = 0.
Therefore, Theorem @ (i) implies that, for any e E (0,1] and (u,v) € X, there exists the
unique mild solution (u,v) : [0, +00) — X of the linearized equation () (respectively,
of the equation (p.29)) with the initial condition (u(0),v(0)) = (, ).

(iv) The linear operators @ and & : H'(RY) — L*(R"), defined by (), are well-defined
and bounded. Additionally, for any u € H'(R"),

Su=Fu) and au=F"(@),

where F*“, Fo : HY(RV ) — L*(RY) are the Nemytskii operators associated with the
time-averaged functions f‘” and fa :RY x R — R defined by

~

19 (, /f“txu)dt and f*(x,u) = /fatq;u

for almost every x € RY and all u € R.

In fact, by the assumption, & and @, given by () are Kato-Rellich type functions.
Using Corollary B l we obtain that the linear operators @ and & are well-defined and
bounded. In view of the point (iii), the mappings f* and f, defined by (@) and (@),
respectively, are T-periodic Carathéodory functions satisfying condition (fl1) with the
same function [ as f, and condition (f2) with mg = 0. Thus, by Proposition B.1.2 (ii),
f“ and ]?a are Carathéodory functions satisfying (f1) with the same [ as f, and (f2) with
mgo = 0, and the mappings ﬁ‘”, Fe are well-defined. Applying directly the definitions of
the linear operator @ and the Nemytskii operator £, we obtain, for all u € H*(R") and
almost every x € R,

(@) dt = [2(x,u(@) = [F(u)](z),

hence & u = F*(u), as claimed. Similarly we get that &u = F(u) for all u € H'(RM).
U

We will need the following lemma.

Lemma 5.3.3. Assume that f : [0,4+00) x RY x R — R is a T-periodic Carathéodory function
satisfying (f1) and (£2), and p, — po in [0,1].

(i) Suppose that f admits a linearization at infinity, w : [0, +00) x RY — R is the coefficient
of the linearization, and (pn)n>1 s a sequence in (0, +00) such that p, — +00 asn — co.
Consider functions f¢ : [0,+00) x RN x R — R, n > 1, given by

St m,u) = (1= ) py (8 @, poue) + pinw (t, 2 )u.

Then, f<, n > 1, are T-periodic Carathéodory functions satisfying condition (f1) with the
same function | as f, and condition (f2) with the function C'mg, where the mapping mq
comes from the condition (f2) for f, and C > 0 is such that p;* < C forn > 1._Moreover,
fo — f“ in the sense of condition (f0), where the mapping f* is defined by (p.21)).
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(i) Suppose that f admits a linearization at zero, o : [0,+00) x RN — R is the coefficient
of the linearization, and (pn)n>1 5 a sequence in (0,400) such that p, — 0 as n — oo.
Consider functions f&:[0,+00) x RY x R - R, n > 1, given by

Jo(t 2, u) = (1= pa)py f (L . put) + pim(t, 2 (5.30)

Then, f&, n > 1, are T-periodic Carathéodory functions satisfying condition (1) with the
same function | as f, and condition (f2) with the function mg = 0._Moreover, f& — f©
in the sense of condition (f0), where the mapping f is defined by (@)

Proof. (i) Let g, : [0,+00) x RY x R — R, n > 1, be given by

gn(t,x,u) = p tf(t, 2, pout). (5.31)

Since f is a T-periodic Carathéodory function, so are the mappings g, for n > 1. Using the
condition (f1) for f we get that, for n > 1, almost every x € RY all ¢t > 0, and all uy, us € R,

‘gn(t’ x7u1) - gn(t7 ZL’,UQ)‘ < p;ll($)‘pnu1 - pnu?‘ = l(x)’ul - u2" (5'32)

Thus, g,, n > 1, satisfy the condition (f1) with the same function [ as f. As p, — +o0, there
exists C' > 0 such that p,' < C for n > 1. Hence, g,, n > 1, fulfill the condition (f2) with the
function C'mg, where the mapping mg comes from the condition (f2) for f.
Observe that

f;:(t’ Z, u) = (1 - :un>gn(t7 Z, u) + :unfw(ta €, U) (533)
are T-periodic Carathéodory functions, because, by Remark p.3.9 (iii), f* is a T-periodic
Carathéodory function. Moreover, it follows from Remark p.3.2 (iii) that f“ satisfies the con-
dition (f1) with the same function [ as f. Hence, for any n > 1, almost every x € RY all ¢t > 0,
and all uy, us € R,

|f:(t,m,u1) - f:(t7$vu2>| S (1 - :un)|gn(tvx7u1) - gn(t’x7u2)|
+Nn’fw<tﬂxvu1) - fw(t7x7u2)‘ (534)
< (x)|ug — ugl.

Hence, f¥, n > 1, satisfy (fl1) with the same [ as f. Note that, for any n > 1, almost every
r € RV and all t >0,

o (8,2, 0)] < (1= pa)|gn(t, 2, 0)] < C'mo. (5.35)

This means that the mappings f¥, n > 1, satisfy (f2) with the function C'my.

By the assumption f admits a linearization at infinity, hence, the limit () exists, for
almost every z € RY, and uniformly on bounded subsets of [0, +00) with respect to t. Let
x € RY be such that the limit (5.2() exists and the condition (f2) for f is satisfied. If u # 0,
then |ppu| — +00 as n — oo and

gn(t,x,u) = p [t 2, ppu) = (pau) ™ f(E, 2, pru)u p— w(t, x)u = f*(t,z,u), (5.36)

uniformly on bounded subsets of [0, 4+00) with respect to t. If u = 0, then, by the condition
(f2) for f, one obtains g¢,(t,x,0) — 0 = f“(¢,z,0) as n — oo, uniformly on bounded subsets
of [0,+00) with respect to t. Hence, we see that g, — f“ in the sense of condition (f0).
Consequently, we obtain

f:(t,l‘,u) = (1 - Mn)gn(t7xvu) + :unfw(taxau)

(5.37)
— (1 - Mo)fw(tax>u) + H’Ofw(t>$vu) = fw(t,x,u),

for almost every x € R all v € R, and uniformly on bounded subsets of [0, +00) with respect
to t, i.e., f¥ — f¢ in the sense of condition (f0).
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(ii) Let g,, n > 1, be defined by (), where p, — 0. As in the proof of (i), we can show
that g,, n > 1, are T-periodic Carathéodory functions. In view of (p.32), g,, n > 1, satisfy (1)
with the same [ as f. Furthermore, by Remark 5.3.2 (i), g,(¢,2z,0) = 0, for n > 1, almost every
x € RY and all t > 0. Hence, the mappings g,, n > 1, satisfy (f2) with the function mg = 0.

Observe that

f??(t7x7u) = gn(t,]),u) + fa<t7x7u)7 n Z 1’

are T-periodic Carathéodory functions, because, by Remark ﬂ (iii), f is a T-periodic
Carathéodory function. Moreover, it follows from Remark 5.3.2 (iii) that f* satisfies the con-
dition (f1) with the same function [ as f. Therefore, from (5.34) we deduce that the mappings
fny n > 1, satisfy (f1) with the same [ as f. In addition, we see that functions f,,, n > 1, satisfy
(£2) with my = 0.

By the assumption, f admits a linearization at zero, hence, the limit () exists, for
almost every z € RY | uniformly for ¢ on bounded subsets of [0, +00). Let x € RY be such that
the limit (@) exists and f(¢,x,0) = 0 for all ¢t > 0. If u # 0, then, similarly as in (p.30),
Gu(t,z,u) == fo(t,z,u), uniformly for ¢t on bounded subsets of [0, +o0). If uw = 0, then
gn(t,z,0) = 0, for n > 1 and ¢t > 0, hence again g,(¢,z,0) — 0 = f*(t,z,0) as n — o0,
uniformly for ¢ on bounded subsets of [0, +00). Thus, g, — f* in the sense of condition (f0).
Arguing analogously to (), we also obtain that f, — f* in the sense of (f0). Hence, the
proof is completed. O

Proof of Proposition ]. (i) Suppose, to the contrary, that there exist sequences (&,),>1 in
(0,1] and ((ﬂn,ﬂn))n>1 in X such that p, = ||(Tn,Tn)||x —— +o0o and, for any n > 1,
there exists the &,T-periodic mild solution (u,,v,) : [0,4+00) — X of the problem (@) with
€ = g, and the initial condition (u,(0),v,(0)) = (U, v,). Next, we define functions (t,v,) :
[0,400) = X, n>1, by

(@ (1), Un(t)) = pp* (un(t), va(t)) for t > 0. (5.38)

Using the Duhamel formula, we easily see that functions (u,,v,), n > 1, are the &,T-periodic
mild solutions of the Cauchy problem

{(u(t), 0(t) = Alu(t), v(t)) + (0, p " F(t/n, pau(?)), t >0, (5.39)

(u(0),v(0)) = p,,* (Un, Vp).
Let f, : [0,4+00) x RY x R — R, n > 1, be mappings defined by

fot,m,u) = p, tf(t, 2, pou). (5.40)

From Lemma (i) applied for the sequence p,, = 0, we deduce that f,,, n > 1, are T-periodic
Carathéodory functions satisfying condition (f1) with the same function [ as the mapping f,
and condition (f2) with function C'mg, where the mapping mg comes from the condition (f2)
for f, and C' > 0 is such that p,' < C for all n > 1. Tt follows from Remark 2 (iii) that
function f“ given by (@) is also a T-periodic Carathéodory function satisfying condltion (f1)
with the same [ as the mapping f and condition (f2) with the function my = 0. Furthermore,
again by Lemma p.3.3 (i), f, — f“ in the sense of condition (f0). Let F, : [0, +oc) x H'(RY) —
L*(RM), n > 0, be the Nemytskii operators associated with functions f,, n > 1. We see that
F.(t,u) = p'F(t, pyu) for all n > 1, ¢t > 0, and u € H'(RY), hence, for any n > 1, function
(U, vy,) is the €, T-periodic mild solution of the problem (@) with ' = F,,, ¢ = ¢,, and the
initial condition (@, (0),7,(0)) = p,*(u,,v,). Without loss of generality, we may assume that
€n — €0, where &g € [0, 1].

Suppose that g > 0. Since functions f,, n. > 1, and f“ satisfy condition (f1) with the
function [, which is assumed to be such that (5.7) holds it follows from Proposition
that, passing to a subsequence if necessary,

Py (Wn, Tn) = (9,€) asn — 00
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for some (¢, &) € X. Recall that F“ : [0, +00) x HY(RY) — L*(RY) is defined as the Nemytskii
operator associated with the function f“ (see Remark 5.3.2 (iii)). Let (uo, o) : [0,+00) = X
be the mild solution of the equation (5.3) with F' = F“, ¢ = g, and the initial condition

(T (0), 7(0)) = (,€). Again by Proposition (i), the limit
(@ (£), (1)) — (To(t), (1) asn — oo (5.41)

holds uniformly on bounded subsets of [0, 4+00) with respect to ¢, and the solution (ug,vg) is
goT-periodic. Observe that [F*(t,u)](z) = w(t, z)u(z) for all t > 0, u € H'(RY), and almost
every x € RY hence (up,p) is the mild solution of () Furthermore, as, for any n > 1,
o7 X (T, ) [[x=1, we have ||(un(0), 06(0))||x = || (¢, E)|lsx = 1. Therefore, (@, vg) is the nonzero
eoT-periodic mild solution of (ﬁ), which contradicts the assumption.

Now, suppose that eg = 0. In view of Proposition (ii), we may assume, extracting a
subsequence if necessary, that p,(u,,v,) = (¢,&) € D(A), and

A, &) + (0, F*(¢)) =0

where ¥ : H LRY) — L2(RY) is the Nemytskii operator associated with the time-averaged
function f“. By Remark (iv), F¥(u) = @u for all u € H'(RY), where the linear operator
& HY(RY) — L*(RY) is defined by (b.27). Therefore, it follows from the equation above that
¢ =0 and

0=—(—A+V)p+ Fp)=—(-A+V —&)p.

Moreover, [[(¢,&)]lx = 1, hence ¢ # 0. As a result, we have reached a contradiction with
the non-resonance condition at infinit ) This proves that there exists Ry > 0 such
that, for any £ € (0, 1], the equation (p.3) has no 7-periodic mild solutions (u,v) satisfying
[(w(0), v(0)[lx = Ro.

(i) Suppose, to the contrary, that there are sequences (g,)n>1 in (0,1] and ((@p,v,)) ., in
n—00 —

X, such that p,, = |[(Un,Vs)|lx — 0 and, for any n > 1, there exists the ¢, T-periodic mild
solution (u,,v,) : [0,4+00) — X of the equation (@) with ¢ = ¢, and the initial condition
(un(0),v,(0)) = (Un,v,). Next, we define functions (@,,v,) : [0,+00) — X, n > 1, by the
formula (5.38). As before, (u,,v,), n > 1, are the &,T-periodic mild solutions of the Cauch
problem (5.39). For any n > 1 let f,, be a function given by the formula (5.40). By Lemma
(ii) applied for the sequence pu,, = 0, f,,, n > 1, are T-periodic Carathéodory functions satisfying
condition (f1) with the same function [ as the mapping f, and condition (f2) with the function
mo = 0. It follows from Remark p.3.2 (iii) that function f¢ defined by (@) is also a T-
periodic Carathéodory function satisfying condition (f1) with the same [ as the mapping f
and condition (f2) with the function my = 0. Applying again Lemma p.3.3 (ii), we get that
fn — f® in the sense of condition (f0). As before, let F}, be the Nemytskii operators associated
with the functions f,, for n > 1. Observe that F,(t,u) = p,'F(t, p,u) for all n. > 1, ¢ > 0,
and u € HYRY), hence, for any n > 1, (u,,v,) is the &,T-periodic mild solution of the
equation (@) with FF = F,, € = &,, and the initial condition (,(0),7,(0)) = p, (U, v,).
Without loss of generality, we may assume that €, — &g, where gy € [0, 1].

Suppose that g > 0. We apply Proposition@ (i) to get, passing to a subsequence if
necessary, that p (@, Tn) —— (p,&) for a certain (p,£) € X. Recall that F : [0, +00) X
HY(RY) — L?(RY) is defined as the Nemytskii operator associated with the function f® (see

]) w

Remark 5.3.2 (iii)). Let (@, o) : [0, +00) — X be the mild solution of the equation ( rith
F = F®, ¢ = gy, and the initial condition (u(0),70(0)) = (¢,&). Using Proposition 5.1.2 (i)
once more, we obtain that the convergence

(Un(t),0n(t)) = (uo(t),vo(t)) asn — oo

is uniform on bounded subsets of [0, +00) with respect to , and the solution (ug, V) is €97-
periodic. Observe that [F(t,u)](z) = a(t,z)u(z) for all t > 0, all u € H'(RY), and almost ev-
ery z € RY hence (@, ) is the mild solution of the equation (5.29). Since ||(7i(0), 00(0))||x =
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(e, & = 1, we get that (up,vp) is the nonzero gyT-periodic mild solution of the equa-
tion (p.29), which contradicts the assumption.

Now, suppose that £g = 0. From Proposition (ii) we deduce that, extracting a subse-
quence if necessary, that p- ' (T,, Tn) —— (¢, &) € D(A), and

A(p, &) + (0, ()

where F@ : H L(RYN) — L?(RY) is the Nemytskii operator associated with the time-averaged
function f®. It follows from Remark (iv) that Fo(u) = &u for all u € H (RY), where
the linear operator & : H*(RY) — L?(RY) is given by &) Therefore, the equation above
yields £ = 0 and R

0=—(-A4+V)p+ F(¢)=—(-A+V —a)p.

Since [|(p, &)|lx = 1, one has ¢ # 0, which contradicts the non-resonance condition at zero ()
This shows that there exists o > 0 such that, for any ¢ € (0, 1], the equation (p.3) has no £7-
periodic mild solutions (u,v) satisfying 0 < ||(u(0),v(0))||x < ro. The proof is completed. [

If the coefficients of the linearizations are time-independent, the result about a priori esti-
mates becomes simpler.

Corollary 5.3.4. Assume that a T-periodic Carathédory function f : [0,+o0) x RN x R — R
satisfies conditions (f1) and (£2), and the function | from (f1) is such that (5.7) holds.

(i) Suppose that f admits a linearization at infinity such that the coefficient of the lineariza-
tion, denoted by w, is time-independent, and w is a Kato-Rellich type function satisfying
0(Voo — Weo) > 0. If the non-resonance condition at infinity (ﬁ) holds, then there exists
Ry > 0 such that, for any ¢ € (0,1], the equation (d) does not admit €T -periodic mild
solutions (u,v) with ||(u(0),v(0))||x > Ro.

(ii) Suppose that f admits a linearization at zero such that the coefficient of the linearization,
denoted by «, is time-independent, and « is a Kato-Rellich type function satisfying o(Vo —
Qo) > 0. If the non-resonance condition at zero (5.26) holds, then there exists rog > 0
such that, for any e € (0, 1], the equation (@) does not admit €T -periodic mild solutions
(u,v) with 0 < ||(u(0),v(0))|lx < ro.

Proof. (i) We shall show that, for any € € (0, 1], the linearized equation () does not admit
nonzero £7-periodic mild solutions. To this end, suppose that (u,v) : [0,4+00) — X is an
eT-periodic mild solution of the equation (p.28). Since the coefficient of linearization w is
time-independent, the equation (@) takes the form

uy + Puy = Au—V(2)u +w(z)u, t>0, 2 cRY.
Therefore, the equation above can be rewritten as the following evolution equation
(a(t), 0(t)) = Alu(t), v(t)) + (0, wu(t)), >0,

where w : H'(RY) — L?(R") is the operator of multiplication by the function w. Consequently,
the equation above becomes

(a(t), o()) = AW (u(t), v(1), >0,
where the linear operator A®) : D(A“)) ¢ X — X is given by
AL (u,v) = (v,~(=A+V —w)u—pv) for (u,v) € D(AW) = D(A).

On the other hand, V — w is a Kato-Rellich type potential with a positive asymptotic bottom.
Hence, applying Lemma .2.3, we obtain that there exists ¢ € H?(RY) such that, for all t > 0,

u(t) =p € Ker(~A+V —w) and v(t) =0.
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The assumed non-resonance condition at infinity () yields ¢ = 0 showing that (u,v) is a
zero mild solution of (5.28), as desired. This allows us to use Proposition d (i), which ends
the proof of the assertion (i).

(i) We shall show that, for any ¢ € (0, 1], the linearized equation () has no nonzero £7-
periodic mild solutions. To this end, let us take an eT-periodic mild solution (u,v) : [0, +00) —
X of the equation () As before, we rewrite it as the evolution equation

(a(t), 5(8)) = A (u(t), v(1)), ¢ >0,
where A(® : D(A®) C X — X is given as follows
A (u,v) = (v, ~(~A+V —a)u— pv) for (u,v) € DA®) = D(A),

and a : HY(RY) — L2?(R") is the operator of multiplication by the function «. By the
assumption, V' — a_is a Kato-Rellich type potential with a positive asymptotic bottom. Then
we apply Lemma @ and the non-resonance condition at zero
zero function, which means that, for any e € (0, 1], the equation (.2
eT-periodic mild solutions. Therefore, we may use Proposition (ii), which completes the
proof of the assertion (ii). O

5.4 Index formulae for autonomous equations

In this section, we consider equation (@) with a time-independent nonlinearity:
Uy + Buy = Au— V(z)u+ f(z,u), t>0, v€RY. (5.42)

Let &, : X — X denote the translation along trajectories operator associated with the corre-
sponding evolution_equation (@) Assume that f admits a linearization at infinity with the
coefficient w (see (p.20)). We denote the corresponding linearization by f“ (see (@)), and
write w for the multiplication operator by the function w. Assume also that f admits a lin-
earization at zero with the coefficient « (cf. (p.22)). We denote the linearization of f at zero
by f (cf. (b.23)) and write « for the multiplication operator by «.

We shall now prove the following index formulae for the equation (p.42).

Theorem 5.4.1. Let f : RY xR — R be a Carathéodory function satisfying (f1) and (f2), and
the function | from (f1) is such that (@) holds.

(i) Assume that f admits a linearization at infinity, and that its coefficient of linearization
w 1s a Kato-Rellich type function satisfying

If the corresponding multiplication operator satisfies the non-resonance condition at in-
finity,
Ker(—A+V —w) = {0}, (5.44)
then there exist constants Ry > 0 and ty > 0 such that
A(w,v) + (0, F(w)) #0 for all |[(u,?)||x > Ro (5.45)
and

Oy(u,v) # (w,v) forall te(0,t] and |(u,v)|x > Ro.
Moreover, for all t € (0,tg] and R > Ry,

Inde(®,, Bx(0, R)) = (—1)"-(-A+V—«) (5.46)

where m_(—A + 'V —w) denotes the sum of the multiplicities of the negative eigenvalues
of the operator —A+V —w.
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(ii) Assume that f admits a linearization at zero, and that its coefficient of linearization « is
a Kato-Rellich type function satisfying

0(Voo — atno) > 0. (5.47)

If the corresponding multiplication operator is such that the non-resonance condition at
zero is satisfied,
Ker(-A +V —a) = {0}, (5.48)

then there exist constants ro > 0 and ty > 0 such that
A, o)+ (0,F(m) #0 for all 0<|(w)|x <ro (5.49)

and
O, (u,v) # (w,v) forall te(0,t] and 0<||(@0)|x < ro.

Moreover, for all t € (0,to] and 0 < r < r,

Inde(®,, Bx(0,7)) = (—1)m-(-A+V-a), (5.50)

Remark 5.4.2. Assume that function f and its coefficients of the linearizations, denoted b
w and «, are as in Theorem p.4.1. Since w and a are Kato-Rellich type functions (see (Q)I
and (@)), it follows from Corollary B.1.1] that w and o are well-defined and bounded as the
linear operators from H'(R™) to L?>(RY). Moreover, V —w and V —q are also Kato-Rellich type
potentials (see (@) and (E)) Thus, by Proposition (ii), ~A4+V —wand —A+V —a are
well-defined and self-adjoint operators in L2(RY). In view of the assumption that o(Vy —wes) >
0 and o(Ve — o) > 0, Proposition 2.1.1é (iii) shows that o(—A +V —w) N (—00,0) and
o(—A+V —a)N(—00,0) consist of the finite number of eigenvalues with finite multiplicities,
and consequently the numbers m_(—A +V —w) and m_(—A + V — a) are well-defined and
finite. U

Proof of Theorem . (i) Let ¥, : Xx[0, 1] — X be the translation along trajectories operator
associated with the equation

(a(t), o(t)) = Alu(t),v(t)) + (0, (1 — ) F(u(t)) + pwu(t)), ¢>0. (5.51)
Let us define h : RY x R x [0,1] — R by

M, u,p) = (1= p)f(z,u) + po(z)u.

Since f is a Carathéodory function and w is measurable, h is also a Carathéodory function (see
condition (C) on p. @) Because f satisfies (f1) with a function [ and |w(z)| < I(z) for almost
every v € RV (cf. Remark p.3.9 (ii)), we see that h satisfies (h1) (see p. @ with the same
function . Further, h satisfies (h2) (see p. p3) with the same function mg as f. Consequently,
in view of Corollary B.1.5, H : H'(RY) x [0, 1] — L*(RY) - the Nemytskii operator associated
with function h — is well-defined, continuous and fulfills conditions (H1) and (H2) (see p. @)
Moreover, for u € H*(RY) and u € [0, 1],

H(u,p) = (1 = p)F(u) + pwu.

Therefore, by virtue of Theorem (points (i) and (ii)), for any ¢ > 0, the translation
operator ¥, : X x [0, 1] — X associated with the equation (p.51)) is well-defined and continuous.
Observe that, by Corollary ,

XLQ(H(U X [07 1])) < @\(loo)XL2<U)
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for any bounded U C H'(RY). Hence, Theorem (iii) provides that, for any ¢ > 0 and
bounded subset Z C X,

Xov (Wi(Z x [0,1])) < e~ (pm@l=)Vaty (7). (5.52)
We shall show that there exist Ry > 0 and to > 0 such that
U, (u,v, 1) # (w,v) forallte (0,t], pel0,1], and ||(w,)|x > Ro. (5.53)

Assume, by contradiction, that there are sequences (t,),>1 in (0,400), (tn)n>1 in [0, 1] and
((Un,Dp)), -, in X such that t, = 0, pp = [|(Un, Tn)llx = 400 and Wy, (U, U, i) = (U, Tn)
for any n > 1. Therefore, for each n > 1, there exists the t,-periodic mild solution (u,v,) :
[0, 4+00) — X of the equation () with g = p, and (u,,(0),v,(0)) = (Tp,0,). Let (Up,v,) :
[0, +00) = X, n > 1, be defined by (w,(t),0,(t)) = p,, (un(t), v,(t)). By the Duhamel formula,
we easily see that (u,,v,), n > 1, are the t,-periodic mild solutions of the Cauchy problem

{(uu), 8()) = Aw(t),v(0) + (0, (1 = )0y Flpuu(t) + puwult)), 1> 0,

Without loss of generality, we may assume that p, — po for some pg € [0, 1]. Let us define
fe:RY xR — R, n > 1, by the formula

Fi (o) = (1= pa) o f (2, prt) + pinto (),

and let f* : RY x R — R be given by f“(z,u) = w(z)u. By virtue of Lemma (i), fv,
n > 1, are Carathéodory functions satisfying condition (f1) with the same mapping [ as f, and
condition (f2) with the function C'mg, where my is the function appearing in (f2) for f, and
C' > 0 is such that p;! < C for all n > 1. Moreover, f“ is a Carathéodory function satisfying
(f1) with the same [ as f, and (f2) with my = 0. Finally, f¢¥ — f“ in the sense of condition (f0).

Given n > 1, we denote by F¥ : H'(RY) — L*(RY) the Nemytskii operators associated
with the functions f“, and by F* : HY(RY) — L*RY) we denote the Nemytskii operator
associated with the function f. Observe that, for n > 1 and u € H*(RY),

(1= pn)p;,  F(puut) + prowu = F¥(u) and wu = F(u).

We apply Proposition (ii) for the sequence of functions f“ n > 1, and the function f<,
obtaining (passing to a subsequence if necessary) that p. (T, 7,) —— (p,£) € D(A) such
that

A, &) + (0,wyp) = 0.

Hence, £ =0, p € H*(RY) and
(—A+V —w)p =0.

Moreover, since, for all n > 1, ||p- 1 (W,, U,)||x = 1, one has ||(¢, €)||x = 1 and consequently ¢ #
0. Thus, we have reached a contradiction with the non-resonance condition at infinity (),
which proves (5.53).

Suppose now, to the contrary, that (5.45) is not satisfied, i.e., for any R > 0 there exists
(w,v) € D(A) such that ||(w,v)|x > R and

A(u,v) + (0, F(u)) = 0. (5.54)

Let Ry > 0 and ¢y > 0 be such_that (ISE) holds. Therefore, there exists (g, vy) € D(A)
satisfying ||(@g, Uo)||x > Ro and (p.54). Then the constant map (ug,vo) : [0,4+00) — X defined

by (uo(t),vo(t“ = (o, Vp) is the mild solution of (@) with =0 anﬁ(O), v(0)) = (Un.Tp)
2 .53

—see Lemma [1.2.3. Hence, ¥y (T, To, 0) = (U, Do), which contradicts (p.53) and proves (5.45).
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It follows from the assumed property (@), the inequality (), and the property ()
that there are Ry > 0 and to > 0 such that, for any ¢ € (0,%)] and R > Ry, the map U,

restricted to Bx(0, R) x [0, 1], is an admissible homotopy for the index for k-set contractions.
Therefore, the homotopy invariance (see Theorem [A.4.8) yields

Indc (P4, Bx(0, R)) = Indc (0,(-,0), Bx(0, R)) = Inde (W4(-, 1), Bx(0, R)). (5.55)
Observe that Wy(-, 1) is the translation operator associated with the linear equation
(@(t), o(t)) = Alu(t), v(t)) + (0, wu(t)), t>0.

Moreover, the linear operator L, : X — X given by the formula L, (u,v) = (0, w u) is bounded,
because w : HY(RY) — L?(RY) is a bounded linear operator — see Remark 5.3.2 (iv). Therefore,
by Theorem [1.1.8, the perturbed linear operator A + L, : D(A + L,,) C X — X defined as

(A+Ly)(u,v) = Au,v) + Ly(u,v) for (u,v) € D(A+1L,) = D(A),

is also the generator of a Cy-semigroup {e/**1w)} o and, for any ¢t > 0, U,(-,1) = ellA+lw),
Next, note that, for all (u,v) € D(A + L,,),

(A + L) (u,0) = (U,—(—A+V—w)u—ﬁv>

and, by the assumption, V' — w is a Kato-Rellich type potential such that o(V, — ws) > 0.
Then, in view of Corollary , we get that, for any ¢ > 0, the map (-, 1), restricted to

Bx(0, R) x [0, 1], is admissible for the index for k-set contractions, and, for all ¢t > 0 and R > 0,
Inde (Wi(-, 1), Bx(0, R)) = Inde ('), By (0, R)) = (=1)"- 4V ),

Combining this with equation (), we obtain the desired index formula ()
(ii) Let ¥, : X x [0,1] — X be the translation operator associated with the equation

(w(t), 0(t)) = A(u(t),v(t)) + (0, (1 — ) F(u(t)) + pau(t), t>0. (5.56)
We define h : RY x R x [0,1] — R by the formula

M, u,p) = (1= p) f(z,u) + pa(z)u.

Note that, as in the point (i), h is a Carathéodory function satisfying (h1) with the same [ as f.
By Remark @ (i), f(x,0) = 0 for almost every € RY, hence h satisfies (h2) with mq = 0.
Thus, based on Theorem , for any t > 0, ¥, is a well-defined continuous k-set contraction
with respect to the Hausdorft measure of non-compactness ;v .

We shall show that there are ro > 0 and ¢5 > 0 such that

U,(W@,7, 1) # (@,7) forallt € (0,t), € [0,1], and 0 < ||(@,7)x < ro. (5.57)

Assume, by contradiction, that () is not satisfied. Therefore, we obtain sequences (t,),>1 in
(0,400), (tn)n>1 in [0,1] and ((ﬂn,ﬁn))n>1 in X such that t,, — 0, p, = ||(Wn,s)||x — 0, and
U, (T, Up, i) = (Tn, Ty) for any n > 1. Consequently, given n > 1, there exists the ¢,-periodic
mild solution (u,,v,) : [0,400) — X of the equation (@) with u = p,, and (u,(0),v,(0)) =
(Tn, Up). Let (U, 0y) @ [0,400) — X, n > 1, be defined as (w,(t),0.(t)) = p,, ' (un(t), v, (2)).
Then, for any n > 1, (u,,v,) is the t,-periodic mild solution of the Cauchy problem

Alu(t),v(t)) + (0, (1 = pn)pi F(pnu(t)) + :Unau(t)>v t>0,
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Without loss of generality we may assume that p, — o for some g € [0, 1]. Let us define
functions f@: RY x R — R, n > 1, by the formula

fo(w,u) = (1= pn)py ' f (2, pr) + prnor(z)u,

and let f¢:RY x R — R be given by f*(x,u) = a(x)u. It follows from Lemma (ii) that,
for any n > 1, f* is a Carathéodory function satisfying (f1) with the same mapping [ as f,
and (f2) with the function mo = 0. By Remark (iii), f is also a Carathéodory function
satisfying (f1) with the same function [ as f, and (f2) with the function mo = 0. Furthermore,
Lemma p.3.3 (ii) shows that f — f in the sense of condition (f0). For each n > 1, we define
the map F* : HY(RY) — L*(RY) as the Nemytskii operator associated with the function f2.
Moreover, we define F* : HY(RY) — L2(RY) as the Nemytskii operator associated with f<.
Note that, for all n > 1 and u € HY(RY),

Fo(u) = (1 — pn)p, ' Fppu) + ppxu and  F(u) = au.

Therefore, it follows from Proposition (ii) that, passing to a subsequence if necessary,
Py (T, Tp) —— e —— (p,€) € D(A) such that

Alp,€) + (0, F%(p)) = 0.
Observe that the equation above is equivalent to
£=0 and (A—-V +a)p=0.

As in the proof of the point (i), we see that ||(¢,&)||x =_1. hence ¢ # 0. We thus arrive at a
contradiction with the non-resonance condition at zero (@) which proves property (5.57).

Now. suppose to the contrary that (b.49) does not hold. Let ry > 0 and ¢, > 0 be such
that (p.57) is satisfied. Then there exists (g, 7g) € D(A) such that 0 < ||(%g, To)||x < 10 and
A(ug,v0)+ (0, F(up)) = 0. By Lemma [L.2.3, the constant function (ug,v) : [0, +00) — X given
by (uo(t),vo(t)) = (U, Do), is the mild solution of the equation (5.56) with p = 0. This yields
W, (T, Tg, 0) = (T, Ty), hence we reached a contradiction with (5.57), which proves (b.49).

Since, for all t € (0,t] and r € (0,79}, ¥, is a continuous k-set contraction with respect
to the Hausdorff measure of non-compactness x,yv, and ¥, satisfies (@), we see that, for
all t € (0,t)) and r € (0,70, the map W¥,, restricted to Bx(0,7) x [0,1], is an admissible
homotopy for the index for k-set contractions. Therefore, the homotopy invariance yields (see
Theorem @), for all ¢ € (0, ] and r € (0, o],

Inde(®;, Bx(0,7)) = Inde (¥4 (-, 0), Bx(0,7)) = Inde (W, (-, 1), Bx(0,7)). (5.58)

Observe that (-, 1) is the translation operator associated with

(a(t),0(t)) = Au(t), v(t)) + La(u(t),v(t), t>0

where the bounded linear operator L, : X — X is given by L (u,v) = (0,u). In view of
Theorem [1.1.8, the linear operator A 4+ Ly : D(A 4+ L) C X — X defined as

(A 4+ Lo)(u,v) = A(u,v) + Lo(u,v) for (u,v) € D(A+Ly) = D(A),

is the generator of a Co-semigroup {e!®+ke)},oq and, for all ¢ > 0, etA+la) = W,(., 1). More-
over, we note that, for all (u,v) € D(A + L,),

(A+Ly)(u,v) = (U,—(—A+V—a)u—ﬁv)

and, by the assumption, V' — « is a Kato-Rellich type potential such that o(Vo, — as) > 0.
Hence, Corollary R.4.5 yields, for all t > 0 and r > 0,
Indo (¥, (-, 1), Bx(0,7)) = Indg(e!® ) By (0, 7)) = (—1)m- ATV =),

Combining this with (), we obtain (), the index formula for the case in which f admits
a linearization at zero. This completes the proof of the theorem. O
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We_conclude this section with the following remark regarding the validity of the assump-
tions (@) and (@)

Remark 5.4.3.

(i)

Let [ : RN — R be a Kato-Rellich type function and let k£ : RN — R be a measurable
function such that |k(z)| < I(z) for almost every z € RY. Then k is also a Kato-
Rellich type function, in particular, Kato-Rellich type potential. Indeed, we define k.,
ko : RV — R as follows

koo(z) = k(2) 1 (z) and ko(z) = k(z) 1g)\p. () (5.59)

where
B, ={2eRY: |k(2)| < 2(2)} and Ey= {z € RY : |k(x)| < 2y(z)}.
Obviously, k., € L*(RY) and ky € LP(RY) with p > 2 as in (@) Further, we claim that
k(z) = koo(x) + ko(x) for almost every x € RY. To this end, observe that
RY\ (B, U Ey) C {z € RY : |k(2)] > I(x)}.

Therefore, the set RN \ (Ey U Ey) has measure zero. On the other hand, we have, for
any v € FE, U Ey,

k(z) = k(z)(1p, (2) + 1gpe. (7)) = koo() + ko(2).

Assume that V : RV — R is a Kato-Rellich type potential and [ : RY — R is a Kato-
Rellich type function such that 29(lo) < 0(Vs). If k: RY — R is a measurable function
such that |k(z)] < I(x) for almost every x € RY  then k is also a Kato-Rellich type
function satisfying
Vo ~hoe) = 885l (Ve ~ )

where ko, : RY — R is given by ()

In fact, from the point (i) we get that k is Kato-Rellich type function with the de-
composition k = k., + ko given by (p.59). Observe that, we have, for any R > 0,

Vao — ko) > ess inf (Vag — kg
o ) R%S\SD}BI,R)( )

5.60
> essinf Vo, + essinf (—ky) = essinf V,, — ess sup ke. ( )
RM\D(0,R) RM\D(0,R) EM\D(0,5) BN\ D(0,R)
Given € > 0, we take R, > 0 such that
inf V> o(Vy)— 5.61
o558 inf o(Vos) — € (5.61)
and
ess sup lo < 0(ls) + €.
RN\B(0,R.)
Note that ke (z) < 2l () for almost every x € RY, hence, we have
ess sup koo < 2 ess sup lo < 20(lso) + 2¢. (5.62)

RN\D(0,R.) RN\B(0,R:)

We apply () and () to (), which gives

0(Voo — ko) > essinf V, — esssup koo > 0(Voo) —€ — esssup ks
RN\D(0,R:) RN\D(0,R.) RN\D(0,R.)

> 0(Voo) — e —20(loo) — 26 = 0(V) — 20(ls0) — 3c.
Since € > 0 was arbitrary and, by the assumption, 20(ls) < 0(Va), We obtain
(Voo = ko) 2 0(Vio) — 20(lo0) > 0,

as claimed.
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(iii) If we assume additionally in Theorem that 0(Va) > 20(lx), then in the point (i)
we may drop the assumption that the coefficient of linearization w is a Kato-Rellich type
function satisfying (), and in the point (ii) we may drop the assumption that the
coefficient of linearization « is a Kato-Rellich type function satisfying (ﬁ)

To this end, we note, by Remark p.4.2 (ii), that the coefficients w and « satisfy
lw(z)] < I(z) and |a(x)| < I(z), for almost every z € RN. Therefore, by virtue of the
point (i), w and « are Kato-Rellich type functions with the decompositions w = ws, + wp
and o = a, + g given by (@) Consequently, V —w and V — « are Kato-Rellich type
potentials. Since 29(ly) < 0(Va), from the point (ii) we deduce (p.43) and (@), as
desired.

(iv) Consider the function V : R®\ {0} — R given by

Viz) = —% +b (5.63)

where a, b > 0, and the map f : R?* x R — R defined by

f(z,u) = g(u) + h(ulz|™7)

where v € (0, 1), and the functions g, h : R — R are as defined in Remark . Then,
in view of Example R.1.1, the function V is a Kato-Rellich type potential, which admits
a decomposition V_= V., + Vj such that o(V,,) = b. One can show (see the part of the
proof of Theorem m on p. , and Remark p.6.3) that f is a Carathéodory function
satisfying condition (f1) with the function [ : R3\ {0} — R given by I(z) = 1+|z|™7, and
condition (f2) with my = 0. Moreover, [ is a Kato-Rellich type function, which admits a
decomposition [ = I, + Iy such that 9(l) = 1. Hence, if the number b > 0 from (p.63)
satisfies b > 2, then o(V) > 20(ls), i.e., the condition in point (iii) is satisfied. O

5.5 Proof of Theorem @

In this section, we prove an extended version of Theorem @ that covers the case where equation
(p-1)) is considered only under the non-resonance condition at infinity.

Theorem 5.5.1. Assume that V : RY — R, where N > 1, is a_Kato-Rellich type potential
such that the asymptotic bottom of V., is positive (see conditions (@), (@) and ([q) ). Suppose
that a time T-periodic Carathéodory function f : [0,+00) x RY x R — R satisfies conditions
(f1) and (f2), and that the function | from (f1) satisfies (G) (see conditions (P) on p. @, ()
on p. , (f1) on p. @ and (£2) on p. @)

(i) Suppose that f admits a linearization at infinity with a coefficient denoted by w : [0, +00) X
RY — R such that & : RY — R is a Kato-Rellich type function satisfying

and that the non-resonance condition at infinity holds (see ()) If, for every e € (0, 1],
the linear damped wave equation (p.28) admits no nonzero eT-periodic mild solutions, then
the nonlinear damped wave equation (b.1) admits a T-periodic mild solution.

(ii) Suppose all assumptions from (i) hold, and, in addition, that f admits a linearization at
zero with a coefficient denoted by « : [0,+00) x RY — R such that @ : RN — R is a
Kato-Rellich type function satisfying
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and the non-resonance condition _at zero holds (see ()) If, for every € € (0,1], the
linear_damped wave equation (5.29) admits no nonzero €T -periodic mild solutions, and if

(of. (1d))

m_(—A+V -0)#m_(-A+V —a) (mod 2) (5.64)

where m_(+) denotes the_total multiplicity of negative eigenvalues, then the nonlinear
damped wave equation (b.1)) admits a nonzero T-periodic mild solution.

The proof relies on the following lemma.

Lemma 5.5.2. Assume that f is a T-periodic Carathéodory function satisfying conditions (f1)
and (£2), and let ]? be given by (@) If f admits a linearization at infinity with the coefficient
denoted by w, then f admits a linearization at infinity with the coefficient & given by ()
Similarly, if f admits a linearization at zero with the coefficient o, then ]? admits a linearization
at zero with the coefficient & given by (5.24).

Proof. Let us take a sequence (u,),>1 in R\ {0} such that |u,| — +o0. By the conditions (f1)
and (f2), we obtain

t n
‘f( , T, U, <I(z) + Cmgy(z) for almost every x € RY
Up,

where constant C' > 0 is such that |u,|™ < C for all n > 1. Consequently, the Lebesgue
Dominated Convergence Theorem yields

f 1 (" 1 [T
lim f(@, un) = lim T/ Stz un) dt = —/ w(t, ) dt = O(z) for almost every z € RY
0 Un 0

n—oo un n—oo T

ie., f admits a linearization at infinity and & is its coefficient of linearization.
Next, let us take a sequence (uy),>1 in R\ {0} such that u, — 0. By the condition (f1) we

have
f(t, z, u,) < l(x)|uy| + | f(t, 2,0)]
Uy, - [t |

= I(x) for almost every x € RY

because, in view of Remark (i), f(t,2,0) = 0, for almost every z € RY and all ¢t >
0. This allows us to apply the Dominated Convergence Theorem obtaining that f admits a
linearization at zero and @ is its coefficient of linearization. Therefore, the proof of the lemma
is completed. O

Proof of Theorem . (i) Based on Proposition (ii), f is a Carathéodory function sat-
isfying the conditions (f1) and (f2) with the same functions as f. By the assumption, @ is a
Kato-Rellich type function such that o(Va — @) > 0 and the non-resonance condition at in-
finity () is satisfied. Moreover, in view of Lemma , fadmits a linearization at infinity,
and W is its coefficient of linearization. This allows us to apply Theorem p.4.1 (i) for equation
() with the nonlinearity f Hence, there exist Ry > 0 and ¢y > 0 such that

A(u,v) + (0, F(u)) #0 for (u,v) € D(A)NOZ (5.65)
where Z = Bx(0, Ry), and
O,(u,7) # (W,0) forall te (0,4 and | (@ 7)|x > Ro.
Moreover, we have, for all ¢ € (0, ¢y,

Indc@t, Bx(0, Ry)) = (_1)m7(—A+V—a)'
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By Proposition i), increasing Ry > 0 if necessary, for any € € (0, 1], the frequency changing
evolution equation (p.3) does not admit e7-periodic mild solutions (u,v) : [0, +00) — X with
|(w(0),v(0))||x > Ro. In particular, one has

Or(a,7) # (@,7) for (@ 7)|x > Ro. (5.66)

This enables us to apply Theorem with the set Z = Bx(0, Ry). Hence, decreasing ty > 0
if necessary, one has, for all t € (0, ¢,

Inde(®r, Bx(0, Ry)) = Inde (P, Bx(0, Ro)) = (—1)™ A+V—9), (5.67)

which, by the existence property of the fixed-point index (cf. Theorem ), implies that
equation (@) admits a T-periodic mild solution.

(ii) By the assumption, @ is a Kato-Rellich type function such that o(Vo —as) > 0 and the
non-resonance condition at zero () is satisfied. Moreover, in view of Lemma 5.5.2, f admits

a linearization at zero and @ is its coefficient of linearization. Thus, by Theorem (ii), there
exist ro > 0 and tg > 0 such that the condition (p.65) is satisfied with Z = Bx(0,ry), and

®,(u,7) # (w,0) forall te (0,4 and 0<||(@7)|x < ro.
Moreover, we have, for all t € (0, to],
IndC((/ISh BX(Oa TO)) = (_1)m7(_A+V_a)'

In view of Proposition (ii), decreasing ro > 0 if necessary, for any e € (0, 1], the frequency
changing equation (@) does not admit e7-periodic mild solutions (u,v) : [0, +00) — X with
0 < [[(u(0),v(0))]lx < 7o. In particular, we have

Or(@,7) £ (@7) for 0<||(@7)|x < ro. (5.68)

Applying Theorem with the set Z = Bx(0,7), we can decrease ty > 0 if necessary to
obtain, for all t € (0, to],

Inde (P, Bx(0,70)) = Inde(®y, Bx(0,70)) = (—1)™ ("A+V-a), (5.69)

Without loss of generality we can decrease ry > 0 such that ry < Rg. From () and (),
it follows that ®(u,v) # (w,v) for (u,v) € 0Z, where

Z = Bx(o, Ro) \ Bx(o, 7’0).
Then, in view of the additivity property of the index (see Theorem ), equations (), (),

and the assumption (b.64)), we finally obtain
Indc((I)T, Z) = Indc((DT, Bx(o, RO)) — IndC(QDT, BX«), To))
= (—1)m-CARV=) (L (-A+V=E)

This shows that &7 has a fixed-point in Z, i.e., equation (@) admits a nonzero T-periodic
mild solution. This completes the proof of Theorem p.5. I ]

Combining results from Chapter @ with those from Chapter H we obtain a criterion for the
existence of a nonzero T-periodic mild solution of equation ([l) assuming that equation (lil) is
at resonance at infinity and the non-resonance condition at zero is satisfied.

Remark 5.5.3. Assume that N > 3, where N is the dimension of RV, V is a Kato-Rellich
type potential with a positive asymptotic bottom, and that the nonlinearity f is a T-periodic
Carathéodory function satisfying conditions (f1) and (f2). Suppose that equation (ﬁ) is at
resonance at infinity (see (4)) and the non-resonance condition at zero is satisfied, where the
coefficient of linearization at zero, denoted by «, is time-independent. Moreover, assume that
function [ from condition (f1) is such that () holds.
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(i) If the Landesman-Lazer type condition (LL)" or the strong resonance type condition
(SR)', is satisfied, and

m_(-A+V —a)Zm_(—A+V)+dim X, (mod 2),
then equation @) admits a nonzero T-periodic mild solution.

(ii) If the Landesman-Lazer type condition (LL)" or the strong resonance type condition
(SR)" is satisfied, and

m_(—A+V —a)Zm_(-A+V) (mod?2),

then equation @) admits a nonzero T-periodic mild solution. O

5.6 Applications to PDEs

We are concerned with the equation

Uy + Puy = Au + ﬁu —bu+ g(u) + h(q(t,z)u), t>0, z € R (5.70)
x
where § > 0 is a damping coefficient, a > 0 and —)Ay < b < —\; are constants, A; and Ay are
the first and the second eigenvalue of the Schrodinger operator

a

- (5.71)
|z

Functions g, h : R — R are such that g(0) = h(0) = 0, ¢'(0) # 0 and _A’'(0) = 0, and

q:[0,4+00) x R® — R is T-periodic in time. Recall that, in view of Example 2.1.15, one has

2

a a
Odisc <_A - m) = {)\n}nzla A = _w for all n > 1.

Theorem 5.6.1. Let

b = max {—/\2 +(B/3)%, -\ (B/9) (A2 — A1) }

 B/18+ Ao — M + (B/18)2
and assume that 0 < 8 < 3v/ Ay — A\, and

b<b< -l (5.72)
Then the equation () admits a non-trivial T-periodic mild solution if

(a) function g is bounded, differentiable at 0, satisfies the Lipschitz condition, and it is such
that g(0) = 0 and ¢'(0) # 0;

(b) function h is bounded, differentiable at 0, satisfies the Lipschitz condition, and it is such
that h(0) = 0 and h'(0) = 0;

(c) q:]0,400) x R* = R is a T-periodic Carathéodory function satisfying
lq(t,z)] < k(x) for almost every x € R® and all t > 0

where k is a Kato-Rellich type function satisfying ks (x) > 0 and ko(x) > 0, for almost
every v € R3;
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(d) the following inequalities are satisfied

—(B/9)Vb+ XA < g'(0) <b+ N (5.73)

and
Lg+ L 0(ks) < (B/9)Vb+ A2

where Ly > 0 and Ly, > 0 are the Lipschitz constants of the functions g and h, respectively.

Remark 5.6.2. Since, by the assumption, 5 < 3v/ Ay — A{, we see that
—)\2 + (6/3)2 < —)\1.

Hence, b < —); and the assumption (5.79) makes sense. Observe that the number

by = (8/9) (A2 — A1)
B/18 + /A2 — M\ + (3/18)2

is a solution of the equation
—(B/9)Vb+Xa=b+ )\
satisfying b; < —A;. As the function

(—)\2,—>\1) >5b— b+)\1 -+ (ﬁ/g)\/b‘i‘)\g

is strictly increasing, one has

b+ A+ (B/9)Vb+ Ay >0 for b e (b, —\1).

In particular, for any b satisfying (), we have b+ Ay > —(8/9)v/b + A2, hence, the assump-
tion (p.73) is reasonable.

U
Remark 5.6.3. Note that the function g(u) = sinu satisfies assumption (a) of Theorem ,
and the function h(u) = 1+ sin(u — 7/2) satisfies assumption (b) of Theorem p.6.1. Moreover,
we observe that L, = 1 is a Lipschitz constant for g, and L; = 1 is a Lipschitz constant
for h. The function ¢(t,x) = sin((cost)|z|™7), where v € (0,1), satisfies assumption (c) of
Theorem p.6.1l, with the function k defined by k(z) = |z|~7. In addition, k is a Kato-Rellich
type function. which admits a decomposition k = k., + ko such that 9(k.) = 0 — compare with

Example . U

Proof of Theorem m We define

V()= ——+b for xeR*\ {0}

]

By Example E.l. i, V is a Kato-Rellich type potential such that o(V,,) = b. From the inequal-
ity (5.72) we get b > —Xy + (8/3)? > 0, i.e., the asymptotic bottom of V,, is positive.
Now, we claim that the mapping f : [0, +00) X R?* x R — R defined by

ft,z,u) = g(u) + h(q(t, x)u) (5.74)

for almost every x € R3, all t > 0, and all u € R, is a T-periodic Carathéodory function
satisfying (f1) with a Kato-Rellich type function [ such that 9(l.) = L, + Ly 0(ks) and (£2)
with my = 0. Indeed, for almost every x € R3, all t > 0, and all u;, us € R, one has

|f(t, 2, u1) = [t 2, u)| < |g(un) — g(uz)] + [h(q(t, 2)ur) — h(q(t, z)us)]
< Lyluy — us| + Lp|q(t, )| Juy — ug| < (Ly + Lpk(z))|us — usl.
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Defining I(z) = L, + Lpk(x), we see that | = [ + Iy is a Kato-Rellich type function with
lo(x) = Ly + Lpkoo(z) and lo(x) = ko(x). Moreover, one has 9(lo) = Ly + Lp, 0(koo). Since
g(0) = h(0) = 0, the function f satisfies (f2) with my = 0.

We claim that function f admits linearizations at infinity with the coefficient w(t,z) = 0,
for almost every z € R3 and all ¢ > 0, and at zero with the coefficient a(t,z) = ¢'(0), for
almost every z € R? and all ¢+ > 0. Indeed, since g and h are assumed to be bounded, we get
immediately that w = 0. Next, if (,2) € [0, +00) x R? is such that ¢(¢,x) # 0, there holds

Stz u)  gu) gtz - h(q(t, z)u)
u u q(t,z)u
because g(0) = h(0) = 0 and A'(0) = 0. Hence, a(t,z) = ¢’(0). On the other hand, if
q(t,z) = 0, we see immediately that also a(t,z) = ¢'(0), as desired. Obviously, w and «
are time-independent Kato-Rellich type functions consisting only of the L>°(R3)-part. By the
assumption, ¢'(0) < b+ Ay, which implies

—¢'(0) asu — 0,

0(Vee—a)=b—7g(0) >b—b— X ==X\ > 0.
In view of Example one has
Udisc(_A + V) = {)\n + b}nZl and Uess(_A + V) = [b, +OO)

This shows that the first eigenvalue of —A + V equals b+ \;, and the second one is b+ A\y. By
the assumed inequalities (@) there holds —Xy < b < —\;. Therefore, 0 € p(—A 4+ V) and,
as a consequence,

Ker(-A+V) = {0}.
Furthermore, we have (cf. () and () in Example )
m_(—A+V)=dimKer((b+ M) —(-A+V))=1

and
d = dist(0,0(—A+ V)N (0,400)) = b+ Ao.

Given that w = 0, we get immediately
Ker(—A+V —w)={0} and m_(-A+V —w) =1.
Keeping in mind that o = ¢/(0), we obtain
Oaise(—A+V —a)={\, +b— ¢ (0)},>1 and oes(—A+V —a) = [b— ¢'(0), +0).

From this we deduce that b+ \; — ¢’(0) is the first eigenvalue of the operator —A+V — a. By
the assumption, ¢’'(0) < b+ Ay, hence, (—00,0] C p(—A + V — a), which yields

Ker(-A+V —a)={0} and m_(-A+V —a)=0.

Let us consider the scalar product (-, -)s v with s = 5/3. Again by ) we obtain that d =

b+ Xy > =X+ (8/3)%+ Ay = (8/3)%. Therefore, in view of Corollary D.3.4, the estimate ()
is satisfied for s = 3/3 and p > 0 given by the following formula

Gl L (B/3)(B - B/3) | _ (8322
=s- My =6/3): i = (8/3) — 7ty
= B9 A G G 1) NNCEE
p—2s  4d B—23/3 Ad d

Considering that ((3/3)%/2)/d < 1/2 and the function
1—=

1
(0, )9x|—>1+$
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is strictly decreasing, one has

o> (8/3) % _ 8)9.

Therefore, from the inequality

Ly+ Ly 0(kso) < (B/9)V 0+ Ao

we deduce that
0ls) = Ly + Ln 0koe) < (B/9)Vb+ Ay < Vi p.

Since functions w and « are time-independent, we can use Corollary to deduce that
the a priori estimates are satisfied. Then, based on Theorem (ii) we obtain the existence
of a nonzero T-periodic mild solution of () Thus, the proof is completed. Il

We conclude this section with an example of equation @) with the Coulomb potential and
specific classes of nonlinearities to which Remark applies.

Remark 5.6.4. Let us consider the following equation

Uy + Pug = Au + %qu/\ku—kg(t,x)b(

u

, t>0, zeR? 5.75
) o)
where § > 0 is a damping coefficient, a > 0 is a constant, and Ay is the k-th eigenvalue (k > 1)
of the Schrodinger operator () Function g : [0, +00) x R® — R is T-periodic in time and
satisfies Carathéodory condition. Moreover, there exists gy € L*(R3) N L3(R?) such that

0 < g(t,z) < go(x) for almost everyz € R* and allt > 0.

Function b : R — R is bounded and satisfies the Lipschitz condition with a constant L, < v/d p.
Moreover, b is such that 6(0) = 0, &'(0) # 0 and ¥'(0) < —Ay.
Observe that V : R3\ {0} — R, given by

a
Viz)=—-A—— — X,
|z
is a Kato-Rellich type potential with a positive asymptotic bottom. The nonlinear term f :
[0, +00) x R® x R — R, given by

u
flt.) = gte.0p( ).
g(t, )
is a T-periodic Carathéodory function satisfying condition (f1) with a function | = L, and
condition (f2) with a function mg = 0. Note that equation (5.75) is at resonance at infinity
and f admits a linearization at zero with the coefficient a = ¥/(0).

(i) Assume that
A+ A < b/(O) < =k + Anaa (576)

where
k=0,3 (mod4) and n=1,2 (mod4)

or

k=1,2 (mod4) and n=0,3 (mod 4). (5.77)

Moreover, suppose that
by = lim b(u) (5.78)

u—r300

are real numbers. If b, > 0 and b_ < 0, then equation () admits a nonzero T-periodic
mild solution. Moreover, the thesis also holds, if &' (0) < —Az+A; and k& > 1 is as in (p.77)).
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(i)

(iii)

Assume that o'(0) satisfies (), where
k=0,1(mod4) and n=1,2 (mod4)

or

k=2,3(mod4) and n=0,3 (mod 4). (5.79)

If b, and b_ given by () are real numbers satisfying b, < 0 and b_ > 0, then equation
(E) admits a nonzero T-periodic mild solution. Moreover, the thesis also holds, if
B(0) < —A\p+ A and k > 1 s as in (5.79).

Assume that ¢/(0), k > 1 and n > 1 are as in the point (i). If there exists § > 0 such that
ub(u) > 0 for all |u| > ¢ and

cr = ul_lgloo ub(w) (5.80)
are real numbers such that cy > 0 and c_ > 0, then equation () admits a nonzero
T-periodic mild solution. Moreover, the thesis also holds if '(0) < —Ax + Ay and k£ > 1
is as in (p.77).

Assume that b/(0) satisfies (), where k > 1 and n > 1 are as in_the point (ii). If there
exists 0 > 0 such that ub(u) < 0 for all |u| > ¢ and cy given by () are real numbers
such that ¢; < 0 and ¢ < 0, then equation (H.75) admits a nonzero T-periodic mild
solution. Moreover, the thesis also holds if ¥'(0) < —A\g + Ay and k > 1 is as in () O

In the following remark we present specific examples of function b to which equation ()
admits a nonzero T-periodic mild solutions.

Remark 5.6.5.

(i)

Let us consider function b given by

b(u) = narctan(p(u)) (5.81)
where n > 0 and p : R — R is a differentiable function such that p(0) = 0, p/(0) < 0,
lim, o p(u) = 400, lim, , o p(u) = —o0, and
/
C = smpLu)| < 400. (5.82)

As an example of such function we can take p(u) = u® —u. We see that function b satisfies
b(0) =0, b'(0) =np'(0) <0, b = —nn/2 and by = nn/2. Moreover, L, = Cn.

Assume that k > 1 is such that k£ =1, 3 (mod 4). If n > 0 is such that

7 < min — M Ak \/Ep
peoy - c |’

then, by Remark (i), equation () admits a nonzero T-periodic mild solution.
Moreover, if k = 1 and n < v/dp/C, then equation (5.75) admits a nonzero T-periodic
mild solution.

Let us consider function b given by (), where 1 > 0 and a differentiable function p
satisfies p(0) = 0, p'(0) > 0, lim, 00 p(u) = —00, lim,, o p(u) = 400, and p satisfies
condition (E) As an example of a function p we can take p(u) = —u®+w. Similarly as
in the point (i), we observe that b(0) = 0, b'(0) = np'(0) > 0, b_ =n7n/2, by = —nw/2,
and L, = Ch.
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(iii)
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Assume that & > 1 is such that £ = 1, 3 (mod 4). It follows from Remark (ii)

that if
< min e+ X1 Vdp
77 p/(o) ) C )

then equation () admits a nonzero T-periodic mild solution.

We define function b as follows

4y — 1P if Jul <1,
blu) {nu/(l +u?) iffu] > 1,

where n > 0, p : [—1,1] — R satisfies the Lipschitz condition with a constant denoted by
L, > 0, and is such that p(0) = 0, p’(0) < 0, p(1) = 1/2, and p(—1) = —1/2. Function
p(u) = u®—(1/2)u serves as an example of such function. Observe that function b satisfies
b(0) =0, 0 (0) =np'(0) <0, cy =c_ =mn, and ub(u) > 0 for all |u] > 1. Moreover, we
have L, = n D, where

lu|>1 |]. + U2|2

1— 2
D = max {Lp, sup M} . (5.83)

If £ > 1 satisfies k = 1, 3 (mod 4) and 1 > 0 is such that

n < min{_/\kjL/\k_1 \/Ep}

po) D

then, by Remark (iii), equation () admits a nonzero T-periodic mild solution.
In addition, the thesis also holds if k = 1 and 1 < v/d p/D.

Let us consider function b given by

b(u) = —np(u) 2 if jul <1,
—nu/(1+wu?) if jul 2 1,

where 1 > 0 is arbitrary and function p : [—1,1] — R is as in the point (iii). It follows
from the point (iii) that function b satisfies b(0) = 0, '(0) = —np'(0) > 0, ¢4 =c_ = —n,
and ub(u) < 0 for all |u| > 1. Moreover, L, =n D, where D > 0 is given by (p.83).

If k> 1 satisfies k£ = 1, 3 (mod 4) and n > 0 satisfies

n < min e+ M1 Vdp
—p/<0) ) D )

then, by Remark (iv), there exists a nonzero T-periodic mild solution of equa-
%

tion ) O
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A.1 Linear operators on Banach spaces

We start by recalling the notion of complexification, which is needed to consider the complex
spectrum and resolvent set for linear operators on spaces over real numbers. Let (X, || - ||) be
a real normed space. We define the complexificated space X¢ as X¢ = X x X. We denote
X@iX=Xc, UiV =UxV, forUxV C X¢, and u® iv = (u,v), for (u,v) € Xc. Sum of
two vectors u; @ vy, us @ vy is given by

(uy @ ivy) + (ug @ tvg) = (ug + ug) ® i(vy + v2)
and multiplication of a vector u @ iv by a scalar A 4+ iu € C is given by
A+ ip)(u@iv) = (Au— pv) @ i(uu + Av).
We define a norm on the space X¢ as

|lu@®iv|c = sup |[[sinpu+cospv| forudive Xc.
©€[0,27]
The real space X embeds in X¢ in the standard way: u — u @ 0, for u € X. One can show
that if (X, || - ||) is a Banach space, then (X¢, || - [|c) is also a Banach space.
If (X, (-,-)) is a unitary space with the induced norm || - ||, we define a scalar product (-, )¢
on Xc as follows:

(uy @ vy, ug @ ivg)c = (ug, ug) + (v1,v2) + z( — (uy,v9) + (vl,u2>).

The scalar product (-, )¢ generates the norm || - ||c on X¢:

@ iv))% = Jul® + o)

If (X, (-,-)) is a Hilbert space, then (X¢, (-, -)¢c) is also a Hilbert space.
Let A: D(A) C X — X be a closed linear operator on a real Banach space X. We define
the complexificated operator Ac : D(Ac) C Xc — Xc

Ac(u @ iv) = Au®iAv for udiv e D(Ac) = D(A) @ iD(A).

The real resolvent set of A, pr(A), consists of A € R such that A\ — A : D(A) € X — X
is invertible and (A — A)™! : X — X is a bounded linear operator. If A € pg(A), then
R(A, A) = (M — A)~!. Next, the real spectrum of A is given by or(A) = R\ pr(A). Further,
we define the resolvent set of A and the spectrum of A:

p(A) = p(Ac) and o(A) =0 (Ac)

where, as in the real case, p(Ac) consists of A € C such that A\ — A¢ : D(Ac) € Xe — Xc
is invertible and (A — Ac)™! : X¢ — X¢ is a bounded linear operator. Moreover, R(\, Ac) =
()\[ — A(C>_1 for \ € p(A(C)

The result below provides the basic properties of the complexificated operators and rela-
tionship between spectrum, resolvent set, resolvent operator and their real counterparts.

(})Note that this map does not need to be a norm on X¢ if X is a general normed space.
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Proposition A.1.1. [see [4, pp. 4-5]] Assume that A : D(A) C X — X is a closed linear
operator on a real Banach space X.

(i) The linear operator Ac is also closed. Moreover, D(Ac) is a dense subset of X¢ if and only
if D(A) is a dense subset of X. Assuming that X is a Hilbert space, Ac is a self-adjoint
operator if and only if A is self-adjoint.

(ii) or(A) = 0(A)NR and pr(A) = p(A)NR, and if X € p(A)NR, then R(\, Ac)|y = R(\, A).
Let A: D(A) C X — X be a closed linear operator. The point spectrum of A is defined as
op(A) ={A e C : Ker(\] — A) # {0}}.

Any element A\ € 0,(A) is called eigenvalue of A and each u € Ker(A — A) \ {0} is called
eigenvector corresponding to A. For any eigenvalue of operator A we define its geometric and
algebraic multiplicity:

Mgeo(A) = dim Ker(A] — A) and myg(A) = dim UKer(/\] — A"

n=1

In general, geometric and algebraic multiplicities are different, however, if A is a self-adjoint
operator on Hilbert space X, there holds mgeo(A) = mae(A), for all A € 0,(A). Further, the
discrete spectrum is given by

oaisc(A) = {X € 0,(A) + Fo0 Bc(\, 1)\ {\} C p(4) and myug(N) < oo}

In other words, the discrete spectrum consists of the isolated eigenvalues with finite algebraic
multiplicities. Finally, the essential spectrum is simply the complement of the discrete spectrum
in o(A), i.e., 0ess(A) = 0(A) \ Tqgisc(A).

Next result collects some auxiliary facts concerning decompositions of Banach spaces.

Proposition A.1.2. Let X be a Banach space such that X = Xp @ Xq with projections P, Q)
onto Xp, Xq, respectively.

(i) If Xp, Xg are closed, then projections P, Q) are continuous.

(ii) Assume that Xp, X are closed subspaces of X, Y is a continuously embedded subspace
of X and Xp is a subspace of Y. ThenY = Xp @& (Y N Xg) and Xp, Y N Xg are closed
subspaces of Y.

(ili) If Xp, X¢ are closed subspaces of X, Y is a subspace of X and Xp is a subspace of Y,
then Y NXg =Y NXo.

Proof. (i) This result can be found in [9, Thm. 2.10].

(ii) Let € Y. Then there exist unique zp € Xp, g € Xg such that x = zp + zg. Since
Xp is a subspace of Y, one has g € YN Xg. Hence, Y = Xp® (Y NXg). Suppose that (x,),>1
is a sequence in Xp such that z, — zy in Y. This implies that z, — z¢ in X. Therefore,
because Xp is a closed subspaces of X, we deduce that ¢y € Xp. In a similar manner one can
show that Y N Xg is a closed subspace of Y.

(iii) Obviously, because X is closed, Y N XQX cY'n Xg. Next, we take xy € YN Xo.
Then we have a sequence (z,),>1 in Y such that z, — zo in X. Note that, because Xp is
a subspace of Y, Qz, € Y N Xg, for any n > 1. By the point (i), @ is continuous, thus

Qx,, — Qry = x9. Hence, N XoCYn XQX. [

Now, we recall several results from the perturbation theory of linear operators.
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Definition A.1.3. Let A: D(A) C X — X and B : D(B) C X — X be linear operators on
Banach space (X, || - ).

(i) Operator B is said to be (relatively) A-bounded if D(A) C D(B) and the linear operator
B : (D(A).|| - a) = (X, -|I), Bu = Bu for u € D(A), (A1)

is bounded, where ||ul4 = (||u]|? + || Aul[)"/? is the graph norm on D(A). If B is A-
bounded, then the number

inf{b > 0 : there exists a > 0 such that ||Bu|| < a||u|| + b||Au|| for all u € D(A)}

is called the A-bound of the operator B.

(ii) We say that B is (relatively) A-compact if D(A) C D(B) and the linear operator B, given
by (l/j]), is compact, that is, set B(U) is relatively compact, for any bounded U C D(A),
where D(A) is understood as the normed space with the graph norm || - || 4.

Theorem A.1.4. [see [b8, Thm. 9.7]] Assume that operator B is relatively A-compact, where
A:D(A)C X = X and B: D(B) C X — X are linear operators on a Hilbert space X. If A
or B is closabl, then B is A-bounded with the zero A-bound.

Theorem A.1.5. Let A : D(A) C X — X be a self-adjoint operator on a Hilbert space
(X, (-,-)) with induced norm || - ||. Then

(i) [B6, Prop. 4.9, Thm. 5.5, Prop. 5.12] A is closed, oc(A) C R and, for any a € R,
o(A) C [a,+00) if and only if, for all u € D(A), we have (Au,u) > allul]?.

(ii) [Kato-Rellich Theorem, see [58, Thm. 5.28]] Let B : D(B) C X — X be a symmetric
operator which is A-bounded with A-bound less then one. Then the operator A+ B on the
domain D(A+ B) = D(A) is also self-adjoint. In particular, if B : X — X is a bounded
symmetric operator, then A+ B is self-adjoint.

(iii) [Weyl’'s Theorem, see [68, Thm. 9.9]] Suppose that B : D(B) C X — X is a symmetric
operator which is relatively A-compact. Then Oess(A + B) = 0ess(A).

Now we present the spectral theorem for self-adjoint operators.

Theorem A.1.6. (see [34, Thm. 10.4] and [65, Thm. 5.7]) Let A : D(A) C X — X be the
self-adjoint operator on a Hilbert space X such that 0(A) = opUog, where op, o are disjoint
sets, op is compact and og is closed.

Then X admits the unique orthogonal decomposition X = Xp & Xq, X, j € {P,Q}, are

invariant under A, A|XP is bounded and self-adjoint, A|XQ is self-adjoint, and o <A|Xj> =0j,
j €{P,Q}. In addition, if op is finite, then op C 0qisc(A) and Xp = P, Ker (\[ — A).

Proposition A.1.7. Let A: D(A) C X — X be a closed operator in a Banach space X and
B: X — X be a bounded and invertible linear operator such that B(D(A)) C D(A). Then the
linear operator BAB™! : D(A) C X — X is well-defined and satisfies

O'diSC(BAB_l) = Udisc<A) and O'ESS(BAB_l) = Uess(A)'
Additionally,

dim Ker(A] — BAB™") = dimKer(A — A) for any A € ogisc(A).

(?)Recall that linear operator A : D(A) € X — X on a Banach space X is said to be closable if GrA, the
closure of its graph, is a graph of a certain linear operator B : D(B) C X — X (cf. [p8, Section 5.1]).
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A.2 Basic inequalities and function spaces
In the following lemma we provide some useful inequalities.
Lemma A.2.1.
(i) [Young’s inequality]| Let ¢ > 0 and py, po > 1 be such that 1/p1+1/py = 1. Then we have

p1 pp2
ab < a4 1—}—6 for all a,b > 0.
p1eP— D2

(i) [Gronwall’s inequality] Assume that a, b, ¢ : [0,To] — R are continuous functions such
that b(t), c(t) > 0, for all t € [0,Ty]. If a continuous function f :[0,Ty] — R satisfies

ft) <al(t)+b(t) /t c(r)f(r)dr for all t € [0, Ty],
0
then
f(t) <al(t)+b(t) /t a(T)c(T) exp (/t b(o)e(o) do) dr for all t € [0, Tp].
0 T
In particular, if b(t) = 1 and c(t) = ¢y, for allt € [0,Tp], where ¢y > 0, then
f(t) <al(t)+co /t a(T)eCO(t’T) dr for all t € [0, Tp),
0

and if a(t) = ag, b(t) =1, c(t) = ¢y, for allt € [0,Tp], where ag € R and ¢g > 0, then

f(t) < age® for all t € [0, Tp).

The following result collects some facts about Lebesgue spaces which are used within this
work.

Proposition A.2.2.

(i) [Interpolation inequality, see [0, Exercise 4.4]] Let U C RY be a measurable set and
feP(U)NLYU), for somel < p < q<4o0. Then, the function f belongs to the space
L™ (U), for each r € [p,q], and moreover

1A llerwy < 11 1F15E,
where number 6 € [0,1] satisfies the equation

1 60 1-4
+
r . p q

(ii) [see [9, Thm. 4.9]] If (fn)n>1 s a sequence such that f, — f in LP(RY), where 1 < p <
+00, then there exists a subsequence (fn, )x>1 and a function h € LP(RYN) which satisfy

o fu.(x) = f(2), for almost every x € RN,
o |fu.(x)] < h(z), for all k > 1 and almost every x € RY.

(iii) [see [9, Thm. 4.12]] The space C§°(RY) is dense in LP(RY), for all 1 < p < +o0.

Below, we present several results concerning Sobolev spaces.
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Theorem A.2.3. [Friedrich’s Theorem, see [9, Thm. 9.2]] Ifu € WP(RY), wherep € [1, +00),
then there exists a sequence (Uy)p>1 in C(RY) such that

U, —u in WHP(RY) as n — oo.

Theorem A.2.4. [see [0, Corollary 9.13 and Corollary 9.15]] Let p € [1,4+00), k > 1 be some
integer and U = RY or U C RY is an open set of class C’1 with bounded boundary, and the
number q is such that

N.

Then the following embeddings are continuous:

WZP(U) — L"(U)  for r € [p,q] %f % - % >0,
Wk’p(U) — L"(U)  for r € [p,+00) ?f PN =0,
WoP(U) — L"(U)  for r € [p,+] if S —x%<0

Theorem A.2.5. [Rellich-Kondrachov Theorem, see [9, Thm. 9.16]] We assume that U C RY
is an open bounded subset of class C* and p € [1,+0c]. Then, the following embeddings are
compact:

L r 1 _ 11
Whtr(U) — L"(U)  for r € [1,q) if o =,-%>0,
wte(U) ‘—>LT(£]) for r € [1, +00) if %—% =0,
Wi (U) — C(T) if 1-1 <o,

p

The compact embedding WP(U) — C(U) is understood modulo the choice of a continuous
representative. In particular, for all p € [1,400] and all N > 1, the embedding W'?(U) —
LP(U) is compact.

A.3 Measure of non-compactness

Assume that (X, || -]|) is a Banach space. The map x : B — [0, +00), where B denotes the set
of bounded subsets of X, defined as

X(U) =inf{r > 0 : U admits a finite cover by open balls of radius r
which centers belong to X},

is called the Hausdorff measure of non—compactness. Now, we list its basic properties.

Proposition A.3.1. [see [l, Sec. 1.1]] Suppose that U, Uy and Uy C X are bounded. The
following claims are true:

(i) (regularity) x(U) = 0 if and only if U is relatively compact;

(ii) (invariance under passage to the closure and to the convex hull) x(U) = x(U) =
x(conv U);

(iii) (algebraic semi-additivity) x(Uy + Us) < x(Ur) + x(Uz), where Uy +Us = {x1 + x5 : 11 €
Ul, To € UQ},’

(3)For the definition of sets of class C! see [§, p. 272]
(*)One can also consider the Kuratowski measure of non-compactness v : B — [0, +00) given by

~v(U) =inf{d > 0 : U admits a finite cover by sets of diameter no larger than d}.
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(iv) (semi-homogencity) for any fized A € R, x(AU) = |\|x(U), where \U = {\z : x € U},
and, if D C R is bounded, then

X{ANu:AeD, uelU}) < (sup|/\|)x(U);

AeD

(v) if @ : X — X satisfies the Lipschitz condition with a constant L > 0, then x(®(U)) <
Lx(U); in particular, if A : X — X is a bounded linear operator, x(A(U)) < ||Allzcxx(U);

(vi) (monotonicity) if Uy C Us, then x(Uy) < x(Us);
(vii) (semi-additivity) x(Uy U Us) = max{x(U1), x(U2)};

(viii) assume that X1 is a closed subspace of X and consider the Banach space X1 with an induced
norm and measure of non-compactness x1; then x(U) < x1(U), for each bounded subset
U C Xi; by the additional assumption that X is a Hilbert space, we have x(U) = x1(U).

Lemma A.3.2. [compare with [17, Lemma 5.5]] We assume that L, : X — X, n > 1, is a
sequence of bounded linear operators such that (|| Ly z(x))n>1 @5 bounded, and, for any r € X,
the set {L,x}n>1 is relatively compact. Then, for any bounded sequence (xy,)n>1 in X,

{Lnabizn) < (lmsup| Lol ) x({an}uz):

n—oo

The next important result provides a rule allowing to interchange integral and measure of
non-compactness.

Theorem A.3.3. [see [22, Proposition 9.3]] Assume that X is a separable Banach space and
fo 2 [0, T0) = X, n > 1, is a uniformly bounded sequence of continuous functions, where
0 < Ty < +oo. Then,

(i) function
[0,T0] >t = x({falt) :n = 1}) €R

is measurable and bounded;

(i) for all0 <a <b<Ty,

X({/abfn(t)dt n > 1}) S/abx({fn(t) cn > 1)) dt.

A.4 Topological degree and index

In this appendix, we present the theory of the topological degree and index for various classes
of mappings. We begin by the Brouwer degree and index for continuous mappings in finite-
dimensional spaces.

Let X be a finite-dimensional normed space and U C X be an open bounded subset. We
say that amap ® : U — X is admissible for the Brouwer degree, if ® is continuous and ®(x) # 0
for all z € OU.

Theorem A.4.1. [see [24, Ch. 1V, §10, Thm. 8.5]]
For any map ® : U — X that is admissible for the Brouwer degree, there exists an integer
degg(®,U), called the Brouwer topological degree, which satisfies the following properties:

(D1) (Normalization) If ®(z) =z for all x € U and 0 € U, then deggz(®,U) = 1.
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(D2) (Additivity) If open disjoint sets Uy, Uy C U are such that ®(x) # 0 forx € U\ (U UUs),
then
degp(®,U) = degp( Py, , Ur) + degp( Pz, , Ua).

(D3) (Homotopy invariance) If a map H : U x [0,1] — X is an admissible homotopy for the
Brouwer degree, i.e., H is continuous and H(x,p) # 0 for all x € OU and p € [0, 1], then

degB(H('7 0)7 U) = degB(H('v 1)? U)

(D4) (Ezistence) If degp(®,U) # 0, then there exists x € U such that ®(x) = 0.

(D5) (Ezcision) If an open set Uy C U is such that ®(x) # 0 for x € U\ Uy, then degg(®,U) =
degp(®lg, , Uh).

(D6) (Contraction) If ®(U) C Xo, where Xq is a linear subspace of X, then

(D7) (Multiplicativity) If maps @ : UL_> X1 and @, : U,y — X, are admissible for the Brouwer
degree, then the map ®1 x ®9: Uy x Uy — X1 X X, defined by

(D1 x D) (1, 22) = (P1(21), Po(22)), (A.2)
s also admissible, and we have

degB(i)l X (I)Q, U1 X UQ) = degB((I)l, Ul) . degB((I)g, UQ)

Now, we present the theory of the Brouwer topological index. As before, let X be a finite-
dimensional normed space and let U C X be an open bounded set. We say that a map
® : U — X is admissible for the Brouwer indez, if ® is continuous and ®(z) # = for x € OU.
Observe that

Fix(®,U)={z €U :®(x)=a}={x €U : (Id— @)z =0}.

Therefore, for any admissible map ® : U — X, we define an integer Indg(®,U), called the
Brouwer topological indez by the following formula:

Indg(®,U) = degp(ld — &, U). (A.3)

Theorem A.4.2. [see [24, Ch. 1V, §12, Thm. 1.2]]
For any map ® : U — X that is admissible for the Brouwer indez, the integer Indg(®,U),
given by (@), is well-defined and satisfies the following properties:

(I1) (Normalization) If ®(x) = xo for all v € U, with zy € U, then Indg(®,U) = 1.

(I12) (Additivity) If open disjoint sets Uy, Uy C U are such that ®(z) # x forx € U\ (UyUU,),
then
IndB(<I>, U) = IndB(<I>|ﬁl s Ul) + IndB(<I>\UQ s Ug)

(I3) (Homotopy invariance) If a map H : U x [0,1] — X s an admissible homotopy for the
Brouwer index, i.e., H is continuous and H(x,u) # x for all x € OU and p € [0,1], then

Indg(H(-,0),U) = Indg(H(-, 1), V).

(I4) (Ezistence) If Indg(®,U) # 0, then there exists x € U such that ®(z) = .
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(I5) (Ezcision) If an open set Uy C U is such that ®(x) # x for x € U\ U, then Indg(®,U) =
IndB(CI)|Ul 7U1)'

(16) (Contraction) If ®(U) C X,, where X is a linear subspace of X, then

Indp(®,U) = Indp (®|gny, U N Xo) -

(I7) (Multiplicativity) If maps ®; : U_l — X and @y : Uy — X, are admissible for the Brouwer
index, then the map ®1 X ®5: Uy x Uy — X7 X Xy, defined by (@), is also admissible,
and we have

IHdB<CI)1 X (I)Q, U1 X UQ) = IndB(CI)l, Ul) . IndB((I)27 UQ)

We now present the theory of the Leray-Schauder topological index. Let X and Y be normed
spaces, not necessarily finite-dimensional, and let V' C X be an arbitrary subset, not necessarily
open or bounded. A map ® : V — Y is said to be completely continuous if ® is continuous
and the image ®(W) is relatively compact for every bounded subset W C V. In addition,
a completely continuous linear map L : X — Y, defined on the whole space X, is called a
compact operator.

Now, suppose that U C X is an open bounded subset. We say that a map ® : U — X
is admissible for the Leray-Schauder indez, if ® is completely continuous and ®(z) # x for
all x € OU. Moreover, we say that a map H : U x [0,1] — X is an admissible homotopy for
the Leray-Schauder index, if H is continuous, the set H(U x [0,1]) is relatively compact, and
H(z,p) # x for all z € OU and p € [0, 1].

Theorem A.4.3. [see [24, Ch. IV, §12, Thm. 3.4]]

For any map @ : — X that is admissible for the Leray-Schauder index, there exists an
integer Indps(®,U), called the Leray-Schauder topological index, which satisfies the following
properties:

[ie
U

(LS1) (Normalization) If ®(x) = x¢ for all x € U, with xq € U, then Ind;s(®,U) = 1.

(LS2) (Additivity) If open disjoint sets Uy, Uy C U are such that ®(x) # x forx € U\ (U UU),
then
IndLS(CI), U) = IndL5(<I>|U1 s Ul) + IndLS(CI)|U2 s UQ)

(LS3) (Homotopy invariance) If a map H : U x [0,1] — X is an admissible homotopy for the
Leray-Schauder index, then

Ind.s(H(-,0),U) = Indys(H(-, 1), U).

(LS4) (Ezistence) If Indps(®,U) # 0, then there exists v € U such that ®(z) = .

(LS5) (Excision) If an open set Uy C U is such that ®(x) # x forx € U\Uy, then Indps(®,U) =
IndLS(qD‘Ul 7U1)~

(LS6) (Contraction) If ®(U) C Xy, where Xq is a closed subspace of X, then

Indps(®,U) = Indps (@lgny, » U N Xo) -

(LS7) (Multiplicativity) If maps ®1 : U1 — X, and P, : Uy — Xy are admissible for the Leray-
Schauder index, then the map ®1 x Oy : Uy x Uy — X| x Xo, defined by (@), is also
admissible, and we have

IndL5<q)1 X (Dg,Ul X UQ) = IndLs(q)l,Ul) . IHdLs(CI)Q, UQ)
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(LS8) (Topological invariance) [see [Bl, property (IX) on p. 217]] Assume that Y is a normed
space and that h : X — Y is a homeomorphism. Then the map ho ® o h™ : h(U) - Y
is admissible for the Leray-Schauder index, and

IIldLS7x<CI), U) = IDdLS’y(h odo h_l, h(U))

where Indpg x(-,-) denotes the Leray-Schauder index in the space X, and Indpgy(-,-)
denotes the Leray-Schauder index in'Y .

Moreover, if the space X is finite-dimensional, then Indps(®,U) = Indg(®,U).
Next result provides the Leray-Schauder index formula for compact linear operators.

Theorem A.4.4. [see 24, Ch. IV, §12, Thm. 8.3]]

Assume that L : X — X is a compact linear operator on a Banach space X and that 1 ¢ o(L).
Then the set o(L)N(1,4+00) consists of a finite number of eigenvalues, each with finite algebraic
multiplicity. Moreover, for any open bounded subset U C X such that 0 € U, the following

formula holds:
Indps(L,U) = (—=1)™

where m is the sum of the algebraic multiplicities of the eigenvalues of L belonging to (1, +00).

We now present the theory of the topological index for k-set contractions. Let X be a Banach
space (not necessarily finite-dimensional), let x be a Hausdorff measure of non-compactness on
X, and let V C X be an arbitrary subset — not necessarily open or bounded. Amap ® : V — X
is said to be a k-set contraction with respect to x if there exists k € [0,1) such that, for all
bounded sets W C V,

X(@(W)) < kx(W). (A.4)

Definition A.4.5. Suppose that X is a Banach space, and that U C X is an open bounded
subset. We say that a map ® : U — X is admissible for the index for k-set contractions, if ®
is a continuous k-set contraction and ®(z) # « for all x € 9U.

Additionally, a map H : U x [0,1] — X is called an admissible homotopy for the index for
k-set contractions if H is continuous, there exists k € [0, 1) such that, for any subset W C U,

X(H (W x [0, 1)) < kx(W),
and H(x,u) # x for all x € OU and p € [0, 1].

We briefly recall the construction of the topological index for k-set contractions (see [,
Section 3.1]). Let the map ® be as before. A non-empty compact convex subset R C X is
said to be fundamental for the map ® if ®(U N R) C R and, for any # € U, the condition
xz € conv({®(z)} U R) implies € R, where recall that conv(M ) means the closed convex hull
of a subset M C X. It can be shown that there exists a fundamental set R for the map ® such
that UN R # 0 (see [, Thm. 3.1.4]). Observe that all fixed-points of the map ® lie in the
set . Moreover, for any fundamental set R for the map ® such that U~ﬂ R # (), there exists
a continuous extension ® : U — X of the restriction @[, such that ®(U) C R. Therefore,
the map D is completely continuous. Since ®(z) # x for x € OU, we see that the map D is
admissible for the Leray-Schauder topological index. We can thus define an integer Inde(®, U),
called the topological index for k-set contractions, as follows:

Inde(®, U) = Ind,s(®, U). (A.5)

One can prove that this definition above does not depend on the choice of the fundamental set
or on the extension ® (see [, Subsection 3.1.8]).

The following result shows that the index for k-set contractions is independent of the choice
of an equivalent norm under which the map remains a k-set contraction.
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Lemma A.4.6. Let (X, | - |l1) be a Banach space, let U C X be an open bounded subset, and
let the map ® : U — X be admissible for the index for k-set contractions in (X, || - |[1). If || - ||2
is a norm equivalent to || - || such_that ® is a k-set contraction in (X, || - ||2) (possibly with a
different constant k in inequality (@)), then

Inde1 (@, U) = Indes(®,U) (A.6)

where Inde1(®,U) denotes the topological index for k-set contractions in (X, | - |l1), and
Inde (P, U) denotes the corresponding index in (X, - ||2).

Proof. Let R C X be a fundamental set for the map @, considered in the space (X, || - [|1), and
let & : U — X be a continuous extension of the restriction ®|gp such that ®(U) C R. By
definition (|A.5), we have

Inde (9, U) = Ind g1 (P, U) (A7)

where Indzg (-, ) denotes the Leray-Schauder topological index in (X, || - ||1).

By assumption, ®(z) # x for x € U, and  is a k-set contraction in (X, || - ||2). Hence, we
see that the map @ is also admissible for the index for k-set contractions in (X, ||-||2). Since |- |1
and || - |2 are equivalent norms, it follows that R is also a fundamental set for ®, considered in
(X, | - |l2). Similarly, the map @ is a continuous extension of the restriction P®|5p, considered
in (X, || - ||2), such that ®(U) C R. Therefore,

Inde (P, U) = Indpg2(®, U) (A.8)

where Indzgs(, ) denotes the Leray-Schauder topological index in (X, || - [|2).
Since || - [|; and || - |2 are equivalent, the topological invariance of the Leray-Schauder index
(see Theorem , property (LS8)) yields

IIldLSJ(CI), U) == IndLS’g(q), U)
Combining this with (@) and (@), we obtain (@), which completes the proof. O

The lemma above allows us to slightly extend the notion of the topological index for k-set
contractions.

Definition A.4.7. Let (X, ||-||) be a Banach space, and let U C X be an open bounded subset.
A map & : U — X is said to be admissible for the topological index for k-set contractions in
(X, || -||) if there exists a norm || - ||1, equivalent to || - ||, such that ® is admissible for the index
for k-set contractions in the space (X, || - ||1), in the sense of Definition |A.4.5.

We then define the topological index for k-set contractions in (X, | - ||) by

Inde(®,U) = Inde (@, U) (A.9)

where Ind¢;(®.U) denotes the topological index for k-set contractions in the space (X, || - 1),
as defined in (@)

Moreover, a map H : U x [0,1] — X is said to be an admissible homotopy for the index for
k-set contractions in (X, | - ||) if there exists a norm || - ||1, equivalent to || - ||, such that H is an
admissible homotopy for the index for k-set contractions in the space (X, || - ||1), in the sense
of Definition .

Theorem A.4.8. [see [l, Subsection 3.1.9]]
For any map ® : U — X that is admissible for the index for k-set contractions in the sense of
Definition |A.4. }, the integer Indo(®,U), given by (@), satisfies the following properties:

(C1) (Normalization) If ®(x) = x¢ for all x € U, with xo € U, then Ind¢(®,U) = 1.
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(C2) (Additivity) If open disjoint sets Uy, Uy C U are such that ®(z) # x forx € U\ (U UU3),
then
ndo(®, U) = Inde (D5, , Uy) + Indo(®|g, , Ua).

(C3) (Homotopy invariance) If a map H : U x [0,1] — X is an admissible homotopy for the
index for k-set contractions, then

Indc(H(-,0),U) = Inde(H(-, 1), U).

(C4) (Ezistence) If Inde(®,U) # 0, then there exists x € U such that ®(z) = x.

(C5) (Ezcision) [see [21, Thm. 9.2 (d), property (D7)]] If an open set Uy C U is such that
O(z) # x for v € U\ Uy, then Inde(®,U) = Inde( Py, , Uh).

(C6) (Contraction) [see [, Subsection 3.4.4]] If ®(U) C Xo, where X, is a closed subspace of
X, then
Inde (®,U) = Inde: (g, U N Xo) -

The next result provides a variant of the multiplicativity property of the index.

Theorem A.4.9. [see 21, Thm. 9.3 (b)]]

Suppose that a Banach space X decomposes as a topological direct sum: X = X1 ® Xs, and
let U C X be an open bounded set that decomposes as an algebraic sum: U = Uy + Us, where
Ui C X1 and Uy C X5 are open bounded subsets. Assume further that ® : U — X is a
continuous k-set contraction such that U, and Us are invariant under ®, and that

O(x) #x  forx € OU,x € OUy, and x € OUs.

Then the restricted maps @l and @y, are continuous k-set contractions in the spaces X, and
Xy, respectively, and the following formula holds:

Inde(®, U) = Inde( @y, , U1) - Inde (@, , Us).

Let ®y, ®; : U — X be maps admissible for the index for k-set contractions. We say
that ®; and ®; are homotopic, and write ®q ~y &1, if there exists an admissible homotopy
H :Ux[0,1] — X for the index for k-set contractions such that H(-,0) = ®; and H(-,1) = ;.
We now present a result on the homotopy classes determined by the relation ~y.

Theorem A.4.10. [see [, Subsection 3.1.11]] The homotopy relation ~y on the set of all
admissible maps ® : U — X for the index for k-set contractions is an_equivalence relation.
Furthermore, each homotopy class contains a completely continuous map ® : U — X such that,
for any ® : U — X belonging to this class,

Inde(®, U) = Indg(P,U).

In particular, if ® : U — X is completely continuous, then its topological index for k-set
contractions coincides with its Leray-Schauder index.
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