
Quantum Simulation of Strongly Correlated

Phases in Low-Dimensional Solid-State

Systems

Doctoral Thesis

Author: Weronika Pasek
Supervisor: Dr hab. Pawe l Potasz

Auxiliary supervisor: Dr hab. Micha l Zieliński
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numerical calculations were partially performed at the Wroc law Center for
Networking and Supercomputing.

i



Abstract

Understanding strongly correlated quantum phases remains a central challenge in
condensed matter physics, as many exotic states, like superconductors, spin liquids,
and topological effects, emerge from interactions beyond the reach of perturbative
methods. This thesis explores solid-state quantum simulators as an alternative
platform for investigating such phases, providing strong electronic correlations,
high tunability, and direct access to spin Hamiltonians.

We first analyze moiré transition metal dichalcogenides heterostructures, where
the effective moiré potential results in arrays of localized quantum dots with in-
teractions controlled by the relative twist between monolayers and the dielectric
environment. Using exact diagonalization and effective Hubbard modeling, we
show that these systems host a rich set of correlated ground states, including gen-
eralized Wigner crystals and signatures of spin polarization driven by the Nagaoka
mechanism. By projecting onto the single-occupied, low-energy spectrum, we ob-
tain an effective spin model with ring exchange interaction, which, for moderate
dielectric screening, favors a quantum spin liquid. A nematic valence bond solid
is favored for stronger screening as a ground state.

In the second part, we focus on graphene nanostructures as building blocks for
quantum spin chains. We design mixed-size nanographene chains that realize the
Haldane phase with short correlation length by combining spin-1 triangulene units
with spin-12 phenalenyls. Density matrix renormalization group simulations reveal
a finite Haldane gap, localized edge states, nonlocal string order, and an entangle-
ment spectrum with even degeneracies characteristic of symmetry-protected topo-
logical order. By tuning the number of spin-12 buffer sites, the correlation length
can be continuously adjusted toward the Affleck–Kennedy–Lieb–Tasaki limit, of-
fering a route to engineer short-range topological phases.

These results establish moiré heterostructures and nanographene chains as ver-
satile solid-state quantum simulators of correlated and topological matter. They
highlight the potential of nanoscale electronic systems to complement ultracold
atom platforms, extending quantum simulation into regimes of strong interactions
and experimentally accessible energy scales.
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flake with dimensions Ly = 4 Lx = 8 for ϵ = 12. (c) Real
space correlations as a function of the distance d(i, j) between
points i and j. Results are obtained for two models: with
included ring exchange interaction (J4 ̸= 0) and only with
two-spin terms (J4 = 0). . . . . . . . . . . . . . . . . . . . . . 80

vii



5.6 Entanglement entropy of cylinders with width Ly = 4. (a)
Subsystem entropy SE(l, N) for ϵ = 12, showing logarithmic
growth consistent with CFT scaling. (b) Subsystem entropy
for ϵ = 13, with reduced slope indicating a smaller central
charge. (c) Finite-size extrapolation of fitted central charges
in thermodynamic limit, yielding cT = 5.31 at ϵ = 12 and
cT = 3.65 at ϵ = 13. (d) Bipartite entropy SE(N/2, N) at
ϵ = 13, dashed line shows analytic formula for central charge
obtained from subsystem analysis. . . . . . . . . . . . . . . . . 81

6.1 Nanographene chains consisting of (a) 13-atom TGQDs (phenalenyls)
and (b) 22-atom TGQDs (triangulenes). . . . . . . . . . . . . 84

6.2 (a) Single-particle spectrum obtained from Hartree-Fock cal-
culations for the triangulene dimer. (b-g) Hartree-Fock wave-
functions of six states with indices n = 5 . . . 10. . . . . . . . . . 86

6.3 (a) Many-body spectrum of the triangulene dimer as a func-
tion of CAS size. Crosses denote the three lowest-energy states
of the spin-1 BLBQ Hamiltonian with J = 8.21 meV and
β = 0.016. The inset shows triangulene dimer structure. (b)
Many-body spectrum of a four-triangulene chain compared
with the corresponding BLBQ model of four spin-1 sites. Fig-
ure adapted from Ref. [3]. . . . . . . . . . . . . . . . . . . . . 87

6.4 (a) Division of triangulene sites into three subgroups, which
transforms into itself under C3 rotations. (b) Single-particle
energy states of triangulene labeled by angular momentum m. 90

6.5 (a) Fermionic model of a mixed-size nanographene chain. (b)
Effective spin-1/spin-1

2
representation. (c) Comparison be-

tween the lowest-energy spectra of the two models for one
unit cell terminated with a triangulene (BSSB). . . . . . . . . 92

6.6 (a) Low-energy spectrum of the mixed-size nanographene chain
as a function of the number of unit cells L. The inset shows
the scaling of the Haldane gap with the inverse system size.
(b) Local spin densities for the structure with L = 24. Red
circles denote spin-1 sites (triangulenes), while blue circles cor-
respond to spin-1

2
sites (phenalenyls). . . . . . . . . . . . . . . 94

viii



6.7 (a) String order parameter and (b) entanglement spectrum
compared across four models: the mixed-size nanographene
chain with length L=14, and the BLBQ Hamiltonian for β =
0 (Heisenberg model), β = −0.09 (triangulene chain), and
β = −1

3
(AKLT state). . . . . . . . . . . . . . . . . . . . . . . 95

6.8 (a) Correlation length ξ of ground states in the Haldane phase
as a function of the β parameter of the BLBQ Hamiltonian.
(b) Spin–spin correlations between spin-1 sites in the first and
m-th unit cells for mixed-size nanographene chains, compared
with four BLBQ ground states. Dashed lines represent fits to
the Ornstein–Zernike form. . . . . . . . . . . . . . . . . . . . . 97

6.9 (a) Spin-spin correlations of mixed-size nanographene chains
with different number of spin-1

2
buffers NS. (b) Correspond-

ing energy spectra showing a finite Haldane gap ∆H . (c) De-
pendence of the correlation length ξ on NS, compared to the
BLBQ model parameter β. . . . . . . . . . . . . . . . . . . . . 99

ix



List of Tables

3.1 Number of basis vectors n in subspaces with different Sz for
N=4 fermions on L=4 sites. . . . . . . . . . . . . . . . . . . . 31

3.2 Spin-↑ configurations with two particles on L=4 sites. . . . . . 33

x



List of Acronyms

SPT Symmetry Protected Topology
VBS Valence Bond Solid
BLBQ Bilinear Biquadratic Hamiltonian
TEFR Tensor Entanglement Filter- ing Renormalization Group
AKLT Affleck-Kennedy-Tasaki-Lieb
FCI Fractional Chern Insulator
FQHE Fractional Quantum Hall Effect
QGT Quantum Geometry Tensor
BCS Bardeen-Cooper-Schrieffer
MATTG Magic- Angle Twisted Trilayer Graphene
MATBG Magic- Angle Twisted Bilayer Graphene
QSL Quantum Spin Liquid
QMC Quantum Monte Carlo
TMD Transition Metal Dichalcogenides
TBG Twisted Bilayer Graphene
hBN hexagonal Boron Nitride
DFT Density Functional Theory
TGQD Triangular Graphene Quantum Dot
STM Scanning Tunneling Microscope
LDOS Local Density of Electronic States
ED Exact Diagonalization
DMRG Density Matrix Rnormalization Group
RSRG Real-space Renormalization Group
MPS Matrix Product State
MPO Matrix Product Operator
SVD Singular Value Decomposition
TEBD Time-evolving Block Decimation
RVB Resonating Valence Bond

xi



DQCP Deconfined Quantum Critical Point
HF Hartree-Fock
CI Configuration Interaction
CAS Complete Active Space
SOP String Order Parameter

xii



Chapter 1

Introduction I: Strongly
correlated phases of matter

In common metals, the kinetic energy of mobile electrons far exceeds their
mutual Coulomb interaction. As a result, it is appropriate to use pertur-
bation theory, treating electron-electron interactions as small perturbations
within a single-particle model [4, 5]. However, in systems where Coulomb
interactions dominate over kinetic energy, the perturbative approach fails
to capture the essential phenomena. These systems, where interactions are
strong enough to affect the behavior of electrons significantly, are known as
strongly correlated systems [6–8].

One of the earliest realizations of correlation-driven phenomena was the
Mott insulator, where electron-electron interaction may prevent conductivity
despite partially filled energy bands [9–11]. Then, this discovery was followed
by the formulation of the Hubbard model [12] and the Anderson impurity
model [13], which introduced settings for localization, magnetism, and charge
fluctuations [14–16].

Another step in the development of strongly correlated systems was the
experimental observation of the Kondo effect, which revealed an unexpected
resistance minimum at low temperatures in metals with dilute magnetic im-
purities [17]. This anomaly was explained by Kondo, and then the exten-
sion of his idea to periodic arrays of impurities gave rise to the concept of
heavy fermions [18]. The central role of strong correlations in condensed
matter physics was consolidated by the discoveries of unconventional super-
conductors and quantum spin liquids [19–25]. In 1980, Laughlin proposed the
concept of spin-charge separation and fractional quasiparticles in correlated

1
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Figure 1.1: Schematic representation of the Mott insulator and metallic
phase.

phases [26]. At the same time, Haldane’s conjecture on spin chains revealed
topological distinctions between integer and half-integer spin systems [27]. In
recent decades, new experimental platforms such as ultracold atoms in op-
tical lattices and moiré materials have allowed one experimental realizations
of strongly correlated phases described by various Hamiltonians [28,29]. The
quantum simulators enable direct exploration of Mott transition, quantum
magnetism, or topological effects in engineered settings.

In the following sections, we will discuss some examples of strongly cor-
related phases of matter, like Mott insulators, superconductivity, and spin
liquids.

1.1 Mott insulators

The hallmark of strongly correlated electron systems is the Mott insulating
phase. This phenomenon occurs in specific groups of materials, which behave
as insulators despite having a partially filled energy band. In general, the
analysis of the band structures allows researchers to explain many electronic
properties of crystals. Still, such a description does not include electronic
interactions, which are crucial for strongly correlated systems. According
to the Bloch theorem, the partial filling of the band should lead to metallic
conductivity. However, it may not be true when a strong Coulomb repulsive
interaction is considered.

Historically, this effect was first reported in 1937 by Jan Hendrik de Boer
and Evert Johannes Willem Verwey [9], who pointed out that many tran-
sition metal oxides are insulators, even if their d-bands are partially filled
by electrons. The problem was then considered by Nevill Mott and Rudolf
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Peierls, who predicted that such a phenomenon could be explained by in-
cluding interaction between electrons in band models [10].

In his later work, Mott analyzed the case of nickel(II) oxide (NiO), which
consists of Ni++ and O−− ions [30]. As Mott pointed out, for NiO to be
conductive, it should possess Ni+++ and Ni+ ion pairs, but this requires
energy E to remove an electron from one nickel ion Ni++ and put it on a
distant one. Such a situation is possible only if the whole NiO crystal is in
a higher energy state, for example, at a high temperature. The energy cost
of moving electrons between ions comes from the Coulomb repulsion, which
was omitted by the band theory.

In 1963, John Hubbard, inspired by Mott’s work, created the simplest
lattice model capturing the essential physics of Mott insulators [12]. The
model describes fermions (electrons) hopping between single-orbital lattice
sites and interacting with each other. Due to the Pauli exclusion principle,
each orbital can be occupied by at most two fermions with opposite spins.
The Mott-Hubbard Hamiltonian has the form:

HHubb = −t
∑

<i,j>,σ

a†iσajσ + U
∑
i

ni↑ni↓. (1.1)

where aiσ (a†iσ) is a fermionic operator annihilating (creating) an electron
with spin σ on the i-th lattice site, and niσ = a†iσaiσ is the particle number
operator. The first term is kinetic energy with electron hoppings between
nearest neighbors and constant amplitude t, and the second term introduces
the on-site repulsive Coulomb interaction when two electrons occupy one
site. Amplitudes t and U are competing; the on-site interaction restricts the
motion of electrons and favors insulating behaviors. This competition results
in the transition between conducting and insulating phases. Assume that the
system is half-filled: the number of particles equals the number of orbitals. In
the limit of U ≫ t, the energy cost of double occupancy of the orbital is too
high, and electrons are ”frozen” on single-occupied orbitals, which results
in the system resolving into a set of isolated magnetic moments. In such
cases, the kinetic term of the Hamiltonian still gives corrections to the total
energy by introducing the exchange of antiparallel spins on neighboring sites,
which leads to magnetic correlations in the system. Electrons with opposite
spins are able to perform virtual hopping between neighboring spins, which
is explained by second-order perturbation theory. First-order process is a
single hop, which creates double occupancy and then is forbidden in the low-
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energy subspace. However, at the second order, an electron can virtually hop
to another site and hop back, which lowers the energy of the state with total
spin S = 0 [31]. Nowadays, Mott insulating phases have been theoretically
predicted and experimentally observed in various novel materials, such as
transition metal dichalcogenides (TMDs) monolayers [32–34], twisted bilayer
graphene [35,36], and even organic layered structures [37].

1.2 Topological phases

In strongly correlated systems, the interplay between electronic interactions
and quantum entanglement results in topological phases that go beyond the
traditional Landau symmetry-breaking paradigm. In Landau’s classification,
phases are distinguished by spontaneous symmetry breaking and character-
ized by a local order parameter that changes across the phase transition [38].
For example, in a ferromagnet the order parameter is the uniform magne-
tization, which vanishes in the high-temperature paramagnetic phase but
acquires a finite value below the Curie temperature. Unlike conventional
phases, topological phases are not characterized by a local order parame-
ter, but by nonlocal properties such as topological invariants, protected edge
states, or entanglement structure [39].

Two broad categories are usually distinguished within classification intro-
duced by Wen [40]. Symmetry-protected topological (SPT) phases, such as
the Haldane phase in spin-1 chains [41] or topological Mott insulators [42],
are stable only in the presence of certain symmetries like time-reversal or
inversion. If the symmetry is broken, these phases can be smoothly de-
formed into the trivial product state by adiabatic evolution. SPT phases
are characterized by short-range entanglement, and their distinction comes
from a nonlocal order parameter [43]. Symmetries are protected by an open
gap, which has to close on the boundary between the topological and trivial
phases, resulting in robust edge states. Modern classification of SPT phases
uses quantum entanglement structure (e.g. projective representations, group
cohomology) [44–46]. For example, the Haldane phase is classified within
the group cohomology as Z2 phase, while in general 1D bosonic SPT phases
with a symmetry group G are classified by the second cohomology group
H2(G,U(1)) [47].

By contrast, intrinsic topological order does not require symmetry and
remains robust even when all symmetries are broken [48]. These phases,
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described by Wen’s framework of topological order [49], are characterized by
long-range entanglement, topological ground-state degeneracy on manifolds
of nontrivial topology, and the presence of fractional or anyonic excitations.
Unlike SPT phases, such phases cannot be adiabatically connected to a trivial
state, even in the absence of symmetries. Examples of such states are those
of the fractional quantum Hall effect (FQHE) and their lattice analogs known
as fractional Chern insulators (FCIs) [50].

1.3 Spin chains

A spin chain is a one-dimensional model of quantum spins located at fixed
sites on the lattice. Interactions between spins are modeled by pairs of op-
erators acting on two, usually neighboring, sites [51–53]. The most common
Hamiltonian for the spin chain consists of two terms:

H =
∑
i

Hi +
∑
i,j

JijS⃗i · S⃗j, (1.2)

Hi is a single-site term, acting on the one spin (e.g., local magnetic field),
and Jij represents the coupling strength between spins at sites i and j.

The quantum Heisenberg model was first proposed by Werner Heisen-
berg in the 1920s [54]. It is represented by the Hamiltonian, which includes
exchange interaction terms between neighboring sites:

H = −J
∑
i

S⃗i · S⃗i+1, (1.3)

where J is an exchange coupling constant, and S⃗i is a spin operator acting
on the site ”i”.

When J < 0, the energy of the system is the lowest for the state with all
pairs of spins aligned parallel in one direction simultaneously, which is the
ferromagnetic arrangement. Such a state is the eigenstate of the Hamilto-
nian Eq.1.3, so it is the actual solution of the Schrödinger equation with the
lowest energy. The energy of such a ground state is E = S2PJ , where P
is the number of pairs of spins [55]. If J > 0, two spins minimize their en-
ergy when they are antiparallel. The one-dimensional system is bipartite so
that all spins can align in directions other than both their neighbors without
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frustration. It is a classical antiferromagnetic order. In contrast to the fer-
romagnetic ground state, such a state is not the eigenstate of the Heisenberg
Hamiltonian [56,57].

The most general rotationally invariant coupling between two spins S can
be written as: Uij =

∑2S
k=0Ak(Si · Sj)

k. For S = 1
2
, it reduces to a bilinear

form, equivalent to the Heisenberg Hamiltonian (up to a constant shift).
However, for integer spin S = 1, this relation allows additional biquadratic
term.

1.3.1 Half-integer spin chains

Despite its simple formulation, the antiferromagnetic Heisenberg model ex-
hibits strong correlations, which means that spins are highly interdependent,
leading to complex collective behavior. One of the most extensively studied
spin models is a chain of spin-1/2 particles with antiferromagnetic coupling.
In such systems, the excitation spectrum is gapless, and spin-spin correla-
tion functions of the ground state decay according to a power law [53, 58].
Although the classical antiferromagnetic Neél state is not the eigenstate of
the Hamiltonian, strong quantum fluctuations in 1D systems, even at tem-
peratures close to zero, lead to a ground state with quasi-long-range order.
This behavior is a direct consequence of the low dimensionality of the sys-
tem, which enhances quantum fluctuations and suppresses the development
of true long-range order.

The dynamic of this system is governed by low-energy excitations, which
are often described in terms of fractionalized collective modes known as
spinons [59,60]. In most magnetic systems, low-energy excitations are bosonic
quasiparticles with integer spin—such as magnons in a ferromagnet, where
a spin flip creates a collective mode carrying spin-1. A single spin flip in
the antiferromagnetic chain fractionalizes into a pair of spinons, which carry
spin-1/2 each. Exact eigenstates can be obtained directly from the algebraic
Bethe ansatz [56], which reveals that the excitation spectrum consists of a
continuum of spinon states rather than conventional magnons [61]. A spinon
can be interpreted as a domain wall in the local antiferromagnetic order, or
equivalently as a hole-like excitation in the sea of interacting spins. Recent
works in this subject suggest an alternative picture, a single spinon behaves
like one spin moving in a frozen valence bond solid (VBS) [62]. The presence
and interaction of spinons show the non-trivial nature of the ground state in
these systems, suggesting that the system’s low-energy physics is governed
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Figure 1.2: (a) Phase diagram of the bilinear-biquadratic spin-1 Hamiltonian.
(b) Schematic illustration of the topological AKLT phase and the trivial
dimerized state. Each spin-1 site (grey dot) is represented as a pair of spin-
1
2

objects (blue and red dots) coupled ferromagnetically, while solid lines
indicate singlet bonds.

by highly entangled quantum states. Experimentally, such excitations can be
probed by inelastic neutron scattering at low temperatures [63, 64]. Among
the systems analyzed with this technique are nanographene chains, which
will be discussed in the following sections [65].

Another manifestation of strong correlations in spin-1/2 chains is the ap-
pearance of spin polarons. A polaron, in general, is a quasiparticle formed
when a charge carrier moves through the system, causing local distortion of
the lattice, effectively dressing itself with a cloud of phonons [66, 67]. This
phenomenon is well established in two-dimensional systems, but an analo-
gous effect also appears in one-dimensional antiferromagnetic chains doped
with a single hole [68–70]. In these cases, the polaron can become unstable
and split into a spinon and a spinless hole, known as a holon [71]. This
process, known as spin-charge separation [72, 73], provides further insight
into the interplay between spin and charge degrees of freedom in these sys-
tems. The phenomenon of spin-charge separation has profound implications
for understanding strongly correlated electron systems, such as those found
in high-temperature superconductors and other low-dimensional materials.
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1.3.2 Integer spin chains

In the case of integer spins S = 1, 2, 3, . . . in the antiferromagnetic phase,
the Heisenberg chain has a gap in the excitation spectrum predicted by Hal-
dane’s conjecture. Specifically for S = 1, the ground state is gapped, and
the system exhibits long-range entanglement, which is a hallmark of strong
correlations [27, 74]. For spin-1 systems, keeping only the k = 1, 2 terms in
general formula mentioned before section 1.3.1 yields the bilinear–biquadratic
(BLBQ) Hamiltonian. To explore its rich phase diagram (Fig.1.2 (a)), one
often studies the one-parameter family of the BLBQ model [75,76]:

Hθ = cos θ
∑
i

S⃗i · S⃗i+1 + sin θ(S⃗i · S⃗i+1)
2. (1.4)

Starting from θ = π, one finds a ferromagnetic, gapless phase with long-
range order. In accordance with Coleman’s theorem, it is the only ordered
phase in a 1D spin-1 chain due to the conservation of its Sz order param-
eter. Then, at θ = −0.75π, a continuous phase transition occurs, leading
to the dimerized phase, in which the ground state is a doubly degenerated
singlet. The phase is characterized by the order parameter given as c2 in
the singlet-singlet correlation function: ⟨(S⃗iS⃗i+1)(S⃗jS⃗j+1⟩ → (−1)i−jc2 + A
for |i − j| → ∞. The dimerized phase is topologically trivial, and after a
smooth change of the parameter θ to the point −0.25π, the system moves to
the topological Haldane phase. The Haldane phase is a symmetry-protected
topological (SPT) phase with a unique disordered ground state [77], a gap in
the excitation spectrum, and robust edge states. As Gu and Wen show [78],
it can be distinguished from a topologically trivial one in the presence of
three symmetries: translation, complex conjugation, and inversion symme-
try. Some topological phases can be characterized by their entanglement
properties. For this purpose, we partition the system into two subsystems
and calculate their density matrices as ρA = TrB(ρAB). The eigenvalues of
this reduced density matrix, usually expressed as “entanglement energies,”
provide the spectrum. Pollman noticed that, as long as the condition of the
presence of three symmetries is met, the topological Haldane phase is stable,
which is reflected by non-trivial, even-fold degeneracies in the entanglement
spectrum [79]. The SPT phase lacks a local order parameter but, in some
instances, can be characterized by the existence of fractionalized edge exci-
tations or a non-zero value of the non-local string order parameter defined
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as:
Oα = − lim

|j−i|→∞
⟨Sαi exp (iπ

∑
i<k<j

Sαk )Sαj ⟩. (1.5)

However, as Gu and Wen showed, based on the Tensor Entanglement Filter-
ing Renormalization Group (TEFR), the string order parameter can vanish
in the presence of some perturbation [78]. Yet, it does not imply the instabil-
ity of the Haldane phase, which can be confirmed by the double degeneracies
of the entanglement spectrum.

The special case of the state belonging to the Haldane phase is one pro-
posed by Affleck, Kennedy, Lieb, and Tasaki (AKLT) in 1987 [80, 81]. The
AKLT state is a ground state of the Hamiltonian (1.4) for tan (θ) = 1/3 and
can be solved exactly. The AKLT Hamiltonian can also be written as a sum
of projectors onto the S = 2 subspace for neighboring spins:

HAKLT = 2
∑
i

(
P S=2
i,i+1 −

1

3

)
.

The Hamiltonian is bounded from below and it is semipositive, so its lowest
eigenvalue is E = 0 and the corresponding ground state is the valence bond
solid with a single valence bond connecting every neighboring pair of sites.
The simplest way to understand that is to decompose the spin-1 site onto a
singlet of two spins-1/2 (Fig.1.2 (b)). The valence bond connects spins-1/2
from two different sites. For the periodic boundary conditions, such a ground
state is unique. However, in the case of an open chain, two sites at the ends
have only one neighbor, so one spin-1/2 from each pair remains without a
partner. It creates fractionalized spin-1/2 edge states and yields a ground
state manifold that is four-fold degenerate. Besides the occurrence of the edge
states, the AKLT ground state is characterized by purely exponential spin
correlations with correlation length ξ = ln(3)−1 ≈ 0.91 and a finite value of
the string order parameter Oz

AKLT = −0.444(4). The AKLT state is a special
case, but the ground state of the isotropic Heisenberg model (θ = 0) also be-
longs to the Haldane phase. It also has a gapped spectrum and exponentially
decaying spin correlations obeying a law ⟨S⃗0 · S⃗n⟩ ≈ (−1)n exp (−n

ξ
)/
√
n, al-

though the correlation length tends to be much bigger than for the AKLT
state.

The third phase transition occurs at the point θ = 0.25π when the system
shifts from the Haldane phase to the critical one with a gapless excitation
spectrum. And at θ = 0.5π the ferromagnetic phase is established again.
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Due to the richness of the phase diagrams and the occurrence of strongly
correlated and topological phases, spin chains are important platforms to
study the interplay between interactions, entanglement, symmetries, and
topology in low dimensions.

1.4 Kondo effect

The Kondo effect was first explained by Jun Kondo in 1964 [17]. This phe-
nomenon involves the appearance of a minimum in the resistivity of certain
dilute alloys containing magnetic impurities, followed by a logarithmic in-
crease in resistivity (ρ) as the temperature decreases [82]. In contrast, the
usual behavior in other metals is that resistivity decreases with temperature
due to reduced electron scattering [83]. Kondo’s explanation for this unusual
behavior was that the magnetic moment of the impurity is screened by the
conduction electrons, forming a Kondo singlet state. In this state, the local-
ized magnetic impurity is effectively ”quenched” by the conduction electron
spins, leading to the characteristic low-temperature behavior of the system.
This interaction between the localized magnetic moment and the delocalized
conduction electrons is strong enough to influence the electronic properties
of the material, especially at low temperatures [84]. To model this inter-
action, Kondo formulated the Kondo model, which describes the coupling
between a single magnetic impurity and a sea of conduction electrons. This
model became the foundation of many-body studies in condensed matter
physics [85, 86]. It demonstrated how strong electron-electron interactions
could give rise to complex behavior, including the formation of a collective
spin-singlet state at low temperatures. The insights gained from the Kondo
effect and its model served as a precursor to the development of more gen-
eral concepts in strongly correlated systems, such as heavy-fermion systems,
quantum criticality, and non-Fermi liquid behavior [87–93].

Over the decades, the study of the Kondo effect expanded to systems
with many impurities, leading to the study of Kondo lattices and heavy
fermion compounds, where interactions between multiple impurities and the
conduction electrons result in novel states of matter, such as quantum spin
liquids and unconventional superconductivity [94–97].
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1.5 Fractional Chern insulators, superconduc-

tivity, spin liquids

Strong correlations between electrons lead to many exotic phases of matter,
which have recently attracted considerable attention from researchers. One
particularly intriguing example of the interplay between strong interactions
and topology is the fractional Chern insulator (FCI), which emerges in lattice
systems with topological flat bands [98–101]. FCIs are lattice counterparts
of the well-known fractional quantum Hall effect (FQHE) [102–104], but no-
tably, they do not require an external magnetic field [105]. These phases
form when strongly interacting electrons partially fill a flat Bloch band with
a nonzero Chern number. The flatness of the band suppresses kinetic energy,
allowing electron-electron interactions to dominate and lift the degeneracy in
the band, similar to interactions stabilizing FQHE states in Landau levels. As
a result, FCIs exhibit hallmark features of the FQHE, such as fractionalized
quasiparticles and quantized Hall conductance.

Fractional Chern insulating states have been demonstrated in semicon-
ducting moiré materials, such as twisted bilayer MoTe2, which support tun-
able topological flat bands [106–109]. In such structures, the twist angle
between monolayers alters the moiré potential confining the electrons and
can amplify or suppress interactions between them [29]. Due to this prop-
erty, the phase diagrams of moiré materials are rich in strongly correlated
states. In addition to FCIs, other exotic phases, such as quantum spin liquids
and unconventional superconductivity, are expected to be seen [110–114].

In recent works, a new important factor stabilizing correlated phases in
flat-band systems has been identified: the quantum geometry of Bloch wave-
functions [115]. Quantum geometry is captured by the quantum geometric
tensor (QGT), which consists of two complementary parts. Its imaginary
component, the Berry curvature, captures the topology of a band and un-
derlies phenomena such as the quantized Hall response in FCIs. Its real
component, the quantum metric, measures the distance between neighboring
Bloch states in momentum space. The quantum metric gives a geometric
contribution to the superfluid weight, suggesting its contribution to super-
conductivity emerging in flat-band materials even in the absence of kinetic
energy [116–118].

In conventional bulk superconductors, electron correlations do not play a
crucial role. Bosonic Cooper pairs, bound pairs of electrons, are formed due

Chapter 1 11



Quantum Simulation of Strongly Correlated Phases

to an attractive interaction mediated by lattice vibrations (phonons), as de-
scribed by the Bardeen-Cooper-Schrieffer (BCS) theory [119–121]. The pair-
ing symmetry is typically isotropic (s-wave), and the critical temperature usu-
ally remains below 30 K [122,123]. In contrast, unconventional superconduc-
tivity requires strong electron correlations. The pairing mechanism behind
unconventional superconductors is still an active area of research [124, 125].
In materials such as cuprates, heavy-fermion compounds, and certain moiré
systems like magic-angle twisted trilayer graphene (MATTG) [111,126–129],
attractive interactions—believed to arise from antiferromagnetic spin fluc-
tuations - are considered responsible for Cooper pair formation. The re-
sulting superconducting phases often exhibit p-wave or d-wave symmetry
and can persist at elevated temperatures, up to 150 K [130]. On the
other hand, it has been speculated that superconductivity in magic-angle
twisted bilayer graphene (MATBG) may originate from the non-trivial topol-
ogy of its flat bands. In this scenario, the primary charge carriers may be
skyrmions—solitonic spin textures that carry an electric charge. These sta-
ble, nanoscale structures behave like quasiparticles, and theoretical studies
suggest that under specific conditions, skyrmions can pair up, forming bound
states with charge 2e, similar to Cooper pairs in conventional superconduc-
tors [131, 132]. Unconventional superconductivity is also closely related to
another class of strongly correlated states: quantum spin liquids (QSLs).
QSLs emerge in strongly interacting spin systems where conventional mag-
netic ordering is suppressed by quantum fluctuations and geometric frustra-
tion. Unlike classical magnets, a QSL state is a quantum superposition of
many spin configurations, with persistent spin fluctuations even at zero tem-
perature, resulting in a disordered yet highly entangled ground state. This
long-range entanglement characterizes the QSL, along with the absence of
symmetry breaking, the presence of fractionalized excitations, and emergent
gauge fields [133]. In gapped, time-reversal symmetric QSLs, slight doping
can induce superconductivity. From the perspective of superconductivity
theory, the QSL ground state can be interpreted as a state with preexist-
ing Cooper pairs but vanishing superfluid stiffness. This parameter becomes
nonzero when the system exhibits a coherent macroscopic quantum state; in
superconductors, it determines how easily supercurrents flow and how effec-
tively the material expels magnetic fields (via the Meissner effect). Numerical
studies have shown that even small levels of doping in QSLs on triangular
lattices can enhance the superfluid stiffness, leading to a superconducting
ground state [134,135].
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Introduction II: Quantum
simulators

Strongly correlated systems are fascinating and essential in today’s research,
yet they remain challenging to study. When the correlations between elec-
trons are weak, the interactions can be treated as small perturbations, al-
lowing ones to describe the system using mean-field or perturbative meth-
ods [136]. These approaches are computationally efficient and often provide
valuable insight into the system’s behavior. However, the range of physical
systems for which these methods offer an accurate description is limited.

To capture strong correlation effects, the model must include electron-
electron interactions explicitly. The main challenge with this approach is
scalability. The size of the Hilbert space increases exponentially as it must
account for all possible configurations of particles across orbitals or lattice
sites. Even in the case of the fermionic Hubbard Hamiltonian, which is the
simplest model including interactions between fermions, and assuming that
the number of sites L is equal to the number of particles N, the Hilbert
space at the half-filling (one particle per site) already has a dimension of
dimH = 2L. Away from the half-filling, when N ̸= L, each site has four
possible local states: empty |0⟩, spin up |↑⟩, spin down |↓⟩, and double
occupancy |↑↓⟩, giving a maximal Hilbert space dimension of 4L [137].

For electron systems with Coulomb interactions, the particle number op-
erator n̂ commutes with the Hamiltonian Ĥ, and the full Hilbert space H can
be decomposed into a direct sum of subspaces with fixed particle number:
H =

⊕N
i=1Hi. Exploiting symmetries, such as total spin, momentum, or lat-

tice point group symmetries, can further reduce the size of the corresponding
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matrix form of the Hamiltonian. Despite these optimizations, doing the nu-
merical diagonalization of a matrix of size D × D demands memory space
on the order of O(D2) and takes time on the order of O(D3), which makes
it impossible for large systems due to the hardware limitation. In practice,
obtaining all eigenvectors and eigenvalues of the Hamiltonian is not neces-
sary since physical properties at low temperatures are often governed by the
ground state and a few low-lying excited states. For this reason, algorithms
that perform partial diagonalization, such as Lanczos or Davidson methods,
are widely used [138,139]. These methods can efficiently find extremal eigen-
values but still face limitations due to the exponential growth of the Hilbert
space.

Additional complications arise depending on the chosen numerical method.
For instance, Quantum Monte Carlo (QMC) [140], one of the most power-
ful techniques for studying many-body systems, struggles with fermions on
frustrated lattices due to the sign problem [141]. In these cases, probability
amplitudes can be negative or complex, leading to huge cancellations during
statistical sampling and making simulations extremely noisy or even infea-
sible. Variational methods, on the other hand, rely on optimizing a trial
wavefunction within a constrained ansatz [142,143], which can be effective in
some cases—but they often struggle to resolve systems with nearly degener-
ate ground states accurately. In such situations, small differences in energy
can be masked by the limitations of the ansatz or the optimization algorithm,
making it difficult to distinguish between competing phases or capture the
correct low-energy physics. Additionally, the accuracy of variational methods
strictly depends on the quality of the chosen trial wavefunction. Recently
density matrix renormalization group (DMRG) have become a main tool to
study strongly correlated systems at low dimensions [144, 145]. It will be
discussed in more details in Methodology chapter.

Due to these computational limitations, there has been growing interest
in an alternative solution to the many-body quantum problem: condensed
matter quantum simulators, which were proposed by Feynman as a way to
approach the issue from the opposite side [146]. Instead of solving the many-
body problem numerically, the idea is to build a physical system that nat-
urally emulates the target Hamiltonian in a controllable setting [147, 148].
There have been several proposals for quantum simulators that include ul-
tracold atoms, in optical lattices [149] or moiré materials in van der Waals
heterostructures [150,151], allowing to directly probe the behavior of strongly
correlated electrons in regimes that are inaccessible to classical computation.
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They can capture many subtle many-body effects, such as entanglement,
topological order, and competing ground states, without the approximations
and constraints inherent to variational techniques. Quantum simulators may
allow us to discover novel quantum phases and conduct controlled studies of
quantum criticality or unconventional phase transitions.

2.1 Semiconducting van der Waals nanostruc-

tures

A promising platform for the realization of condensed matter quantum sim-
ulators is found in van der Waals heterostructures [152–154]. These unique
nanoscale systems are built by stacking different monolayers on top of each
other. Layers are held together by weak van der Waals forces, while atoms in-
side one monolayer are bonded covalently. A monolayer is a two-dimensional
crystal with a thickness of just one unit cell. The most well-known ex-
ample is graphene — a single layer of carbon atoms extracted from bulk
graphite [155,156].

Monolayers can exhibit physical properties that differ significantly from
those of their bulk counterparts. Next to the graphene, one of the most pro-
found examples is the transition metal dichalcogenides (TMD) monolayer,
which follows the general chemical formula MX2, where M denotes a tran-
sition metal, and X represents a chalcogen element. Their crystal structure
consists of one atomic layer of metal atoms sandwiched between two layers
of chalcogen atoms, forming a hexagonal (honeycomb) lattice when viewed
from above. The bulk TMDs possess an indirect band gap, due to the in-
teraction between layers, modifying the momentum conservation rules for
interband scattering [157]. Besides that, the presence of interlayer interac-
tions in the bulk also leads to broadening and splitting of energy bands, which
do not occur in monolayers. In contrast, in their monolayer forms, quantum
confinement dominates electronic properties, which results in a direct band
gap [158]. The conduction and valence band extrema are aligned at the K
points of the Brillouin zone, which enhances the light-matter interactions and
excitonic effects. This property makes TMD monolayers excellent candidates
for use in transistors, photodetectors, and light-emitting devices [159–162].

The most widely used method for producing monolayers is mechanical
exfoliation [163, 164]. This ”top-down” approach reduces the thickness of
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Figure 2.1: High-resolution image showing quantum interference in the
MATBG with the scanning tunneling microscope. Image Credit: Kevin
Nuckolls, Yazdani Group [1].

a bulk crystal by peeling off individual layers, overcoming the weak inter-
layer van der Waals forces. The process can be optimized by analyzing the
crystal structure and aligning the exfoliation direction appropriately. Its
key advantage lies in its simplicity and potential scalability for industrial
applications. In contrast, epitaxial growth represents a ”bottom-up” tech-
nique, where atoms condense from a gas phase to form a thin crystal layer
on a substrate [165]. This method yields monolayers of exceptionally high
quality with minimal defects, making them ideal for electronic applications.
However, its main limitations are the high cost of production and limited
scalability.

Recent advancements in the mentioned methods allow us to obtain a
broad family of TMD monolayer crystals, which serve as building blocks for
more complex van der Waals heterostructures with new electronic and optical
properties.
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2.1.1 Moiré van der Waals structures

The main issue in realizing quantum simulators in conventional chemical
compounds is the lack of tunability. Usually, available control knobs to tune
electronic properties of the sample are pressure, strain, and doping, which
may be insufficient for the experimental exploration of wide phase diagrams.
Due to this, researchers are looking for novel condensed matter platforms
characterized by high tunability.

Moiré van der Waals materials [166, 167] provide researchers with new
possibilities for controlling system properties by exploiting quantum inter-
ference. When the layers forming the heterostructure have different lattice
constants or are twisted relative to each other, a new periodicity emerges in
the system (Fig. 2.1) [168]. This process is analogous to its classical counter-
part: a large-scale interference pattern that appears when a partially opaque
material with transparent gaps is overlaid on another, with a displacement
or rotation between them. Such effects are common in everyday life, for ex-
ample, in printing, graphic design, or photography. On the atomic scale, for
each heterostructure consisting of two or more monolayers, one can identify a
set of commensurate twist angles [169]. Twisting the monolayers by these an-
gles preserves spatial periodicity in the system, but with a much larger moiré
unit cell. The resulting moiré superlattice defines a new crystal structure,
characterized by a much smaller moiré Brillouin zone. The energy bands are
folded into this reduced zone, leading to multiple band crossings. Simulta-
neously, interlayer hybridization splits these crossings. For certain values of
the twist angle, this process leads to the formation of nearly dispersionless
energy bands [170–173].

The quantum interference in the moiré structures quenches the effective
kinetic energy scales and can enhance interaction between electrons. This
effect can be understood from the perspective of an electron localized in a
moiré band. In a real space, such an electron can be viewed as occupying
a virtual moiré orbital, which extends over hundreds of atoms in the new
moiré unit cell, and its shape depends on the twist angle. Due to this, the
interaction between electrons also depends on the twist angle. Since these
moiré bands form the low-energy electronic structure near the Fermi level, the
suppression of kinetic energy directly governs the many-body states accessible
in experiments. For smaller angles, the kinetic energy scales decrease at a
higher rate than the interaction strength, which allows tuning the system into
a strong correlation regime, even if it consists of weakly correlated monolayers
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[171].
Impressive possibilities of the moiré superlattices were already demon-

strated for twisted bilayer graphene (TBG). For certain values of commen-
surate angles, known as ”magic angles”, moiré bands near charge neutrality
become nearly flat, greatly enhancing the effects of electron-electron inter-
actions [174]. This results in the rich diagram of strongly correlated phases
like correlated insulators, unconventional superconductivity, or topological
quantum anomalous Hall effect, which are highly tunable and experimen-
tally accessible [175–180].

In Figure 2.2, fragments of the moiré superlattice for the TBG are demon-
strated in real space. To describe the geometry of graphene monolayers
stacked and twisted, one must define moiré superlattice basis vectors. The
honeycomb lattice of one graphene sheet has two sublattices A and B. Po-
sitions of carbon atoms in a sublattice α are given by r + τα, where r are
vectors from the triangular Bravais lattice spanned by the primitive vectors
a1 = a0

√
3x̂ and a2 = R−π/3a1. One can choose constant vectors τα as

τA = a0ŷ and τB = R−π/3τA. For the twist angle θ, those positions are trans-
formed as τ ′A = R+θ/2τA and τ ′B = R−θ/2τB. If θ is a commensurate angle, it
can be defined by one integer number i according to the relation [170]:

cos θi =
3i2 + 3i+ 1/2

3i2 + 3i+ 1
, (2.1)

so for i = 2 the twist angle is θ = 13.17◦ and the magic angle θ = 1.05 is
obtained for i = 31. The lattice vectors of the moiré unit cell are defined as:

LM
1 = ia1 − (i+ 1)a2, (2.2)

LM
2 = −(i+ 1)a1 − (2i+ 1)a2. (2.3)

The number of carbon atoms in moiré unit cell is increasing for smaller twist
angles. In case of θ = 38.2◦ (Fig.2.2b), it consists of 28 atoms, whereas for
the magic angle it is already 11,908. This rapid growth makes it challenging
to analyze small-angle moiré materials using a fully atomistic approach.

One of the main advantages of moiré heterostructures lies in the diver-
sity of possible moiré superlattice types [181]. Depending on the choice of
monolayers, for commensurate twist angles, one can observe the formation of
honeycomb, triangular, or rectangular superlattices. Furthermore, at incom-
mensurate angles, twisted heterostructures may give rise to quasicrystals —

Chapter 2 18



Quantum Simulation of Strongly Correlated Phases

structures that exhibit high rotational symmetry but lack translational sym-
metry. Quasicrystals are particularly interesting because they host uncon-
ventional electronic states that do not arise in periodic crystals. A notable
example is twisted bilayer graphene at 30◦, which forms a quasicrystal with
12-fold rotational symmetry, known as a dodecagonal quasicrystal [182].
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Layer 1
Layer 2

(a) (b) θ = 38.2°

a

aM
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Figure 2.2: Fragments of TBG moiré superlattices in real space for twist
angle θ = 2.5◦ (a) and θ = 38.2◦ (b). Green dots denote positions of atoms
from the first layer, and red ones from the second layer.

2.1.2 Homobilayers

Inside the family of TMD moiré structures, one possessing a honeycomb
superlattice, similarly to the TBG, is the MoS2 bilayer. In those structures,
two sets of flat bands are observed, from which the first one realizes the
single orbital Hubbard model, and the second one a highly anisotropic px-
py Hubbard Hamiltonian [183]. This gives an interesting opportunity for
experimental realization and analysis of nemetic magnetism.

The effective triangular lattice can be obtained by twisting two sheets of
hexagonal boron nitride (hBN), which is sometimes called a ”white graphene”
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due to its similar hexagonal geometry [184]. However, in contrast to graphene,
the hBN lattice consists of two different atoms in the unit cell, which results
in a large band gap. A single hBN monolayer is widely used as a substrate
for TBG and in other van der Waals heterostructures, because of its insu-
lating properties. The density functional theory (DFT) calculations [185]
reveal multiple flat bands, which emerge for small twists, but without the
fine-tuning of angle required for TBG. Similar to the magic angle TBG,
twisted bilayer hBN possibly supports topological superconductivity upon
doping and spin density waves. The physics of its flat bands separated from
the valence and conduction bands can be described with the multi-orbital
Kanamori models.

A similar effect can be obtained with TMD materials. The low-energy flat
bands with Wannier functions forming a triangular lattice have been reported
in twisted bilayer WSe2 [186]. The signatures of correlated insulating phases
occur in the system for twist angles that range from 4◦ to 5.1◦. As a quantum
simulator, bilayer WSe2 gives access to such phases as Stoner ferromagnetism
and Chern insulators, controlled with external electric and magnetic fields
[187]. Other research shows that topological flat bands emerging in TMD
homobilayers may result in fractional Chern insulator states [188].

2.1.3 Heterobilayers

An alternative route to simulate models on a triangular lattice with moiré
materials is provided by TMD heterobilayers. When two monolayers with
different lattice constants are stacked to form a heterostructure, a moiré
pattern can emerge even in the perfectly aligned case. The combination of
lattice mismatch and twist angle produces a tunable superlattice potential
that acts on the carriers. This potential creates narrow bands with triangular
symmetry, where Coulomb interactions dominate over kinetic energy. In
this strongly interacting regime, moiré TMD heterobilayers serve as solid-
state quantum simulators of Hubbard-like physics, enabling the realization
of correlated insulators at integer fillings, charge-ordered phases at fractional
fillings [189–191]. Theory also predicts other exotic many-body phenomena
like quantum spin liquids and Wigner crystals [192–194].

Moreover, a periodic potential significantly modifies exciton states emerg-
ing in those systems. One of the unique features of moiré heterobilayers is
the formation of interlayer excitons. Experimental and theoretical studies of
TMD heterobilayers show that their conduction band minimum and valence
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band maximum are separated between monolayers, which causes interlayer
charge transfer [195–199]. With the addition of strong Coulomb interaction
due to electron confinement, such a situation favors the production of spa-
tially separated, bounded electron-hole pairs with long lifetimes [200–202].

Recent experiments using moiré TMD heterostructures have achieved
concrete realizations of Hubbard-like and related physics [203]. The angle-
aligned WSe2/WS2 bilayers show a Mott insulating state at half-filling of the
first hole moiré superlattice band, with optical and magnetic measurements
revealing antiferromagnetic Curie–Weiss behavior and a possible transition
to weak ferromagnetism at higher hole densities [189]. WSe2/WS2 devices
also exhibit stripe-ordered insulating phases at fractional fillings, with strong
spatial anisotropy, which match extended Hubbard model predictions on tri-
angular moiré lattices [204]. Researchers using moiré quantum simulators
are also able to get insight into the tunable quantum criticality [205] and
Wigner crystal physics [190,206,207]. More complicated lattice systems, like
the ionic Hubbard model on the honeycomb lattice, are simulated by intro-
ducing interference between moiré patterns in structures with more than two
twisted monolayers [208,209].

Another route for realizing strongly correlated models with moiré het-
erostructures involves twisted bilayer GeSe, a material with a rectangular
lattice structure. In contrast to the two-dimensional moiré patterns observed
in hexagonal systems, small twist angles between GeSe monolayers lead to
the formation of highly anisotropic, quasi-one-dimensional moiré patterns.
The resulting flat bands can be effectively described by an ionic Hubbard
model, capturing the interplay between strong electron correlations and a
staggered potential [210]. This system provides an opportunity to simulate
one-dimensional physics, including Mott insulating phases, Luttinger liquids,
and bond density waves, and to explore quantum phase transitions such as
Ising and Kosterlitz-Thouless transitions in a controllable solid-state plat-
form [211].

In summary, moiré engineering in twisted bilayers and heterostructures
offers a framework for simulating a wide range of strongly correlated phases,
from two-dimensional Hubbard systems to one-dimensional ionic Hubbard
chains. By carefully selecting materials and tuning the twist angle, it becomes
possible to design artificial lattices with flat bands, enhanced correlations,
and rich phase diagrams, providing a platform for exploring quantum phases
in a highly controllable environment.
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13 atoms  spin-1/2 22 atoms  spin-1 

Figure 2.3: The two smallest triangular graphene quantum dots.

2.2 Graphene nanostructures

The other class of promising quantum simulators consists of graphene nanos-
tructures, which come in various shapes and sizes, such as quantum dots
and their arrays, antidot lattices, nanoribbons, nanotubes, and nanospheres.
Their low dimensionality and Dirac-like dispersion enable the emulation of
strongly correlated systems and topological phases, especially when engi-
neered at the nanoscale, controlling their geometry and edge structure. For
instance, nanoribbons with armchair edge geometries can host topological
edge modes and correlated insulating behavior [212,213], while zigzag-edged
ribbons have been shown to realize localized spin-polarized states. On the
other hand, antidot lattices — created by carving out regularly spaced holes
in graphene sheets — enable the design and control of defect states that can
simulate electron spin qubits [214], and more generally allow for the engineer-
ing of artificial lattice potentials where collective excitations and flat-band
physics emerge. Furthermore, graphene nanostructures coupled to supercon-
ductors or ferromagnets offer opportunities to realize Majorana modes and
other exotic correlated phases.

Among these diverse architectures, triangular graphene quantum dots
(TGQDs) with zigzag edges stand out due to their robust zero-energy states
[215]. TGQDs are nanoscale graphene flakes shaped into equilateral triangles.
The graphene lattice structure consists of two sublattices, with NA and NB

carbon atoms. In triangular flakes, a sublattice imbalance occurs such that
NA ̸= NB. Flakes of different sizes can be characterized by the number of
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Figure 2.4: (a) Triangulene structure divided into two sublattices with site
indices bn,m. Empty circles denote auxiliary carbon atoms. (b) Single-particle
energy states of the triangulene, dashed line indicates the Fermi energy.

atoms on one edge, denoted by Nedge. The total number of carbon atoms
is then given by N = N2

edge + 4Nedge + 1, while the sublattice imbalance is
|NA − NB| = Nedge − 1. Figure 2.3 shows the two smallest TGQDs with
N = 13 (phenalenyl) and N = 22 (triangulene).

Tight-binding calculations of single-particle energy levels within nearest-
neighbor approximation reveal a degenerate shell at the Fermi level (Fig. 2.4
b). These degenerate states are localized along the edges of the quantum
dot. Importantly, the degeneracy level is directly related to the flake size
and scales as N0 = Nedge − 1. To establish this result, we consider the
tight-binding Hamiltonian within the nearest-neighbor approximation:

HTB = t
∑

<i,j>,σ

c†i,σcj,σ. (2.4)

The eigenstates at energy E = 0 are solutions of the equation:

HTB |ψ⟩ = 0. (2.5)

We begin by examining a fragment of the honeycomb lattice consisting
of a single atom from the B sublattice adjacent to three atoms from the A
sublattice (Fig. 2.4a). The wavefunction in the pz basis takes the form:

|ψ⟩ = b0ϕ
0
z + b1ϕ

1
z + b2ϕ

2
z + b3ϕ

3
z. (2.6)
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Applying the Hamiltonian and projecting onto ϕ0
z with bi as expansion coef-

ficients gives:
⟨ϕ0

z|HTB |ψ⟩ = t(b1 + b2 + b3), (2.7)

since ⟨ϕ0
z|HTB |ϕiz⟩ = t for i = 1, 2, 3 and vanishes otherwise. Imposing

Eq. 2.5 yields b1 + b2 + b3 = 0, thus, the sum of coefficients around a given
site must vanish for zero-energy states.

We now turn to the 22-atom TGQD. Each A-sublattice site is labeled by
integer indices (n,m) corresponding to primitive lattice vectors a1 and a2:
R = na1 + ma2. To facilitate recursion, we introduce three auxiliary atoms
at the corners (open circles in Fig. 2.4a). Labeling the auxiliary site at the
bottom-left as (0, 0), the nearest A sites have coordinates (0, 1) and (1, 0).
From the previous result, we express the coefficient b0,1 using bottom edge
values:

b0,1 = −b0,0 − b1,0. (2.8)

Similarly, b1,1 = −(b1,0 + b2,0), leading to a general recurrence:

bn,1 = −(bn,0 + bn+1,0). (2.9)

Coefficients on the left edge follow a similar structure, e.g., b0,2 = −(b0,1 +
b1,1) = −(b0,0 + 2b1,0 + b2,0). Potasz et al. showed that all A-sublattice coeffi-
cients can be recursively written using only those along the bottom edge [216].
The general expression involves binomial coefficients:

bn,m = (−1)m
m∑
k=0

(
m

k

)
bn+k,0. (2.10)

To ensure the wavefunction vanishes on all three auxiliary atoms, we set
b0,0 = b4,0 = b0,4 = 0, reducing the number of independent coefficients to
Nedge − 1. All other coefficients are linear combinations of these. Applying
the same method to the B sublattice shows that its coefficients are determined
by b0,0, implying that only A-sublattice sites contribute to the zero-energy
manifold. Thus, the maximum number of linearly independent eigenstates
with E = 0 is Ndeg = Nedge − 1. According to Lieb’s theorem [217], for a
bipartite lattice at half-filling, the ground-state total spin is determined by
the sublattice imbalance S = 1

2
|NA −NB|, which in TGQDs leads to a finite

spin polarization of the zero-energy manifold [218,219]. As a result, TGQDs
provide a natural setting for realizing localized spin states with tunable total
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spin. For example, a 22-atom TGQD possesses Ndeg = 2 spin-polarized zero-
energy states, and its low-energy spectrum effectively simulates an isolated
spin-1 object. This makes TGQDs promising building blocks for quantum
simulators of spin-n systems.

Modern bottom-up fabrication techniques allow researchers to synthesize
graphene flakes with well-defined shapes and atomically precise numbers of
carbon atoms [220, 221]. In particular, short chains of connected triangular
graphene quantum dots (TGQDs) containing 13 and 22 carbon atoms have
been successfully realized on metallic substrates. These structures provide a
platform for quantum simulation of one-dimensional spin systems with tun-
able spin magnitude and coupling geometry. Chains composed of 13-atom
TGQDs exhibit a single unpaired zero-energy state per dot, which allows
them to simulate spin-1/2 Heisenberg chains. Experimental and theoretical
studies have revealed clear signatures of antiferromagnetic coupling between
neighboring dots and gapless excitations [222]. Chains constructed from 22-
atoms TGQDs simulate antiferromagnetic spin-1 Heisenberg chains and ex-
hibit signatures of Haldane physics, including gapped excitation spectra and
emergent spin-1/2 edge states localized at the chain ends, which have been
observed experimentally. Local spin excitations can be probed with scanning
tunneling microscopy (STM) and spectroscopy (STS) with atomic-scale res-
olution. Moreover, the STM technique allows coherent spin manipulation in
TGQDs, which makes them good candidates for carbon qubits [223].

2.3 Artifcial lattices

Another step toward controlling electronic properties in solid-state physics is
the creation of artificial lattices, which can now be engineered with atomic
precision using a scanning tunneling microscope (STM) [224]. Originally
developed as a tool for high-resolution imaging of metallic surfaces and two-
dimensional materials, the STM operates by bringing a sharp metallic tip
within a few angstroms of the sample. When a bias voltage is applied, a
tunneling current flows between the tip and the surface, with an exponential
dependence on their separation. This sensitivity enables precise mapping
of atomic positions and the local density of electronic states (LDOS), with
energy resolution limited only by thermal broadening and the modulation
technique.

Beyond passive imaging, STM offers an active mode of operation, allow-
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ing the creation of artificial atoms, molecules, and two-dimensional lattices
through atom-by-atom manipulation of adsorbates (adatoms) or vacancies
on conducting substrates. This is achieved either by applying voltage pulses
that locally modify the potential landscape, or by physically repositioning
atoms via mechanical interaction with the tip. A historical demonstration of
this capability was performed by Don Eigler in 1989, who famously arranged
xenon atoms on a nickel surface to spell the IBM logo [225]. The concept
of constructing matter ”atom by atom,” originally envisioned by Richard
Feynman, has thus become a practical reality.

Artificial lattices constructed via STM provide a unique quantum simula-
tion platform, bridging condensed matter physics and quantum engineering.
They allow direct and local control over lattice geometry, on-site potential,
orbital composition, and inter-site tunneling—parameters that are other-
wise fixed in natural materials. By tuning these elements independently,
researchers can emulate specific Hamiltonians and study their spectral and
spatial properties with unparalleled precision.

The potential of this approach has been exemplified by artificial realiza-
tions of tight-binding models with nontrivial band topology. For instance, the
Lieb lattice—a two-dimensional structure with a flat band at the Fermi en-
ergy—has been realized using two different strategies: chlorine vacancies in a
Cl monolayer on Cu(100) [226] and carbon monoxide (CO) molecules placed
on Cu(111) [227]. In both platforms, STM spectroscopy revealed Dirac cones
and nearly flat bands, with local wavefunction imaging confirming the orbital
character of the states. The CO-on-Cu(111) platform, in particular, provides
higher tunability, allowing researchers to vary the number and placement of
CO molecules at each lattice site. This control was used to implement a mul-
tiorbital honeycomb lattice with energy-separated s- and p-like bands [228],
enabling orbital-selective probing of band structure and Berry curvature.

While most early STM-based simulations focused on periodic lattices, ar-
tificial lattices reveal their full power in exploring non-periodic and aperiodic
geometries. Systems such as amorphous networks, quasicrystals with long-
range rotational order but no translational symmetry, and fractal geometries
can all be assembled site-by-site using STM [229–231]. These architectures
are notoriously challenging for conventional band theory, due to the absence
of Bloch’s theorem and momentum-space analysis. STM quantum simula-
tors thus offer a rare experimental handle on the interplay between electronic
localization, symmetry, and topology in such non-crystalline systems.

Despite their versatility, STM-based simulators face important limita-
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tions. The electron wavefunctions used to define artificial orbitals are based
on surface-state electrons of the underlying metal, which are subject to de-
coherence from surface-to-bulk scattering [232, 233]. This limits the lifetime
and resolution of spectroscopic features. Additionally, strong electronic cor-
relations are typically absent due to the delocalized nature of the wavefunc-
tions and metallic screening, and spin–orbit coupling is weak in conventional
metallic substrates [234]. To address these challenges, current efforts focus
on integrating substrates with reduced electronic screening, such as ultrathin
insulating layers or superconductors, and on engineering artificial spin–orbit
coupling via tailored lattice designs and magnetic adatoms [235–237]. These
developments aim to extend the range of quantum phases accessible with ar-
tificial lattices, including topological superconductors, Mott insulators, and
quantum spin liquids.
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Methodology

3.1 Exact diagonalization method

Analyzing strongly correlated quantum systems requires explicit treatment
of electron–electron interactions. The most straightforward approach is to
calculate the eigenstates of the full Hamiltonian. Exact diagonalization pro-
vides precise access to ground-state properties, excitation spectra, correlation
functions, and entanglement measures [238,239]. However, the dimension of
the Hilbert space grows exponentially with system size, which quickly lim-
its the applicability of this method. To manage this exponential growth,
symmetries such as particle number conservation, spin, or momentum are
typically exploited to block-diagonalize the Hamiltonian and reduce its effec-
tive size. In practice, the Hamiltonian matrix is extremely sparse, with most
elements equal to zero, allowing for efficient storage and numerical manipu-
lation using sparse matrix techniques. When such optimization is insufficient
for larger problems, iterative algorithms like the Lanczos or Davidson meth-
ods are employed to find a few low-energy eigenstates without computing the
full spectrum [138,139].

3.1.1 Construction of the basis

The first step toward the exact diagonalization method is to write the many-
body Hamiltonian given in the second quantization formalism as a sparse
Hermitian matrix. Let’s consider the fermionic Hubbard Hamiltonian:
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H = −t
∑

<i,j>,σ

(
c†iσcjσ +H.c.

)
+ U

∑
i

ni↑ni↓. (3.1)

Assuming the system to be a chain with length L, the full Hilbert space
has dimension 4L. To simplify the problem, one can exploit symmetries of
the Hamiltonian. When an operator A commutes with the Hamiltonian H,
they share a common set of eigenstates. This allows the Hilbert space to
be decomposed into invariant subspaces labeled by the quantum numbers
associated with the symmetry. In such a basis, the Hamiltonian becomes
block-diagonal and does not couple states from different subspaces. Each
block can then be treated independently, which significantly reduces the ef-
fective dimensionality of the problem.

The Hubbard Hamiltonian possesses few intrinsic symmetries that can be
used to simplify the numerical implementation of the exact diagonalization
method:

• Conservation of the particle number: the Hamiltonian commutes with
the total particle number operator Ne =

∑
i,σ ni,σ.

[Ne, H] = NeH −HNe (3.2)

NeH =
∑
k,σ′

(
−t

∑
<i,j>,σ

c†kσ′ckσ′c†iσcjσ + c†kσ′ckσ′c†jσciσ

)

+
∑
k,σ′

(
U
∑
i

c†kσ′ckσ′c†i↑ci↑c
†
i↓ci↓

)

=
∑
k,σ′

(
−t

∑
<i,j>,σ

c†iσcjσ + c†jσciσ − c†kσ′c
†
iσckσ′cjσ − c†kσ′c

†
jσckσ′ciσ

)

+
∑
k,σ′

(
U
∑
i

−c†i↑c
†
i↓ci↑ci↓ + c†i↓c

†
i↑ci↑ci↓ − c†kσ′c

†
i↑c
†
i↓ckσ′ci↑ci↓

)

HNe =
∑
k,σ′

(
−t

∑
<i,j>,σ

c†iσcjσ + c†jσciσ − c†iσc
†
kσ′cjσckσ′ − c†jσc

†
kσ′ciσckσ′

)

+
∑
k,σ′

(
U
∑
i

−c†i↑c
†
i↓ci↑ci↓ + c†i↑c

†
i↓ci↓ci↑ − c†i↑c

†
i↓c
†
kσ′ci↑ci↓ckσ′

)
[Ne, H] = 0
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• SU(2) spin symmetry: the Hamiltonian commutes with α = x, y, z
components of the total spin operator Sα = 1

2

∑
i

∑
µ,ν c

†
iµσ

α
µνciν .

• For the periodic boundary condition, the model has translational sym-
metry.

• For an even number of lattice sites, the model has particle-hole sym-
metry.

From the numerical point of view, the most important are conservation
of the total particle number N and the Sz component of spin, which is equiv-
alent to the conservation of the number of particles with spin up and down
separately since Sz = 1

2
(N↑ −N↓) and N = N↑ +N↓.

Then the full problem of diagonalizing the Hubbard Hamiltonian can be
divided into sectors with fixed numbers N↑ and N↓. As an example, we can
focus on the chain with length L = 4, and the sector with fixed particle
numbers N = 4. There are 74 possible basis states, but we can further
reduce this number by treating subspaces with different Sz values separately,
as shown in the Table 3.1.1. It is convenient to use integers in a bitstring
form to encode basis states [240], where each site corresponds to a specific bit
in an integer. A bit value of 1 indicates the presence of a fermion with a given
spin at that site, while 0 denotes its absence. To do this, we need to order
creation operators by spins first and then by lattice sites. Sites occupied by
↑-spins are denoted by one four-bit integer number (equal to index i) and
sites with ↓-spins by a second (index j). For example:

c†1↑c
†
2↑c
†
2↓c
†
3↓ |0⟩ → [(1100)2, (0110)2] → |(12, 6)⟩ (3.3)

This state in the constructed basis has indices i = 12, j = 6. Such notation
allows the use of binary operations, which enhance the performance of the
code.

3.1.2 Hamiltonian matrix elements

The kinetic part of the Hamiltonian involves hopping of fermions between
neighboring sites and must preserve the antisymmetric nature of fermionic
wavefunctions. In the bitstring formalism, hopping corresponds to flipping
occupation bits at two sites, removing a fermion from one site and adding it
to another. However, because fermions anticommute, this process introduces
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Sz N↑ N↓ n
0 2 2 36
1 3 1 18
-1 1 3 18
2 4 0 1
-2 0 4 1

Table 3.1: Number of basis vectors n in subspaces with different Sz for N=4
fermions on L=4 sites.

a phase determined by the parity of the number of fermions passed during
the hopping operation. This parity is computed by counting the number of
occupied sites between the origin and destination of the hop, which mimics
the string of Jordan–Wigner phase factors in one-dimensional systems. In
practice, this is implemented efficiently by bitwise operations that count the
number of ones in specific ranges of the bitstring. This ensures correct an-
tisymmetry of the fermionic wavefunction and allows efficient construction
of the Hamiltonian matrix elements without explicitly working in a second-
quantized operator algebra. The same procedure is independently applied to
spin-up and spin-down sectors, preserving total particle number and taking
into consideration the Pauli exclusion principle for fermions.

For example, applying the kinetic part of the Hubbard Hamiltonian T̂ =

−t
∑

<i,j>,σ

(
c†iσcjσ +H.c

)
to the state |(12, 6)⟩ results in 4 possible hoppings:

T̂ [(1100)2, (0110)2] = t [(0101)2, (0110)2] − t [(1010)2, (0110)2] (3.4)

− t [(1100)2, (1010)2] − t [(1100)2, (0101)@]

= t |(5, 6)⟩ − t |(10, 6)⟩ − t |(12, 10)⟩ − t |(12, 5)⟩

Each term corresponds to a single fermion hopping between neighboring sites,
with signs determined by the parity counting. Depending on the system size,
matrix indices for these resulting states can be found either by scanning the
full basis list or using hash maps or binary search to improve performance.

The interaction term of the Hubbard Hamiltonian is more straightforward
to implement, as it acts diagonally in the occupation number basis. The
interaction energy is given by V̂ =

∑
i ni↑ni↓ and for each basis state, the

number of doubly occupied sites (sites where both spin-up and spin-down
bits are set) can be found with a bitwise AND logic operation of the two
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-t
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Figure 3.1: Matrix elements of Hubbard Hamiltonian for L = 4, N↑ = N↓ =
2.

bitstrings. For our example state |(12, 6)⟩, this yields one site with double
occupancy, contributing a diagonal matrix element:

V̂ [(1100)2, (0110)2] = U [(1100)2, (0110)2] = U |(12, 6)⟩ (3.5)

Altogether, the Hamiltonian matrix can be efficiently constructed using bit-
level operations for both hopping and interaction terms.

3.1.3 Translation symmetry

When the system has periodic boundary conditions and translational invari-
ance, the Hamiltonian Ĥ commutes with the translation operator T̂ . As a
result, crystal momentum is conserved, and the lattice quasi-momentum k
becomes a good quantum number. The Hilbert space can then be decom-
posed into invariant subspaces labeled by k, and the Hamiltonian takes block-
diagonal form. Each block corresponds to a fixed momentum sector, and the
full Hamiltonian is a direct sum of these symmetry-reduced blocks [241].

The basis vectors from each translational symmetry block are eigenstates
of the translational symmetry operator T̂ , which can be constructed using
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Bitstring state Integer index
0 1100 12
1 1010 10
2 1001 9
3 0011 3
4 0101 5
5 0110 6

Table 3.2: Spin-↑ configurations with two particles on L=4 sites.

the momentum-space projection operator:

Pk =
1

N

L−1∑
j=0

e2πijk/LT j. (3.6)

The operator Pk project an arbitrary basis state |n⟩ onto a k-momentum
eigenstate. Applying T̂ to the projected state yields:

T̂ Pk |n⟩ =
1

N

L−1∑
j=0

e2πij/LT j+1 |n⟩ = e−2πik/LPk |n⟩ . (3.7)

showing that Pk |n⟩ is indeed an eigenstate of T̂ with eigenvalue e−2πik/L,
corresponding to momentum 2πk/L. On the ring with L sites, repeating
translation by one site L times results in returning to the origin, so T L = 1,
which also implies e−2πik = 1. From this property, we find a closed set of k
values to be integers modulo L: k = 0, 1, . . . , (L− 1).

To illustrate this, we first examine the spin-↑ sector of two particles on
four lattice sites. Each bitstring representing occupied sites is indexed in
Table 3.2. We can identify all translationally equivalent states by generating
the set {|n⟩ , T 1 |n⟩ , T 2 |n⟩ , T 3 |n⟩}. For example, consider the state |12⟩ =
|1100⟩:

T 1 |12⟩ = |6⟩ (3.8)

T 2 |12⟩ = |3⟩
T 3 |12⟩ = |9⟩

This collection of states O↑1 = {|12⟩ , |9⟩ , |6⟩ |3⟩} forms a translational
orbit, representing a class of states that will contribute to a single momentum
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eigenstate. Each orbit is uniquely described by a canonical representative,
chosen arbitrarily from its elements. We can immediately notice that two
states |5⟩ and |10⟩ are not included in this orbit. They are connected by
translation T̂ 1 |10⟩ = |5⟩ and form second orbit O↑2{|10⟩ , |5⟩}.

Science N↑ = N↓, the orbits for spin-↓ states are the same as for spin-↑
particles. To build the basis for the full Hubbard model, we consider pairs
(n↑,m↓), and apply simultaneous translation to both components. This yields
10 inequivalent orbits in the combined Hilbert space:

O1 = {|(12, 12)⟩ , |(9, 9)⟩ , |(3, 3)⟩ , |(6, 6)⟩}
O2 = {|(6, 5)⟩ , |(3, 10)⟩ , |(9, 5)⟩ , |(12, 10)⟩}
O3 = {|(6, 12)⟩ , |(3, 6)⟩ , |(9, 3)⟩ , |(12, 9)⟩}
O4 = {|(6, 9)⟩ , |(3, 12)⟩ , |(9, 6)⟩ , |(12, 3)⟩}
O5 = {|(12, 5)⟩ , |(6, 10)⟩ , |(3, 5)⟩ , |(9, 10)⟩}
O6 = {|(12, 6)⟩ , |(6, 3)⟩ , |(3, 9)⟩ , |(9, 6)⟩}
O7 = {|(10, 12)⟩ , |(5, 9)⟩ , |(10, 3)⟩ , |(5, 6)⟩}
O8 = {|(5, 12)⟩ , |(10, 6)⟩ , |(5, 3)⟩ , |(10, 9)⟩}
O9 = {|(10, 10)⟩ , |(12, 12)⟩}
O10 = {|(10, 12)⟩ , |(12, 10)⟩}

During the construction of orbits and applying translations, we need to take
into consideration the change of fermionic sign, particularly when the trans-
lation operator permutes fermionic operators across boundaries. For each
canonical representative of orbit On, we can construct a momentum eigen-
state Ψk

1 using the projection operator Eq. 3.6. For example, for k = 0 and
orbit O1 we obtain :

Ψk=0
1 =

1

2
(|(12, 12)⟩ + |(9, 9)⟩ + |(3, 3)⟩ + |(6, 6)⟩) (3.9)

Note that the projected states |Ψk
n⟩ must be orthonormalized, since dis-

tinct orbits may overlap after projection. This is typically done via the
Gram–Schmidt process or by constructing the overlap matrix.

After projecting the orbit representatives into fixed-k sectors, we obtain a
symmetry-adapted basis in which the Hamiltonian becomes block-diagonal.
Beyond computational speed-up, resolving the Hamiltonian in momentum
sectors allows direct access to dispersion relations E(k), identification of
symmetry-protected states, and classification of excitations by momentum.
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3.1.4 The Lanchos algorithm

One of the simplest and most effective methods for computing extremal eigen-
values of large, sparse matrices, typically the ground-state energy and low-
lying excitations, is the Lanczos algorithm [242]. It is an iterative procedure
that operates in Krylov subspaces and avoids explicit construction and stor-
age of the full Hamiltonian matrix.

In general, the ground state ΨGS and its energy can be found from the
variational principle. For any Hermitian Hamiltonian H, one can define the
energy functional:

E [Ψ] =
⟨Ψ|H |Ψ⟩
⟨Ψ|Ψ⟩

, (3.10)

which is minimized when Ψ = ΨGS. The steepest ascent direction of this
functional, starting from the random state or physically motivated initial
state |Ψ⟩, is given by its functional derivative:

δE [Ψ]

δ |Ψ⟩
=
H |Ψ⟩ − E [Ψ] |Ψ⟩

⟨Ψ|Ψ⟩
= |Ψα⟩ (3.11)

By moving in the opposite direction, one obtains the state with lower energy
E [Ψ − γΨα] < E [Ψ] for any small γ > 0.

The minimum energy can be approximated by diagonalizing the Hamil-
tonian in the two-dimensional subspace spanned by vectors |Ψ⟩ and |Ψα⟩ =
H |Ψ⟩. First, the initial state is normalized:

|a0⟩ =
|Ψ⟩

⟨Ψ|Ψ⟩
. (3.12)

Next, one orthogonalizes the vector H |Ψ⟩ with respect to |a0⟩:

|ã1⟩ = H |a0⟩ − |a0⟩ ⟨a0|H |a0⟩ , (3.13)

and normalizes it to obtain |a1⟩ = |ã1⟩ / ⟨ã1|ã1⟩. This yields the recurrence
relation:

H |a0⟩ = β1 |a1⟩ + α0 |a0⟩ (3.14)

where αn = ⟨an|H |an⟩ and β2
1 = ⟨ã1|ã1⟩. The Hamiltonian in this subspace

is represented by a 2 × 2 matrix:

H|a0⟩,|a1⟩ =

(
α0 β1
β1 α1

)
(3.15)
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This procedure can be repeated iteratively, using the lowest eigenstate of
each 2× 2 subspace as the new starting vector. This is the so-called steepest
descent method.

In general optimization problems, a known drawback of steepest descent
methods is the possibility of converging to a local minimum. However, for
quantum systems described by Hermitian Hamiltonians, the variational en-
ergy functional has a unique global minimum at the ground state, ensuring
efficient convergence.

Repeating the steepest descent methodN−1 times is equivalent to repeat-
edly applying the Hamiltonian to the initial state. Rather than diagonalizing
2× 2 matrices in each iteration, it is more convenient to first construct a se-
quence of vectors Hn |Ψ0⟩. After orthogonalization of those states against
each other, they span a Krylov subspace:

KN = span{|ψ0⟩ , H |ψ0⟩ , H2 |ψ0⟩ , . . . , H(N−1) |ψ0⟩}.

In this subspace, the Hamiltonian is represented by a real symmetric tridi-
agonal matrix:

H̃KN
=


α0 β1 0 . . . . . . 0
β1 α1 β2 0 . . . 0
...

...
...

...
. . .

...
0 0 . . . βN−1 αN−2 βN−1
0 . . . . . . 0 βN−1 αN−1

 (3.16)

After a relatively small number of iterations, the lowest eigenvalues of this
matrix give us a good approximation to the ground-state energy. The ground-
state wavefunction is given by:

|Ψ̃GS⟩ =
N−1∑
j=0

uj |αj⟩ . (3.17)

where uj are components of the lowest eigenvector of H̃KN
.

When the Lanczos algorithm is applied within a fixed symmetry sector,
such as a definite momentum k, spin Sz, or particle number, the resulting
eigenstates inherit those symmetries. This not only reduces the computa-
tional cost (by lowering the Hilbert space dimension) but also ensures that
observables and eigenstates respect the physical symmetries of the system.
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3.2 Density Matrix Renormalization Group

The density matrix renormalization group (DMRG) is one of the most widely
used numerical methods for determining ground states of low-dimensional,
strongly correlated quantum systems. It originated as an improvement over
the real-space renormalization group (RSRG), which aimed to reduce the
degrees of freedom by projecting onto effective low-energy subspaces [243,
244]. However, in contrast to RSRG, which suffers from poor accuracy and
boundary artifacts, DMRG makes use of density matrices to retain the most
relevant states, leading to significantly improved results.

In the RSRG approach, one begins with an initial subsystem (or ”block”)
of length l, described by Hamiltonian HS acting on an M-dimensional Hilbert
space. The block is then doubled in size, resulting in a new compound block
of length 2l with a Hilbert space of dimension M2. After diagonalizing the
Hamiltonian of the enlarged block, the lowest-energy M eigenstates are se-
lected to define a reduced Hilbert space. This procedure is repeated itera-
tively to grow the system [245]. However, such an approach performs poorly
even for simple test cases, such as a single particle in a box, due to incorrect
boundary conditions and the accumulation of truncation errors.

As an alternative, White in 1992 [144] introduced the DMRG algorithm
for one-dimensional systems, which reformulates the truncation process us-
ing the reduced density matrix of a subsystem. Unlike the RSRG method,
which has exponentially fast growth, the DMRG procedure grows linearly
(for gapped 1D Hamiltonians) and, what is more critical, solves the problem
of false boundary conditions by embedding the system in an environment of
the same size, mimicking the thermodynamic limit.

In its original form (the infinite-system DMRG), the algorithm consists
of the following steps:

0. The algorithm starts with a small lattice system (block) S consisting of
N sites. The Hilbert space of the block has dimension MS and contains
states {|mS⟩}. The matrix elements of the Hamiltonian HN are defined
as ⟨mS|H |m′S⟩. Block S is embedded in environment E of the same
size to mimic the thermodynamic limit.

1. Now, a single site with local basis {|σS⟩} is added to block S, forming
the new system S’, which lives in the Hilbert space with dimension
NS = MSNσ. The merged basis contains product states {|mSσ⟩} =
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{|mS⟩ |σS⟩}. The same procedure is performed with the environment,
so the final result is the superblock with 2N +2 sites. Its Hilbert space
has dimension NSNE.

2. Find the ground state |ψ0⟩ of the superblock Hamiltonian H2N+2 by
the sparse-matrix diagonalization method, for example, the Lanczos
algorithm.

3. The reduced density matrix ρ̂ = TrE |ϕ0⟩ ⟨ϕ0| has NS eigenvalues pα
and orthonormal eigenstates |pα⟩, which satisfy conditions

∑
α pα = 1

and pα ≥ 0. The basis S’ can be obtained by keeping the MS number
of eigenstates associated with the largest eigenvalues pα.

4. Define the rectangular matrix T of size NS ×MS as Tij = ⟨mSσ|ptrα ⟩.
Next, perform the transformation of the Hamiltonian to the reduced
MS-state basis H tr

N+1 = T †HN+1T . Assign H tr
N+1 as HN+1 for the S’

system and repeat the procedure for the environment.

5. Restart from step 1 and proceed until the desired length is reached.

In later studies, this procedure was improved for better performance by incor-
porating Abelian symmetries and changing the truncation basis mechanism.

While the infinite-system DMRG is effective for gapped systems near
half-filling, it can become unreliable near critical points or in systems with
open boundary conditions. In those cases, better results are obtained with
the finite-system DMRG. In this variant, the system is first grown to a fixed
length L, after which the DMRG iterations proceed by sweeping : one block
grows while the other shrinks, until the minimal size is reached, then the
direction is reversed. Repeated sweeps refine the approximation of the ground
state.

In modern implementations, the DMRG algorithm integrates tensor net-
work methods by representing quantum states and operators as matrix prod-
uct states (MPS) and matrix product operators (MPO) [246, 247]. In such
formulation, the DMRG is a variational method, which iteratively optimizes
the physical state in the form of the MPS. This approach takes advantage
of the compact representation of quantum states offered by MPS, which al-
lows the algorithm to capture the essential degrees of freedom efficiently. By
employing MPS for states and MPO for operators, DMRG can effectively ex-
ploit the system’s locality and entanglement characteristics, thus significantly
reducing computational complexity while preserving high accuracy.
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3.2.1 Matrix Product States

The exact representation of many-body wavefunctions in quantum systems
requires storing exponentially many coefficients. However, in low-dimensional
systems with limited entanglement (e.g., gapped 1D systems), ground states
often obey the area law for entanglement entropy. Matrix Product States
(MPS) provide a compact representation for such states, making them a
foundational tool in modern DMRG [248,249].

We consider a 1D quantum system with N sites, each with local Hilbert
space spanned by {|jn⟩}djn=1. Any pure state can be written as

|ψ⟩ =
∑

j1,...,jN

ψj1,...,jN |j1, . . . , jN⟩ . (3.18)

The main concept behind the MPS is an ansatz that amplitudes ψj1,...,jN of
the wave function can be decomposed into a product of matrices by iterative
singular value decomposition (SVD) [145]. The SVD method decomposes an
arbitrary rectangular matrix M with size NA ×NB into:

M = USV †, (3.19)

where U is a unitary matrix with orthonormal columns and dimension NA×
min(NA, NB), matrix S of size min(NA, NB) × min(NA, NB) and its diag-
onal non-negative values are so-called singular values Saa = sa, and V † is
unitary matrix with dimensions min(NA, NB) × NB and orthonormal rows.
Coefficients of the many-body state |Ψ⟩ can be reshaped into a matrix A of
dimension d× dN−1:

Aj1,(j2...jN ) = ψj1...jN . (3.20)

The next step is performing the SVD of A, which gives us:

ψj1...jN = Aj1,(j2...jN ) =

r1∑
α1

Uj1,α1Sα1,α1V
†
α1,(j2...jN ). (3.21)

Matrices S and V can be multiplied, and the resulting matrix can be ex-
pressed in form analogous to Eq 3.20: Sα1,α1V

†
α1,(j2...jN ) = A(α1j2),(j3...jN ) with

size r1d× dN−1. The unitary matrix U is then decomposed into a set of row
vectors M j1 of size d. In the result:

ψj1...jN =

r1∑
α1

M j1
α1
A(α1j2),(j3...jN ). (3.22)
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The same procedure is carried again for A(α1j2),(j3...jN ):

ψj1...jN =

r1∑
α1

r2∑
α2

M j1
α1
U(α1j2),α2Sα2,α2V

†
α2,(j3...jN ) =

r1∑
α1

r2∑
α2

M j1
α1
M j2

α1,α2
ψ(α2,j3)(j4...jN ).

(3.23)
where M j2

α1,α2
is a set of matrices M j2 of dimension r1 × r2. Further iterative

SVD procedures give:

ψj1...jN−1

∑
α1,...,αN−1

M j1
α1
M j2

α1,α2
. . .M jN−1

αN−2,αN−1
. (3.24)

The corresponding matrix product state is then:

|ψ⟩ =
∑

i1,...,iN

∑
α1,...,αN+1

M i1
α1α2

M i2
α2α3

. . .M iN
αNαN+1

|i1, i2, . . . , iN⟩ , (3.25)

where in = 1, . . . , d label local basis states, and αn = 1, . . . , χn are virtual
bond indices connecting neighboring sites. The matrices M in have dimen-
sions χn×χn+1, with χn referred to as the bond dimension at site n. For the
generic state, we have different sets of matrices on each site. The graphical
representation of the MPS is shown in Fig. 3.2(a).

In the trivial case, where the wavefunction is a product state |ψ⟩ = |ϕ1⟩⊗
|ϕ2⟩⊗· · ·⊗|ϕN⟩, it can be easily represented as the MPS with bond dimension
χn = 1 and 1×1 matrices M in = ϕnin . Such a simple form of the MPS results
from the absence of entanglement.

3.2.2 The AKLT state in the MPS representation

A non-trivial example is provided by the Affleck-Kennedy-Lieb-Tasaki (AKLT)
model [80], defined by the spin-1 Hamiltonian:

HAKLT =
∑
i

S̄iS̄i+1 +
1

3
(S̄iS̄i+1)

2 (3.26)

Its ground state is a valence bond solid (VBS), in which spins form an ordered
pattern of singlet pairs (valence bonds). It can be obtained by decomposing
the spin-1 at each site into two spin-1/2, which are then connected by a
single valence bond S0 with neighboring sites [250]. To construct such a
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ground state for a chain of L spin-1 sites, we start with a product of singlet
pairs on the 2L spin-1

2
chain:

|ΦS⟩ =
L⊗
x=1

1√
2

(|↑x,R⟩ |↓x+1,L⟩ − |↓x,R⟩ |↑x+1,L⟩), (3.27)

where x are indices of the physical spin-1 site, and L/R denotes left/right
spin-1

2
at site x. Local states in such a tensor product are not correlated.

To obtain a correlated ground state of the AKLT Hamiltonian, we need to
apply the symmetrization operator, which projects singlet bonds back onto
the triplet subspace:

|ΦV BS⟩ = (
L⊗
x=1

Sx) |ΦS⟩ . (3.28)

The symmetrization operator S is defined as:

S |↓↑⟩ =
1

2
(|↑↓⟩ + |↓↑⟩) =

1√
2
|T0⟩ , (3.29)

S |↑↓⟩ =
1

2
(|↑↓⟩ + |↓↑⟩) =

1√
2
|T0⟩ ,

S |↑↑⟩ = |↑↑⟩ = |T+⟩ ,
S |↓↓⟩ = |↓↓⟩ = |T−⟩ .

For example, for two spin-1 sites with open boundary conditions, we have
four degenerate VBS ground states:

|V BS↓↓⟩ = S |↓, S0, ↓⟩ , (3.30)

|V BS↑↓⟩ = S |↑, S0, ↓⟩ ,
|V BS↓↑⟩ = S |↓, S0, ↑⟩ ,
|V BS↑↑⟩ = S |↑, S0, ↑⟩ ,
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where S0 = 1√
2
(|↑1,R⟩ |↓2,L⟩ − |↓1,R⟩ |↑2,L⟩) is a valence bond between sites

x = 1 and x = 2. After symmetrization, our VBS states are:

|V BS↓↓⟩ =
1

2
(|T0T−⟩ − |T−T0⟩), (3.31)

|V BS↑↓⟩ =
1

2
(|T0T0⟩ − |T−T+⟩),

|V BS↓↑⟩ =
1

2
(|T+T−⟩ − |T0T0⟩),

|V BS↑↑⟩ =
1

2
(|T+T0⟩ − |T0T+⟩).

Those states are the lowest eigenvalues of the AKLT Hamiltonian for L = 2.
When the ends of the chain are glued together (periodic boundary con-

ditions), the ground state is unique and can be written as the MPS in the
form:

|Ψ⟩AKLT =
∑

σ1,σ2,...,σN

Tr(Mσ1 . . .MσN ) |σ1, . . . , σN⟩ . (3.32)

The explicit form of the M matrices follows directly from the valence bond
construction. In the VBS state, the bond between sites x and x + 1 can be
denoted with the index αx+1, which is equal to αx+1 = 1, when in expansion of
the product Eq.3.27 we choose on the bond 1√

2
|↑x,R↓x+1,L⟩, and αx+1 = 1 for

− 1√
2
|↓x,R↑x+1,L⟩. The configuration of spin-1’s σ = (σ1, . . . , σL) is uniquely

determined by the sequence of bond indices α1, . . . , αL. For one site σx, three
possible local states correspond to four choices of bond indices:

σx = 1 (|↑x,L↑x,R⟩) for αx = 2, αx+1 = 1, (3.33)

σx = 0 (|↑x,L↓x,R⟩ , |↓x,L↑x,R⟩) for αx = αx+1 = 1 or αx = αx+1 = 2,

σx = −1 (|↓x,L↓x,R⟩) for αx = 1, αx+1 = 2.

To obtain matrices Mσx
α,α′ at each bond, we multiply the factor ± 1√

2
from the

valence bond definition (Eq.3.27) by the factor from symmetrization rules
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(σx = ±1 ⇒ 1 and σx = 0 ⇒ 1√
2
) for each pair σx, αx:

Mσx=+1
2,1 = − 1√

2
· 1 = − 1√

2
(3.34)

Mσx=0
1,1 =

1√
2
· 1√

2
=

1

2

Mσx=0
2,2 = − 1√

2
· 1√

2
= −1

2

Mσx=−1
1,2 =

1√
2
· 1 =

1√
2

This gives us three 2 × 2 matrices corresponding to the physical states i =
−1, 0,+1, namely:

M+1 =

(
0 0

−
√

1
2

0

)
, M0 =

(
1
2

0
0 −1

2

)
, M−1 =

(
0
√

1
2

0 0

)
. (3.35)

We can check the correctness of our new representation by constructing the
VBS state for two spin-1 sites and periodic boundary conditions. In such a
case, we have two valence bonds, which, after symmetrization, give:

|ΦV BS⟩ = S |S0, S0⟩ =
1

2
S ((|↑1R↓2L⟩ − |↓1R↑2L⟩)(|↑2R↓1L⟩ − |↓2R↑1L⟩))

=
1

2
(|↓1L↑1R↓2L↑2R⟩ − |↑1L↑1R↓2L↓2R⟩

− |↓1L↓1R↑2L↑2R⟩ + |↑1L↓1R↑2L↓2R⟩)

=
1

2
|T0T0⟩ −

1

2
|T+T−⟩ −

1

2
|T−T+⟩ +

1

2
|T0T0⟩ . (3.36)

Now, we calculate the AKLT MPS:

|Ψ⟩ = Tr(M0M0) |T0T0⟩ + Tr(M+M−) |T+T−⟩ + Tr(M+M+) |T−T+⟩ .
(3.37)

From simple matrix multiplication and trace operation, we obtain:

|Ψ⟩ =
1

2
|T0T0⟩ −

1

2
|T+T−⟩ −

1

2
|T−T+⟩ +

1

2
|T0T0⟩ . (3.38)

Thus, constructing the VBS state using the singlet product and symmetriza-
tion gives the same result as our MPS state.
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j1 j1j2 j2jN jNj3 j3

Ψ
MPS

a)

b)

M[1] M[2] M[3] M[N]
α1 α4 αN+1αNα3α2 ...

j1

i1 i2 i3 iN

j2 jNj3

W[1] W[2] W[3] W[N]
γ4 γN+1γNγ3γ2γ1 ...vL vR

Figure 3.2: Schematic representation of tensor networks used in DMRG al-
gorithm: matrix product state (a) and matrix product operator (b).

3.2.3 Canonical form of the MPS

The form of the MPS obtained from SVD procedure is called left-cannonical
[145], because matrices M jn are left-normalized, obeying condition:∑

jn

(M jn)†M jn = I. (3.39)

In general
∑

jn
M jn(M jn)† ̸= I, which has crucial consequences, when we try

to divide our MPS into two parts, left A and right B. Such procedure is
demanded during DMRG procedure. Let’s assume, we cut our system on the
bond between n and n+ 1 site. This way we can write our MPS in the form:

|Ψ⟩ =
∑
αn

|αn⟩A ⊗ |αn⟩B , (3.40)

where we introduce states:

|αn⟩A =
∑
j1,...jn

M j1M j2 . . .M jn |j1, . . . , jn⟩ , (3.41)

|αn⟩B =
∑

jn+1,...jN

M jn+1M jn+2 . . .M jN |jn+1, . . . , jN⟩ . (3.42)

This form of the MPS (Eq. 3.40) resembles the Schmidt decomposition of
state |Ψ⟩. However, due to the left-normalization of matrices M jn , states
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|αn⟩A are orthogonal ⟨α′n|αn⟩A = δα′
nαn , but states from B side are not:

⟨α′n|αn⟩B =
∑

jn+1,...,jN

(M jn+1 . . .M jN )∗(M jn+1 . . .M jN ) (3.43)

=
(
(M jN )† . . . (M jn+1)†

)
(M jn+1 . . .M jN )

=
∑

jn+1,...,jN

M jn+1 . . .M jN (M jN )† . . . (M jn+1)† ̸= δα′
nαn .

Set of |αn⟩B states are orthogonal, when in SVD procedure we start our
decomposition from the left side, instead of the right side. This way we
obtain right-cannonical MPS:

|Ψ⟩ =
∑
jn...jN

N j1N j2 . . . N jN |j1 . . . jN⟩ , (3.44)

where matrices N are right-normalized
∑

jn
N jn(N jn)† = I.

In order to obtain a true Schmidt decomposition, in which both sets
of states |αn⟩A and |αn⟩B form orthonormal bases, we bring the MPS into
its canonical form. The key idea is to exploit the gauge freedom of the
MPS [247]. We start by inserting an invertible matrix X on the virtual bond
between sites n and n+ 1:

M jn → M̃ jn = M jnX−1, M jn+1 → M̃ jn+1 = XM jn+1 . (3.45)

This gauge transformation leaves the physical state |Ψ⟩ invariant but changes
its local representation. So the MPS state is now:

|Ψ⟩ =
∑
jn...jN

M j1 . . .M jnX−1XM jn+1 . . .M jN |j1 . . . jN⟩ (3.46)

=
∑
jn...jN

M j1 . . . M̃ jnM̃ jn+1 . . .M jN |j1 . . . jN⟩

From the SVD decomposition we have factorization:

M̃ in = ΓinΛ[n+1], (3.47)

where Λ[n+1] is a diagonal matrix with non-negative entries and Γin is an
isometric tensor. After inserting new matrices into equation (3.25) we get:

|Ψ⟩ =
∑

i1,...,iN

M i1 · · ·ΓinΛ[n+1]M̃ in+1 · · ·M iN |i1, . . . , iN⟩ (3.48)
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By contracting all tensors on the left and right of the diagonal matrix Λ[n+1]:

|α̃n+1⟩L =
∑
j1,...,jn

M j1 . . .Γjn |j1, . . . , jn⟩ (3.49)

|α̃n+1⟩R =
∑

jn+1,...,jN

M̃ jn+1 . . .M jN |jn+1, . . . , jN⟩ .

Using these definitions we can rearrange the full sum: every term in the
original expansion contracts into a product of a left-block and right-block:

|Ψ⟩ =
∑

α̃n+1,β̃n+1

Λ
[n+1]

α̃n+1,β̃n+1
|α̃n+1⟩L ⊗ |α̃n+1⟩R . (3.50)

Finally, because Λn+1 is diagonal, Λ
[n+1]

α̃n+1,β̃n+1
= 0 for α̃ ̸= β̃, so we can neglect

one sum:
|Ψ⟩ =

∑
α̃n+1

Λ
[n+1]
α̃n+1

|α̃n+1⟩L ⊗ |α̃n+1⟩R . (3.51)

This expression already resembles the Schmidt decomposition, with the di-
agonal entries of Λ[n+1] playing the role of Schmidt coefficients. By choosing
the matrix X appropriately, one can ensure that |αn+1⟩L and |αn+1⟩R are
orthonormal. Thus the spectrum of Λ[n+1] corresponds exactly to the entan-
glement spectrum across the bond n. The complete canonical form of the
MPS is obtained by iterating this procedure at each bond of the system:

|ψ⟩ =
∑

i1,...,iN

Λ[1]Γ[1]i1Λ[2]Γ[2]i2Λ[3] . . .Λ[N ]Γ[N ]iN |i1, . . . iN⟩ (3.52)

In numerical implementations, it is convenient to group each Γ matrix
with one of Λ, obtaining two new sets of tensors:

Ain = Λ[n]Γin , Bin = ΓinΛ[n+1], (3.53)

corresponding to left- and right-normalized MPS forms, respectively.

3.2.4 Matrix Product Operators

In modern implementations of the MPS-based DMRG algorithm, not only
quantum states but also operators, such as Hamiltonians, observables, or

Chapter 3 46



Quantum Simulation of Strongly Correlated Phases

time-evolution generators, are efficiently represented using Matrix Product
Operators (MPO). The MPO formalism generalizes the concept of MPS to
linear operators acting on many-body Hilbert spaces and enables efficient
contractions and updates during simulations.

An MPO for an operator Ô acting on a 1D lattice with N sites is defined
as:

O =
∑

i1,...,iN
j1,...jN

vLW [1]i1j1W [2]i2j2 . . .W [N ]iN jNvR |i1, . . . iN⟩ ⟨j1, . . . jN | (3.54)

where W [n]injn are D × D matrices associated with site n, indexed by the
local input and output basis states |jn⟩ and |in⟩, respectively. The bound-
ary vectors vL and vR (dimension D) ensure that the operator is properly
terminated at the ends of the chain. The dimension D is called the bond
dimension of the MPO.

This form of operator allows the update of the MPS ansatz site after site
by contracting the local matrix M [n]in of the MPS with the corresponding
tensor W n of the MPO. This operation results in a new MPS, typically with
an increased bond dimension. If the MPS has bond dimension χ and the
MPO has bond dimension D, then the resulting MPS after application of
the operator has bond dimension at most χ ·D.

One of the key advantages of the MPO formalism is that all local Hamil-
tonians with short-range interactions can be encoded as MPOs with small,
fixed bond dimensions. For example, a nearest-neighbor spin-1/2 Heisenberg
Hamiltonian,

H =
∑
i

JxS
x
i S

x
i+1 + JyS

y
i S

y
i+1 + JzS

z
i S

z
i+1, (3.55)

can be written as an MPO with D = 5, independent of the system size. In
order to obtain the MPO form of the Heisenberg Hamiltonian, we aim to
represent it as:

H =
∑
{in,jn}

⟨in, . . . , iN |W [1]i1j1 . . .W [N ]iN jN |j1, . . . jN⟩ (3.56)

The local operator basis is defined as: {I, Sx, Sy, Sz}. Each site has an MPO
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tensor W [n] given by:

W [n] =


I 0 0 0 0
Sx 0 0 0 0
Sy 0 0 0 0
Sz 0 0 0 0
hI JxS

x JyS
y JzS

z I

 (3.57)

For open chain with L = 2 spin-1
2

sites one can obtain the Hamiltonian by
contracting the MPO with left boundary vector vTL = (1, 0, 0, 0, 0) and right
boundary vector vR = (0, 0, 0, 0, 1)T :

H = vTLW
[1]W [2]vR. (3.58)

The only nonzero element of the left vector is v1L = 1 and the right vector
v5R = 1, thus:

H =
(
W [1]W [2]

)
1,5

=
5∑

k=1

W
[1]
1,kW

[2]
k,5. (3.59)

Using the nonzero entries of matrices W we get:

H = W
[1]
1,1W

[2]
1,5 +W

[1]
1,2W

[2]
2,5 +W

[1]
1,3W

[2]
3,5 +W

[1]
1,4W

[2]
4,5W

[1]
1,5W

[2]
5,5 (3.60)

= h(I1 + I2) + JxS
x
1S

x
2 + JyS

y
1S

y
2 + JzS

z
1S

z
2 .

From this, we obtain the two-site Hamiltonian produced by the MPO:

H1,2 = h(I1 + I2) +
∑

α=x,y,z

JαS
α
1 S

α
2 . (3.61)

For longer-range interactions, such as power-law decaying terms or expo-
nentially decaying couplings, MPO representations are still possible, though
with moderately increased bond dimensions.

3.2.5 Finite-system DMRG procedure in terms of the
MPS

The DMRG procedure, in its modern form, is a variational approach used to
optimize the Matrix Product State (MPS). The only required assumption is
that the Hamiltonian can be written in the Matrix Product Operator (MPO)
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form. The variational space consists of all possible MPS representations with
a maximum bond dimension χmax

BD for the state |ψ⟩ of the N-site system.
The initial MPS is updated locally at two neighboring sites, n and n+ 1.

The goal is to find new matrices A[n],Λ[n], B[n+1] → A′[n],Λ′[n], B′[n+1] as
defined in equation (3.53), while all other tensors in the MPS remain fixed.

The first step involves contracting the tensors for sites n and n + 1 to
obtain the initial wavefunction for these two sites:

Θin,in+1
αn,αn+2

=
∑
αn+1

Λ[n]
αnαn

Bin
αnαn+1

Bin+1
αn+1αn+2

. (3.62)

The variational space for the two-site update is spanned by the orthonormal
basis {|αn⟩L⊗|in⟩⊗|in+1⟩⊗|αn+2⟩R}. The wavefunction can then be written
as:

|ψ̃⟩ =
∑

αn,in,in+1,αn+2

Θ̃in,in+1
αn,αn+2

|αn, in, in+1, αn+2⟩ . (3.63)

This wavefunction must minimize the energy E = ⟨ψ̃|Heff |ψ̃⟩, where Heff

represents the Hamiltonian projected onto the variational space.
The sites to the left of site n are contracted to form the environment L[n],

while those to the right of site n+ 1 form the environment R[n+1].
The most computationally expensive step in the DMRG procedure is

finding the ground-state vector Θ̃ of the effective Hamiltonian. This can be
achieved by methods such as the Lanczos procedure, which does not require
full diagonalization of the Hamiltonian.

After optimizing the two-site tensor Θ̃, it is reshaped into a matrix and
subjected to singular value decomposition (SVD):

Θ̃(in,αn),(in+1,αn+2) =
∑
αn+1

Uαn,in,αn+1Λαn+1V
†
αn+1,in+1,αn+2

. (3.64)

The singular values Λαn+1 are truncated to retain only the largest χmax
BD values,

controlling the bond dimension and truncation error. The matrices U , Λ, and
V are then used to update the MPS tensors at sites n and n+1, maintaining
the canonical form.

After this update, the algorithm moves on to the next pair of sites, se-
lecting new environments. This process resembles the sweep described pre-
viously. By sweeping back and forth through the system and repeating this
optimization, the algorithm converges to an MPS that minimizes the energy
within the variational manifold of fixed bond dimension.
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While originally designed for ground-state calculations, DMRG can be
extended to compute excited states by targeting multiple orthogonal states
or using correction vectors. Time-dependent generalizations such as time-
evolving block decimation (TEBD) and time-dependent DMRG (tDMRG)
allow the simulation of real-time dynamics in 1D systems [251].
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Chapter 4

Moiré quantum dot arrays

Twisted TMD heterobilayers form moiré superlattices that can be used as
tunable quantum simulators of the Hubbard model on a triangular lattice.
The twist angle acts as a continuous tuning knob for the effective moiré lat-
tice spacing and the depth of the moiré potential, enabling access to both
weakly and strongly correlated regimes. Unlike the idealized Hubbard model
with purely on-site interactions, moiré systems naturally host strong long-
range Coulomb interactions. These arise from non-negligible scattering terms
whenever the periodic potential has finite amplitude, with their strength de-
termined by the overlap of localized moiré wavefunctions. In the unphysi-
cal limit of infinite potential depth, such overlaps vanish, and only on-site
terms remain. Consequently, moiré heterobilayers offer a suitable platform
for simulating strongly correlated phenomena beyond the standard Hubbard
physics.

The shape of the moiré potential closely resembles that of semiconductor
quantum dots. State-of-the-art implementations of the Hubbard model in
real-space use STM-based lithography to fabricate artificial quantum dot
lattices [252–255]. However, in such setups, control of such systems is limited
to external fields or applied strain. In contrast, moiré bilayers offer a more
flexible alternative, where electronic properties can be modified intrinsically
via twist angle or dielectric environment, leading to various correlated states.

Continuum models of interacting moiré TMDs have predicted a variety
of correlated phenomena. These include Mott insulating behavior at integer
fillings, spin- and charge-density wave formation, topological flat bands, and
Wigner crystallization in the dilute limit [256–259]. Moreover, the interaction
strength is strongly influenced by dielectric screening, which can be effectively
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included via an effective dielectric constant ϵ. At the half-filling, a phase
diagram contains a Mott transition between metallic and insulating states
and another one between antiferromagnetic and ferromagnetic phases [260].
Notably, these works typically focus exclusively on bulk properties, neglecting
edge effects and finite-size corrections that may be crucial for experiments
on small flakes or arrays with non-periodic geometries.

In this chapter, we extend these ideas to finite-size moiré systems mod-
eled as flakes of twisted TMD heterobilayers. We treat the moiré potential
as a smooth periodic confinement, effectively forming a triangular array of
quantum dots. Using numerical diagonalization methods, we investigate how
boundary effects influence the electronic and magnetic properties of the sys-
tem.

4.1 Continuum model for twisted TMD het-

erostructures

In twisted TMD heterobilayers, the intrinsic layer asymmetry causes charge
carriers (electrons or holes) in the valence band to localize only in one layer,
while the other layer acts as an effective potential with the periodicity of a
moiré superlattice. Due to strong spin–orbit coupling and spin-valley locking,
the low-energy physics near a single valley can be accurately described by
a spinless continuum model. The results for spin-↑ and spin-↓ states are
related by time-reversal symmetry and are thus equivalent up to a reversal
of momentum.

The effective single-valley continuum Hamiltonian takes the form [261]:

HK = − ℏ2

2m∗
k2 + ∆(r), (4.1)

where the first term represents the kinetic energy, and m∗ = 0.35m0 is the
effective mass of valence band carriers in WSe2/MoSe2 heterobilayer.

The moiré potential ∆(r) is a smooth, periodic function. It can be ex-
panded in terms of the moiré reciprocal lattice vectors bi:

∆(r) =
∑
b

V (b)eib·r, (4.2)

where V (b) are the complex Fourier amplitudes. In practice, it is common
to approximate this sum by retaining only the first harmonic shell, leading
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to:
∆(r) = 2Vm

∑
j=1,3,5

cos (bj · r + ψ), (4.3)

with bj = 4π√
3aM

(
cos πj

3
, sin πj

3

)
, where aM is the moiré lattice constant, which

is for small twist angles θ approximated as aM ≈ a0/θ, and a0 is the lattice
mismatch parameter, taken as aM = 19 nm for a 1◦ twist in WSe2/MoSe2.
The parameters Vm and ψ determine the amplitude and phase (i.e., position
of minima) of the moiré potential and are typically extracted from ab initio
calculations. For this work, we adopt values (Vm, ψ) = (6.6 meV,−94◦), as
reported in Ref. [259].

Since the potential is periodic with the moiré lattice, we can apply Bloch’s
theorem, and the single-particle states can be expanded in the plane-wave
basis:

|k, n⟩ =
∑
G

znk+G |k + G⟩ . (4.4)

Here, k belongs to the first moiré Brillouin zone, G are reciprocal lattice
vectors of the moiré lattice, and znk+G are the expansion coefficients for band
index n. State |k + G⟩ is a plane wave defined as ei(k+G)r. The Hamiltonian
in this basis can be written in the matrix form:

HG,G′(k) =
ℏ2

2m∗
|k + G|2δG,G′ + ∆G,G′ (4.5)

where the diagonal terms correspond to kinetic energy, and ∆G−G′ are the
Fourier components of the moiré potential. Under the first-harmonic approx-
imation, only six components are non-zero and due to the threefold-rotational
symmetry, we require ∆±b1 = ∆±b3 = ∆±b5 = Vme

±iψ, where b5 = b3 − b1.
Figure 4.1(a,b) presents the low-energy moiré minibands computed for

twist angles θ = 2.0◦, 3.5◦, showing the six bands closest to the valence band
maximum.

4.2 Wannier functions and Coulomb elements

in real space

To analyze finite-size systems, we must describe the electronic properties of
moiré quantum dots in a real space. This can be accomplished by construct-
ing Wannier functions representing hole states localized at the sites of the
moiré superlattice.
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θ = 2.0 θ = 3.5a) b) c)

IBZ

b1

b3

Figure 4.1: Moiré bands calculated from the continuum model for twist angles
θ = 2.0 (a) and θ = 3.5 (b). Plane-wave vectors G form a triangular lattice
in momentum space (c); the first Brillouin zone is marked in blue.

Starting from the continuum model diagonalized in a plane-wave basis,
we obtain the energy spectrum En(k) and Bloch eigenstates |Ψn(k)⟩. For
the topmost valence band, the eigenstate has the form:

|ΨtV B(k)⟩ =
∑
G

ztV Bk+Ge
i(k+G)r. (4.6)

To construct real-space Wannier functions from these Bloch states, we employ
the projection method [262, 263]. In this approach, we choose a real-space
trial wavefunction |ti(r)⟩ centered at site i. This trial state is projected onto
the Bloch state to obtain:

|γi(k)⟩ = P (k) |ti(k)⟩ = |ΨtV B(k)⟩ ⟨ΨtV B(k)|ti(k)⟩ . (4.7)

The overlap between a trial wavefunction and a Bloch state is given by:

S(k) = ⟨ti(k)|γi(k)⟩ = |⟨ΨtV B(k)|ti(k)⟩|2 . (4.8)

The projected state is then orthonormalized:

|Ψ̃tV B(k)⟩ =
1√
S(k)

|γi(k)⟩ = |ΨtV B(k)⟩ ⟨ΨtV B(k)|ti(k)⟩
| ⟨ΨtV B(k)|ti(k)⟩ |

= |ΨtV B(k)⟩ e−iθt(k),

(4.9)
where θt(k) is the phase of the overlap. This gauge-fixing procedure ensures
that the resulting Wannier functions are exponentially localized.
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To obtain maximally localized Wannier functions centered at the moiré
cell centers, it is sufficient to use delta-like or Gaussian trial functions cen-
tered at τ i. In this work, we use the delta function: |ti(r)⟩ = δ(r − τi) and
its Fourier transformation:

|ti(k)⟩ =
1√
NG

∑
G

ei(k+G)(r−τi), (4.10)

where NG is a number of plane-wave basis vectors G. The overlap of the
trial wavefunction with the Bloch state is:

⟨ΨtV B(k)|t(k)⟩ =
1√
NG

∑
G,G′

z∗k+G

∫
dre−i(k+G′)rei(k+G)(r−τi) (4.11)

=
Vcell√
NG

∑
G

z∗k+Ge
−i(k+G)τi

where Vcell is the moiré unit cell area. After fixing the phase, the Wannier
functions are exponentially localized in positions R of moiré superlattice cell
centered:

|R⟩ =
1√
N

∑
k

e−ik·R | ˜ΨtV B(k)⟩ , (4.12)

where N is the number of unit cells.
The continuum model describes the single-particle electronic structure.

To introduce electron-electron interactions in the many-body Hamiltonian,
we evaluate Coulomb matrix elements in the Wannier basis. The general
form of the four-center Coulomb integral is:

⟨Ri,Rj|V |Rk,Rl⟩ =

1

N2

∑
ki,kj

kk,kl

ei(ki·Ri+kj ·Rj−kk·Rk−kl·Rl) ⟨Ψ̃ki
tV B, Ψ̃

kj

tV B|V |Ψ̃kk
tV B, Ψ̃

kl
tV B⟩ (4.13)

Here, the Coulomb operator is:

V (r1 − r2) =
e2

4πε0ε|r1 − r2|
, (4.14)

where vectors r1, r2 are positions of electrons, e denotes electric charge, ε
is the effective dielectric constant of the environment, and ε0 is the vacuum
permittivity. From general four-center integrals, we can define:
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Figure 4.2: The effective moiré potential defines triangular lattice of moiré
quantum dots. Exemplary structures analyzed in this work consist of N =
7,9,12 sites.

• U0: on-site interaction (i = j = k = l),

• Un = U1/rn: direct intersite interaction for i = l and j = k, where i, j
are n-th nearest neighbors,

• Xn = X1/rn: exchange interaction for i = k, j = l,

• An = A1/rn: assisted hopping interaction for i = j = k.

The kinetic part of the effective Hubbard Hamiltonian is derived from the
Bloch band structure. Hopping amplitudes between n-th neighbors are given
by:

tn =
1

N

∑
k

e−ik(Ri−Rj)Ek. (4.15)

The Coulomb interaction strength depends on the choice of dielectric con-
stant ε, which contains screening from the surrounding material and internal
polarization. Values of tn, U0, U1, X1, and A1 computed for twist angles
2◦ ≤ θ ≤ 5◦ are presented in Figure 4.3.

4.3 Generalized Hubbard Hamiltonian

Finite-size flakes of moiré TMD heterobilayers can be described within the
generalized Hubbard Hamiltonian, including on-site and direct Coulomb, as
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well as exchange and assisted hopping terms:

H = −
3∑

n=1

tn
∑

<i,j>n,σ

a†i,σaj,σ + U0

∑
i

ni,↓ni,↑ +
3∑

n=1

Un
∑

<i,j>n,σ,σ′

ni,σnj,σ′

−X1

∑
<i,j>,σ

ni,σnj,σ + A1

∑
<i,j>,σ

(ni,−σ + nj,−σ)a†i,σaj,σ,

(4.16)

where a†i,σ (ai,σ) denote the fermionic creation (annihilation) operator for an
electron with spin σ at lattice site i. The notation ⟨i, j⟩n refers to a pair
of n-th nearest-neighbor sites, with the condition i > j imposed to avoid
double counting in the summations. The interaction strength is controlled
by the effective dielectric constant ϵ, which is estimated to lie in the range
10 < ϵ < 20. This estimate corresponds to a structure with hexagonal
boron nitride (hBN) used as a substrate, leading to ϵ ≈ 6 [264], along with
additional screening effects due to conducting gates and virtual transitions
between the relevant and higher moiré bands. We focus our analysis on
finite-size flakes consisting of N = 7, 9, 12 quantum dots, which are shown in
Figure 4.2. Despite their small size, these clusters capture key features of the
underlying many-body physics and allow for numerically exact treatment.

4.3.1 Magnetic phase diagrams

Firstly, we analyze the magnetic phase diagrams of the representative struc-
ture with N = 9 quantum dots. Our analysis is based on the computation
of the total spin S of the many-body ground state across a broad range of
twist angles 2.0◦ ≤ θ ≤ 5.0◦, and electronic filling factors 0 ≤ ν ≤ 2, where
the filling is defined as ν = Np/N , with Np denoting the number of particles.
For twist angles θ > 5◦ the one-band approximation might be inaccurate.
The resulting phase diagrams are presented in Figure 4.4, where color maps
indicate the ground-state total spin for two values of the effective dielectric
constant: ϵ = 10 (a) and ϵ = 20 (b). For the stronger interaction regime
(ϵ = 10), the system exhibits regions of maximal spin polarization at twist
angles below θ = 4◦. Notably, the phase diagram is asymmetric with re-
spect to the half-filling, which is particularly evident at lower fillings. The
asymmetry is a result of the fact that the triangular lattice is not bipartite.

The main mechanism behind spin polarization of the many-body ground
state is the direct exchange interaction due to the overlap of Wannier func-
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Figure 4.3: Dependence of Hubbard parameters on the twist angle θ.

(c)(b)(a)

Figure 4.4: Total spin S of moiré TMD heterostructures consisting of N = 9
quantum dots as a function the filling factor ν and the twist angle θ for fixed
values of the dielectric constant ϵ = 10 (a), ϵ = 20 (b). (c) The energy gap
and total spin of the ground state depend on the potential depth. Figures
adapted from Ref. [2].
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tions. At larger twist angles (θ > 4◦), separations between single-particle
levels increase and exceed the scale of the exchange interaction, which re-
sults in vanishing spin polarization. The magnetization can be suppressed
externally by applying the displacement field, which changes the depth of a
moiré potential. Without an additional electric field (Vm = 25 meV), the
ground state at the half-filling ν = 1, and θ = 3.0 is fully polarized. Figure
4.4 (c) shows how the energy gap between the ground state with maximal
total spin and the excited states with lower total spin decreases. At the
point between Vm = 26 meV and Vm = 28 meV transition occurs and the
total spin of the ground state is lowered. In the case of a weaker interaction
regime for ϵ = 20, the magnetic diagram reveals almost no spin polarization.
This is due to the fact that the energy scale of Coulomb terms is too small
in comparison to the separations of single-particle energy levels. As a result,
particles mostly doubly occupy the lowest energy state without excitation
above the Hubbard gap.

Besides the twist angle and external displacement field, in finite-size
flakes, an important role is played by the shape of the structure and geo-
metrical effects. To demonstrate it, we compare magnetic diagrams at fixed
dielectric constant ϵ = 10 and two twist angles θ = 2.5, 3.5 for five structures
consisting of N = 7, 9, 10, 12 (two structures) quantum dots. The results
are summarized in Figure 4.5, where the total spin is normalized with re-
spect to its maximal value at half-filling, Smax = N/2. For θ = 2.5, all
investigated structures exhibit a fully polarized ground state at half-filling
ν = 1 and immediately above it ν = 1+, which is analyzed in more detail in
the next section. Notably, the occurrence of finite spin polarization at half-
filling, under conditions of small twist angle and strong interactions, appears
to be largely independent of the array’s shape or size. This observation is
consistent with the expected behaviour in the thermodynamic limit. Above
the half-filling, for 1 < ν < 1.5, partial spin polarization seems to be also
robust against changes in system size or shape. However, below the half-
filling, it becomes more sensitive to the system geometry. For example, in
the N=12 triangular array, spin polarization oscillates as a function of filling,
alternating between fully polarized and unpolarized states (Fig. 4.5 (e)).

4.3.2 Nagaoka ferromagnetism

One of the theoretical predictions for the Hubbard model on two-dimensional
lattices is the occurrence of Nagaoka ferromagnetism, which is a mechanism
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Figure 4.5: The total spin S for structures consisting of N = 7, 9, 10, 12 moiré
quantum dots as a function of the filling ν for θ = 2.5, 3.5. Geometries of
structures are presented as insets. Figures adapted from Ref. [2].

Chapter 4 60



Quantum Simulation of Strongly Correlated Phases

(e)

(f)

Figure 4.6: Results for the Hubbard model with nonzero amplitudes U0 and
t1 in the N = 9 moiré quantum dot structure. Panel (a) and (c) show,
respectively, the ground-state total spin and the corresponding energy gap
as functions of the filling factor for ϵ = 10 and θ = 2.5. Panels (b) and
(d) present the dependence of the total spin and the energy gap on the
interaction strength for selected fillings ν = 1−, 1, 1+ at a fixed twist angle
θ = 2.5. Panels (e) and (f) show how hopping of the single hole changes the
spin configuration on the triangular and square lattices.
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leading to a fully spin-polarized ground state in a strongly interacting electron
system. In its idealized form, this effect occurs in the limit U → ∞ and
for doping by exactly one charge carrier away from half-filling [265]. The
underlying mechanism is that the doped carrier moves through the lattice
and, by visiting all sites, generates a linear combination of basis states that
favors a spin-polarized ground state. Interference between different hopping
paths is constructive in the fully polarized state, which effectively lowers the
energy and stabilizes ferromagnetism.

A key requirement for the appearance of Nagaoka ferromagnetism is the
connectivity condition of the lattice. This condition ensures that, for a given
Sz, any spin configuration can be connected with others by nearest-neighbor
hoppings. For example, in a triangle (Figure 4.6(e)) two spins are exchanged
after one cycle of hole hops, and a second cycle restores the original configura-
tion. In case of the square (Figure 4.6(f)), one cycle of hops exchanges spins
on the diagonal, and three cycles are needed to return to the initial state.
More formally, the connectivity condition is satisfied if the lattice remains
connected (there is a path connecting any site to any other) if any single site
is removed. Equivalently, for any two sites i and j, there must exist a loop
of odd length containing both i and j. This requirement guarantees that the
doped carrier can propagate across the lattice without restrictions.

The weak version of Nagaoka’s theorem considers the Hubbard model in
the limit U → ∞ and assumes that the hopping amplitude satisfies ti,j ≥ 0
for any pair i, j. Under those conditions, for Ne = Ns − 1 (Ns denotes
number of sites), there exist at least (2Stot + 1) degenerate ground states
with total spin Stot = Smax = N/2 [250]. This result alone is not sufficient for
ferromagnetism, since the theorem does not exclude other competing ground
states. To sketch the proof of this theorem [266,267], we project the Hubbard
Hamiltonian Eq. 3.1 onto the subspace Hs without double occupancy using
the projector P̂s. The effective Hamiltonian acting on such a subspace is:

Ĥeff = P̂sĤP̂s. (4.17)

In the U → ∞ limit, the ferromagnetic ground states of Ĥ are also ground
states of Ĥeff . The projection P̂s guarantees that hoppings that would create
double occupancy are forbidden, and in the one-hole sector every allowed
nearest-neighbor hop corresponds to moving the hole by one site. Choosing
a suitable local gauge for single-site orbitals ensures that every nonzero off-
diagonal matrix element of Ĥeff is nonnegative tij ≥ 0.
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It is convenient to express Ĥeff in the basis states specified by the position
i of the hole on the lattice and the spin configuration σ = (σj), where j is
the set of all lattice sites. Any state of the single hole in this basis can be
written as:

|ψhi,σi⟩ = ci,σi

(∏
j

c†j,σj

)
|0⟩ (4.18)

Acting on such a state with the Ĥeff operator, we can conclude that the
nonvanishing contribution gives only hopping of an electron into the hole
site x from the other site z connected by tx,z ̸= 0:

Ĥeff |ψhi,σ⟩ =
∑
k,l,σ

tk,lc
†
k,σcl,σci,σi

(∏
j

c†j,σj

)
|0⟩ (4.19)

= −
∑
l

tk,lcl,σic
†
i,σi
ci,σi

(∏
j

c†j,σj

)
|0⟩

=
∑
l

(−til) |ψhl,σ′⟩ ,

where ni = c†ici is the particle number operator, which gives 1 for site i. In
this representation, the hopping term in the Hamiltonian connects a config-
uration where the hole resides on site i to a configuration in which the hole
has moved to a site l. Now, we write the arbitrary normalized ground state
of Ĥeff as:

|ΨGS⟩ =
∑
i

∑
σ

ϕ(i, σ) |ψhi,σ⟩ , (4.20)

where coefficients ϕ(i, σ) are real. Then, for each i we define:

Ci =

√∑
σ

ϕ2(i, σ), (4.21)

and corresponding ferromagnetic state:

|Ψ↑⟩ =
∑
i

Ci |ψhi,(↑)⟩ , (4.22)

where (↑) denotes the fully spin-polarized configuration with ↑-spin at each
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j site. The ground state energy is:

⟨ΨGS| Ĥeff |ΨGS⟩ =
∑
i,i′

∑
σ,σ′

⟨Ψi′,σ′| Ĥeff |Ψi,σ⟩ = −
∑
i,i′

ti,i′
∑
σ

ϕ(i′, σ′)ϕ(i, σ),

(4.23)
assuming that σ and σ′ are connected by hopping of the hole. A comparison
of expectation values with Schwarz’s inequality shows that this ferromagnetic
state is also a ground state.

−
∑
i,i′

ti,i′
∑
σ

ϕ(i′, σ′)ϕ(i, σ) ≥ −
∑
i,i′

ti,i′

√∑
σ′

ϕ2(i′, σ′)

√∑
σ

ϕ2(i, σ)

= −
∑
i,i′

ti,i′CiCi′ = ⟨Ψ↑| Ĥeff |Ψ↑⟩ . (4.24)

To prove that it is the unique ground state, one invokes the Perron–Frobenius
theorem [250]. For a real symmetric matrix M = (mi,j)i,j=1,...,N with proper-
ties:

• mi,j ≤ 0 for any i ̸= j,

• all i ̸= j are connected by nonvanishing matrix elements of the matrix,

that theorem ensures that the lowest eigenvalue of M is nondegenerate and
the corresponding eigenvector v = (vi)i,...,N can be taken to satisfy vi > 0 for
all i. Identifying M with the Hamiltonian matrix in the chosen basis shows
that Ĥeff has a unique lowest-energy eigenstate in each Sz sector, and that
this state is ferromagnetic.

For finite but large U , the theorem is also valid due to the continuity of
eigenvalues and the presence of a finite energy gap. However, the U value
must be sufficiently large. Figure 4.6 presents numerical results for the moiré
TMD Hubbard Hamiltonian Eq. 4.16 (N = 9) with only the on-site interac-
tion U0 and nearest-neighbor hopping t1 retained, while all scattering terms
and longer-range Un terms are neglected (Un = Xn = An = 0, t2 = t3 = 0).
The results are obtained for the twist angle θ = 2.5, for which amplitudes
U0 and t1 are significantly larger than other terms, so the approximation is
justified. Subfigure (a) shows the normalized total spin S/Smax as a function
of filling ν. For the triangular lattice, spin polarization is expected upon
doping with one additional electron, since in our Hamiltonian [Eq. 4.16] the
hopping amplitude is negative. While bipartite lattices possess particle-hole

Chapter 4 64



Quantum Simulation of Strongly Correlated Phases

symmetry that supports Nagaoka ferromagnetism for hole and electron dop-
ing (ν = 1− and ν = 1+), the triangular lattice does not. Consistent with
this, our results reveal a sudden spin polarization for electron doping at
ν = 1+. Subfigure (b) shows that increasing the dielectric constant ϵ drives
the transition into the fully polarized state around ϵ ≈ 20, accompanied by
an increase in the energy gap (d).

In the complete model for moiré TMD flakes, the Nagaoka mechanism
still contributes to spin polarization near ν = 1+ (Figure 4.5) by increasing
the energy gap, which makes it more stable in comparison to other fillings.

4.3.3 Generalized Wigner crystal states

In addition to spin-polarized states, strongly interacting electrons in finite
moiré TMD flakes can also form spatially ordered charge configurations. The
original idea by Wigner predicts the formation of electronic crystals in the
low-density limit of the electron gas, where minimizing the Coulomb repul-
sion leads to a regular lattice arrangement of charges [4]. In our system, the
presence of an underlying moiré superlattice and a narrow electronic band-
width allows similar charge ordering to occur at much higher carrier densities.
Such states are referred to as generalized Wigner crystals, since the periodic
potential and lattice geometry determine the specific arrangement of charges.

In the presence of the direct Coulomb interaction, it is energetically favor-
able for electrons to occupy sites that are maximally separated. As a result,
in triangular arrays the charge tends to localize at the corners of the struc-
tures, forming so-called Wigner molecules. Figure 4.7 presents electronic
density ρE and spin density ρS of the ground state |Ψ0⟩ defined as:

ρE =
∑
σ

⟨Ψ0| a†iσaiσ |Ψ0⟩ = ⟨ni↑⟩ + ⟨ni↓⟩, (4.25)

ρS = ⟨ni↑⟩ − ⟨ni↓⟩, (4.26)

for triangular arrays with N = 10 and N = 12 moiré quantum dots. The
particle number operators for spin up and down are defined as ni↑ = c†i↑ci↑

and ni↓ = c†i↓ci↓. For N = 10 flake, charge localization is most pronounced
for particle numbers Np = 3, 7, 13, 17. The latter two correspond to fillings
ν = 0.7 and ν = 1.3, the removal or addition of three particles relative to the
charge-neutral configuration. Figures 4.7 (a,b) illustrate the charge and spin
densities for the case ν = 1.3: the three corner sites are doubly occupied,
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Figure 4.7: Charge (a,c) and spin (b,d) densities showing the formation of
Wigner molecules in triangular arrays with N = 10 and N = 12 moiré
quantum dots. Results are obtained for twist angle θ = 3.5 and dielectric
constant ϵ = 10. Figures adapted from Ref. [2].
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while the remaining quantum dots are singly occupied. The ground state
has total spin S = 2.5, characterized by a single ↓-spin electron localized
at the central site and surrounded by six ↑-spin electrons. A similar effect
is observed in the N = 12 triangular array, where each corner is formed
by a pair of quantum dots. In this case, Wigner molecules emerge when
six particles are added or removed from half-filling. Figures 4.7 (c,d) show
the charge and spin densities for Np = 18. Unlike in the N = 10 case, the
total spin is minimal, and the spin density is nearly uniform across the array.
Worth noting is the fact that the appearance of Wigner molecules in both
triangular geometries is robust against small changes of the twist angle, even
though the spin configuration is sensitive to it. For example, in the N = 12
array at filling ν = 1.5, changing the twist angle from θ = 2.5 to θ = 3.5
reduces the total spin of the ground state from the maximal value S = 3
to the minimal S = 0, while the Wigner molecules at the structure corners
remain intact.

4.4 Flakes vs. continuum model

To conclude this section, we compare the results for finite moiré TMD flakes
with those obtained for periodic models. At half-filling, the magnetic prop-
erties of the generalized Hubbard model on flakes closely mirror those of con-
tinuum models. Strong electron–electron interactions (ϵ = 10) at small twist
angles favor finite spin polarization, while weaker interactions or larger twist
angles suppress it. In finite flakes, however, the restricted system size pre-
vents the emergence of long-range 120◦ Néel antiferromagnetism predicted
for extended systems. Similarly, the Nagaoka ferromagnetism expected at
ν = 1+ in continuum models is suppressed by boundary effects. Away from
half-filling, the two cases diverge more significantly. Periodic lattices can
stabilize generalized Wigner crystal phases at fractional fillings, whereas ge-
ometric constraints in finite arrays inhibit such extended charge order. In-
stead, finite flakes develop localized Wigner molecules, typically concentrated
at the corners, with spin configurations that are highly sensitive to the twist
angle.
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Figure 4.8: Comparison of the normalized total spin of the ground state
S/Smax (a,c) and the energy gap Egap (b,d) between a finite-size moiré TMD
flake and a model with periodic boundary conditions representing bulk prop-
erties. Parameters are fixed to the twist angle θ = 3.0 and two values of the
dielectric constant ϵ = 10, 20.
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Designing QSL states in moiré
TMD heterostructures

As was presented in the previous chapter, moiré TMD flakes manifest differ-
ent magnetic behaviour at the half-filling depending on the twist angle and
influence of the environment or experimental setting, expressed as a change
of the dielectric constant. To move beyond finite-size effects, we now extend
our analysis toward the thermodynamic limit. This is achieved by studying
the effective spin model at half-filling.

5.1 Spin model from the generalized Hub-

bard Hamiltonian

In order to approximate the low-energy spectrum of the generalized Hubbard
Hamiltonian by the spin model, we have to project the fermionic Hamilto-
nian onto the subspace consisting of only singly occupied states. The energy
spectrum of the Hubbard model in the limit of t≪ U consists of two bands,
the lower and upper Hubbard bands (Fig. 5.1b). States with singly occupied
sites have lower energy, due to the lack of onsite interaction, and the hopping
of the electron, which creates double occupancy (dublon), costs energy U .
This results in a finite gap between bands with and without dublons. Such a
finite gap is the requirement for the applicability of the effective spin Hamil-
tonian. In moiré TMD flakes, the ratio between onsite interaction strength
and hopping amplitudes depends on the twist angle. Thus, to examine in
what range of (θ, ϵ) the spin model can be used, we must analyze the energy
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Figure 5.1: Energy spectrum of generalized Hubbard model as a function of
the twist angle θ and dielectric constant ϵ = 10 (a), ϵ = 20 (c). First 29 = 512
states of the lower Hubbard band are denoted by blue color. Schematic rep-
resentation of the lower and upper Hubbard bands is presented in subfigure
(b). Function Var ρHF (θ) shows how average occupancy at the half-filling
vary away from ρHF = 1 (d).

spectrum and average site occupancy of the generalized Hubbard model. Fig-
ure 5.1 (a,c) shows the energy spectrum of N=9 moiré quantum dots as a
function of the twist angle θ for the dielectric constant ϵ = 10, 20, respec-
tively. The lower Hubbard band consists in this case of 29 = 512 states,
which are indicated by the blue color. States from the upper Hubbard band
are red. We see that the energy gap between those two bands remains finite
up to θ = 4.0 for ϵ = 10 and θ = 3.5 for ϵ = 20. Thus, we can assume
that at the range 10 ≤ ϵ ≥ 20 the spin model approximation is adequate
for θ ≤ 3.5. In Ref. [268], the authors estimated the applicability of the
spin model for t/U < 0.15. In the case of the generalized Hubbard model,
we should examine the value t1+A1

U0−U1
, which is presented in Fig. 5.1(a,c) as a

purple line. For ϵ = 10 gap closes at the ratio t1+A1

U0−U1
≃ 0.09 and t1+A1

U0−U1
≃ 0.11

for ϵ = 20. This approximation doesn’t take into account the exchange inter-
action, which usually moves Hubbard bands away from each other. Another
way to confirm the correctness of the spin model approximation is to look
into the average occupancy of moiré quantum dots at the half-filling. The
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Figure 5.2: Details of the effective spin model for moiré TMD flakes: cou-
plings J2, J

1
4 , and J2

4 as a function of the dielectric constant ϵ for fixed twist
angle θ = 3.5 (a), geometry of the model and spin couplings (b). The ground
state energy (c) and the bipartite entanglement entropy (d) in case with
(J4 ̸= 0) and without (J4 = 0) ring exchange interaction for the cylinder
with dimensions Ly = 4, Lx = 12.

Figure 5.1(d) shows a variation from the single occupancy defined as:

Var ρHF =
1

N

N∑
i

|ρEi − 1|, (5.1)

where where ρEi is the electron density calculated for ith quantum dot. Value
Var ρHF moves above zero at θ = 3.5 for ϵ = 20 and at θ = 4.0 for ϵ = 10,
which is consistent with the energy spectrum analysis.

In our following analysis, we choose to fix the twist angle value to θ = 3.5.
At this twist, there is strong coupling between layers, yet the gap between
Hubbard bands is finite for the whole range of dielectric constant ϵ = (10, 20).
When this condition is met, we can obtain the effective spin Hamiltonian by
applying the t/U expansion to the generalized Hubbard Hamiltonian (details
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in the Appendix A). The obtained effective spin Hamiltonian has the form:

H = J1
∑
<i,j>

(S̄i · S̄j) + J2
∑
≪i,j≫

(S̄i · S̄j) + J3
∑

≪i,j≫

(S̄i · S̄j) (5.2)

+
∑
♢

J1
4 [(S̄i · S̄j)(S̄k · S̄l) + (S̄i · S̄l)(S̄k · S̄j)] + J2

4 (S̄i · S̄k)(S̄j · S̄l),

where J1, J2, J3 are the couplings between the first, second, and third neigh-
boring spins on the triangular lattice. Besides the two-spin interaction terms
from the second-order perturbation theory, the fourth-order gives the four-
spin ring exchange terms acting on rhombic plaquettes with couplings J1

4 , J
2
4

(Fig. 5.2(b)) [2, 256]. The J amplitudes are:

J1 = −2X1 +
4t̃21

U0 − U1

− 4(P1 −X1)t̃
2
1

(U0 − U1)2
+

8t̃41
(U0 − U1)3

(
U0 − U1

2U0 − 3U1 + U2

+
4(U0 − U1)

2U0 − U1 − U2

+
3(U0 − U1)

U0 − U2

+
2(U0 − U1)

U0 − U3

− 11

)
,

J2 = −2X2 +
4t̃22

U0 − U2

+
8t̃41

(U0 − U1)3

(
1 − U0 − U1

U0 − U2

+
U0 − U1

2U0 − 3U1 + U2

)
,

J3 = −2X3 +
4t̃23

U0 − U3

− 4t̃41
(U0 − U1)3

(
U0 − U1

U0 − U3

− 2

)
,

J1
4 =

32t̃41
(U0 − U1)3

(
2 +

U0 − U1

U0 − U2

− U0 − U1

2U0 − U1 − U2

)
,

J2
4 =

−32t̃41
(U0 − U1)3

(
1 +

U0 − U1

U0 − U2

− U0 − U1

2U0 − 3U1 + U2

)
.

(5.3)

Usually, ring exchange amplitudes J1
4 and J2

4 have the same absolute values
and opposite signs. However, in the case of moiré TMD flakes, there is a
small offset between them. Figure 5.2(a) shows that values of J1,2

4 exceed the
value of the next-nearest neighbors coupling in the whole range of parameter
ϵ and even dominate over the first-neighbors coupling J1 for ϵ = 12. This
suggests that the ring exchange interaction strongly influences the properties
of the structure and ordering of spins.
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5.2 Phase diagram

We consider a cylindrical geometry with periodic boundary conditions ap-
plied along the ŷ-direction and a fixed width of Ly = 4. Ground state and
excited states are obtained with DMRG method implemented in TeNPy li-
brary [269]. The maximal bond dimension χBD from the convergence analysis
is set to χBD = 2700, for well converged ground state.

The initial analysis of the phase diagram as a function of the dielectric
constant is presented in Fig. 5.2 (c). For ϵ ≤ 11, the J1 amplitude is negative
and the ground state is spin-polarized, as shown in Fig. 5.2 (a), where the ra-
tios Ji/J1 change sign near ϵ = 12. When the ring-exchange amplitude is set
to zero (J4 = 0), the ground state energy EGS reaches a maximum at ϵ = 12,
while the bipartite entanglement entropy SE = −tr(ρ ln ρ) drops significantly
after the transition from the spin-polarized phase and then remains nearly
constant over the entire range of ϵ values. In the full spin model with ring
exchange included, the ground state energy behaves similarly, but the entan-
glement entropy shows a more interesting trend: it reaches its maximum at
ϵ = 13, and subsequently decreases and stabilizes for ϵ ≥ 15 (Fig. 5.2 (d)).
The behavior of EGS and SE suggests that the spin ordering of the ground
state may change in the vicinity of ϵ = 13. In the following subsections, we
characterize the antiferromagnetic phases of the model with ring-exchange
interactions.

On the triangular lattice, geometric frustration gives rise to strong quan-
tum fluctuations, which make the ground state distinctly different from
the classical antiferromagnetic one and result in various correlated phases.
To gain insight into the spin correlations of the ground state, we plot the
real-space bond energies ⟨Si · Sj⟩ for three values of the dielectric constant
ϵ = 12, 15, 17 (Fig.5.3).The strength of each bond is represented by the line
thickness between neighboring sites. In all three cases, the bonds along the
short open boundaries in the x̂-direction appear artificially enhanced due to
edge effects; therefore, the interpretation should focus on the central region
of the cylinder.

For ϵ = 12 (Fig.5.3(a)), the bond energies are nearly uniform, with a
maximal value ⟨Si · Sj⟩MAX = 0.116. The absence of any clear modula-
tion or long-wavelength periodicity suggests a quantum spin liquid–like state
without broken lattice symmetries. By contrast, for ϵ = 15 and ϵ = 17 the
maximal bond energies are significantly larger, ⟨Si · Sj⟩MAX = 0.451 and
⟨Si · Sj⟩MAX = 0.453 respectively, and the central region exhibits a distinct
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ε = 12 ε = 15 ε = 17(a) (b) (c)

Figure 5.3: Comparison of real-space energy bonds ⟨Si ·Sj⟩ between nearest-
neighbors i, j for the dielectric constant ϵ = 12, 15, 17 and system size Ly =
4, Lx = 8.

spatial modulation. The resulting pattern of alternating strong and weak
bonds resembles a columnar or stripe-like arrangement, rather than a uni-
form distribution. The dominance of a single bond orientation points toward
a nematic valence-bond solid (VBS) tendency, which will be analyzed in more
detail in the following section.

5.2.1 Valence Bond Solid

The concept of a valence bond solid originates from Anderson’s resonating
valence bond (RVB) state, which was first proposed as a non-degenerate
ground state for high-temperature superconductors [270]. In general, the
non-magnetic ground state can be built entirely from valence bond states
- pairs of spin-1

2
forming singlets. When all spins on the lattice are linked

in pairs, the total spin of the ground state is also zero. The RVB state
is constructed as a quantum position of all possible coverings of the lat-
tice by singlets. In contrast to the liquid-like RVB state, a VBS is a static
arrangement of singlets forming a crystalline pattern along certain bonds,
which breaks the lattice symmetries while preserving spin-rotation invari-
ance [271]. Such a ground state also lacks long-range entanglement. The
VBS phase is a competing ground state in frustrated lattices to the Neél
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ordering and spin liquids. In models, where quantum fluctuations destabi-
lize Neél order, the VBS phase arises naturally [272]. Recent developments
demonstrate that the continuous transition between Neél and VBS states can
be described within a class of deconfined quantum criticality. In such cases,
a transition occurs between two phases with distinct order parameters, and
according to conventional Landau-Ginzburg-Wilson theory, it is predicted to
be a first-order transition with a change in symmetry breaking. Instead, the
transition is second-order and involves deconfined excitations coupled to the
gauge field [273–276]. The VBS phase contains multiple competing ground
states distinguished by the orientation and ordering of dimers, influenced by
the underlying lattice geometry and the interaction range. On the triangular
lattice, the most common patterns are the columnar (or stripe) order, where
dimers align along a single lattice direction, thereby breaking the lattice ro-
tational symmetry, and the plaquette (

√
3×

√
3) order, where bonds exhibit

a three-sublattice modulation. In the latter case, dimers tend to form around
triangles or hexagons.

In general, breaking of the C3 symmetry by the VBS ground state is
signaled by a nonzero nematic parameter, which measures the preference for
one bond orientation [277]. The nematic parameter is defined as

Ψnem = m1 + e2πi/3m2 + e4πi/3m3, (5.4)

with

mα =
1

N

∑
i

[
Dα(ri) −

1

3

3∑
β=1

Dβ(ri)

]
, Dα(ri) = ⟨Si · Si+eα⟩. (5.5)

Here, eα with α = 1, 2, 3 denote the three inequivalent nearest-neighbor
directions,

e1 = (1, 0), e2 =
(

1
2
,
√
3
2

)
, e3 =

(
−1

2
,
√
3
2

)
. (5.6)

In Fig. 5.4 (a), the nematic parameter is nonzero across the whole range of
ϵ, which indicates that both QSL and VBS phases break the C3 symmetry of
the triangular lattice. To further investigate the long-range ordering pattern
in the VBS phase, we compute the Fourier-resolved bond fields, defined as
the momentum-space transform of the bond expectation values,

Φα(Q) =
1

N

∑
i

eiQ·ri Dα(ri). (5.7)
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Figure 5.4: (a) Nematic parameter and dimer structure factor in high-
symmetry points K and M as a function of the dielectric constant for a
cylinder with length Lx = 12 (b) Proposed phase diagram for the moiré TMD
heterostructure depending on the dielectric constant ϵ. (c) Dimer structure
factor for ϵ = 17. (d-f) Spin structure factor for ϵ = 12, 13, 17, red circles
denote spinon Fermi surface.
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Analogously to the nematic parameter, we average over directions of the
triangular lattice,

Ψ(Q) = Φ1(Q) + e2πi/3Φ2(Q) + e4πi/3Φ3(Q). (5.8)

This quantity serves as the bond analogue of the spin structure factor and
allows us to directly detect translational symmetry breaking in the bond
sector.

Ordering patterns are characterized by nonzero values at distinct high-
symmetry points Q of the Brillouin zone. In Fig. 5.4 (a) we look at Ψ(K) and
Ψ(M). The non-zero value of the dimer field at the K point signals plaquette
ordering and remains close to zero for all values of the dielectric constant. In
contrast, the Ψ(M) parameter increases for ϵ > 14, suggesting the emergence
of a VBS state with columnar ordering. Such a pattern breaks C3 symmetry,
which is consistent with the nonzero nematic parameter observed in this
parameter range. Fig. 5.4 (c) shows the dimer structure factor calculated for
the whole Brillouin zone, defined as:

Dα(k) =
∑
i,j

(
⟨Dα

i D
α
j ⟩ − ⟨Dα

i ⟩⟨Dα
j ⟩
)
eik·(ri−rj). (5.9)

For the lattice direction α = ŷ =
(
1/2,

√
3/2
)
, the obtained map has a peak

at the M point, which agrees with the columnar VBS. To further explore the
nature of these ground states, we compute the static spin structure factor
S(k), which we introduce in the next section. Proposition of the phase
diagram is presented in Fig.5.4 (b), where the VBS phase occupy range 14 <
ϵ < 20.

5.2.2 Quantum Spin Liquid

From Anderson’s idea of the RVB state comes also a concept of quantum spin
liquid (QSL), which is a wider class of highly entangled ground states. Strong
quantum fluctuations in these states suppress conventional Neél ordering
down to absolute zero. Instead of aligning in a regular pattern, the spins
remain disordered and fluctuate in a highly entangled manner. This QSL
preserves all lattice symmetries and is often characterized by fractionalization
of the spin degrees of freedom [133].

Building on these foundations, theoretical work in the 1980s and 1990s
provided concrete examples of QSL in frustrated spin models. One of the
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earliest proposed realizations was an anisotropic Heisenberg model on the tri-
angular lattice [278]. The RVB ansatz was also used for the ground state of
frustrated and doped square lattices, Heisenberg ladders, and square-planar
lattices [279–283]. In 1987, the idea was revisited in the context of high-Tc su-
perconductivity, where Anderson suggested that doping an RVB state could
lead to unconventional superconductivity, which further intensified research
into the nature of QSLs [284]. Over time, the QSL concept was developed by
theoretical classification and more extensive numerical analyses. Spin liquids
can be broadly classified into two main subclasses [285]: rigid spin liquids,
which exhibit gapped excitations and are characterized by topological or-
der (such as Z2-gapped and chiral spin liquids) [286, 287], and gapless spin
liquids, such as U(1) Dirac or spinon Fermi surface phases [288, 289]. Criti-
cal behaviour of the gapless QSL phases can be analyzed within conformal
field theory (CFT) framework [290]. On the numerical side, the development
of the DMRG and tensor network methods accelerated research about QSL
phases in realistic lattice models. Examples include the spin-1/2 J1 − J2
Heisenberg model on the square lattice [291], the triangular lattice [292,293],
and kagome systems where the ground state appears consistent with a gapped
Z2 spin liquid [294]. These computational developments established QSLs as
phases competing with Neél order and the VBS in strongly frustrated mag-
nets. Some theoretical works [295, 296] suggest that the gapless spin liquid
occurs at the critical point between Neél and VBS phases. The transition,
as was mentioned in the previous section, is described in the framework
of deconfined quantum criticality, where low-energy degrees of freedom are
fractionalized spinons coupled to an emergent gauge field, which are also in-
gredients that define the spin liquid. When spinons condense, it leads to Neél
order, and when they confine, the VBS phase arises. In this sense, DQCP
not only describes a route between two different symmetry-breaking states,
but also explains the occurrence of the gapless spin liquid between them.

From the plots of real-space bond energies and the increased entanglement
entropy, we identify a candidate QSL state emerging in the dielectric constant
range 12 ≤ ϵ ≤ 14. To further explore the nature of these ground states, we
compute the static spin structure factor S(k), defined as

S(k) =
∑
i,j

(⟨Si · Sj⟩ − ⟨Si⟩⟨Sj⟩) eik·(ri−rj). (5.10)

Figure ... shows S(k) maps for ϵ = 12 (c) and ϵ = 13 (d). For stronger
interactions (ϵ = 12), the spin structure factor exhibits multiple broad peaks
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distributed along a ”2kF” surface, indicated by the dashed red lines as a
visual guide. The positions of these peaks correspond to scattering processes
of spinons between opposite points of the Fermi surface. From the peak loca-

tions, the estimated Fermi surface radius is kF =
√

4π/
√

3, consistent with

the presence of a spinon Fermi surface, which is characteristic of a gapless
quantum spin liquid phase. Moreover, for ϵ = 12, the nematic parameter
Ψnem is finite, suggesting that the QSL phase spontaneously breaks lattice
rotational symmetry, thereby realizing a nematic spin liquid. Such coexis-
tence of gapless fractionalized excitations with broken point-group symmetry
has been reported in other frustrated models [297–299], and may reflect the
strong competition between spin-liquid and valence-bond ordering tendencies
on the triangular lattice. For ϵ = 13, the overall 2kF structure remains visi-
ble, but the distribution of spectral weight becomes anisotropic: while some
peaks weaken, others are enhanced. This selective strengthening of particu-
lar scattering channels indicates a deformation of the spinon Fermi surface.
Combined with the enhanced nematicity observed in the bond-energy pat-
terns, this suggests that the gapless QSL develops competing correlations,
with signatures of an instability toward valence-bond solid ordering.

5.3 Influence of the ring exchange interaction

term

An important feature of the effective spin model for moiré TMD flakes is
the strong ring exchange interaction. Usually, spin models are considered
only with Heisenberg-like two-spin coupling between nearest and next-nearest
neighbors. In order to better understand the influence of the four-spin ring
exchange on the ground state of the system, we calculate spin S(k) and
dimer Dx̂(k) structure factors along the Γ-K-M-Γ path, while fixing parame-
ters J1

4 = J2
4 = 0. When the ring exchange term is absent, the spin structure

factor has two peaks at the K and M point, while the dimer structure factor
reaches a maximum at the Γ point (Fig. 5.5(a,b)). These signatures are con-
sistent with an antiferromagnetic stripe phase, in which spins form collinear
patterns with alternating ferromagnetic rows [300]. By contrast, including
ring exchange suppresses these features, and correlations are now nearly uni-
form along the whole path, which is in agreement with a symmetry-preserving
QSL state. The difference between these phases is also evident when plotting
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(a)

(b)

(c)

Figure 5.5: (a) Spin and (b) dimer structure factors of the moiré TMD flake
with dimensions Ly = 4 Lx = 8 for ϵ = 12. (c) Real space correlations as a
function of the distance d(i, j) between points i and j. Results are obtained
for two models: with included ring exchange interaction (J4 ̸= 0) and only
with two-spin terms (J4 = 0).

real-space correlations. Figure 5.5(c) shows spin-spin correlations calculated
between site (x, y)0 = (0, 0) and other sites along one direction on the cylinder
of length Lx = 16 with dielectric constant ϵ = 12. Without ring exchange,
the correlations decay exponentially with distance while oscillating due to
the stripe order. When the ring exchange is included in the model, the de-
cay instead follows a power law with oscillations, characteristic of a gapless
quantum spin liquid phase.

5.4 Entanglement analysis

To further characterize the gapless QSL state, we are using entanglement
entropy, which is a useful tool for probing correlations and critical behavior in
quantum many-body systems. For a bipartition of a system into subsystems
A and B, the von Neumann entanglement entropy of subsystem A is defined
as:

SE(A,B) = −TrρA ln ρA, (5.11)

where ρA = TrBρAB is the reduced density matrix obtained by tracing out
subsystem B.

We consider a cylinder with N = Lx · Ly sites and divide it into subsys-
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Figure 5.6: Entanglement entropy of cylinders with width Ly = 4. (a) Sub-
system entropy SE(l, N) for ϵ = 12, showing logarithmic growth consistent
with CFT scaling. (b) Subsystem entropy for ϵ = 13, with reduced slope
indicating a smaller central charge. (c) Finite-size extrapolation of fitted
central charges in thermodynamic limit, yielding cT = 5.31 at ϵ = 12 and
cT = 3.65 at ϵ = 13. (d) Bipartite entropy SE(N/2, N) at ϵ = 13, dashed line
shows analytic formula for central charge obtained from subsystem analysis.

tems of length l and N − l along a zigzag path connecting all sites. The
entanglement entropy of a subsystem of length l is computed using the von
Neumann definition and fitted to the conformal field theory (CFT) scaling
form [301,302]:

SE(l, N) =
c

6
ln

[
2N

π
sin

(
lπ

N

)]
+ A, (5.12)

where c is the central chargem and A is a non-universal constant. While a
conventional central charge c is not defined in 2+1D, each patch of the Fermi
surface contributes effectively as a 1+1D gapless mode associated with the
number of gapless modes [290, 303]. Fig. 5.6(a) shows results for ϵ = 12
for cylinders with lengths Lx = 12, 14, 16, 18, 20. In gapless systems such
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as the QSL, entanglement entropy converges more slowly near the center
of the system due to long-range correlations, even when the DMRG bond
dimension is as large as χBD = 3000, which is otherwise sufficient to achieve
well-converged ground-state energies. Nevertheless, focusing on data near
the edges, we can fit Eq. 5.12 and extract a central charge c ≈ 5.4. To
assess finite-size effects, the central charges obtained for different system
sizes are plotted against 1/N . The thermodynamic limit value obtained
from a linear extrapolation equals cT ≈ 5.31, which indicates the presence
of five gapless modes in the system. For a cylinder with width Ly = 4, one
would theoretically expect six gapless modes corresponding to three bands
crossing the spinon Fermi surface. The reduction to five modes is consistent
with the partial gapping of one mode due to coupling to the emergent U(1)
gauge field, as predicted by spinon–gauge theory descriptions of U(1) QSLs.
A similar analysis for ϵ = 13 shows a significant reduction in central charge
( Fig 5.6(b)). Here, results are presented for Lx = 12, 20, 30 for clarity.
Linear extrapolation of the fitted central charge gives cT ≈ 3.65, indicating
a decrease in the number of effective gapless modes. This is consistent with
the system approaching the VBS phase, and suggests the continuous nature
of the QSL-VBS transition. We also consider the bipartite entanglement
entropy for cylinders of length Lx and total number of sites N , which scales
for a gapless system like:

SE(N/2, N) = S0 +
c

6
ln

(
2N

π

)
, (5.13)

where S0 is a constant capturing non-universal contributions. Figure 5.6(d)
shows the bipartite entanglement entropy for ϵ = 13 as a function of sys-
tem size. While finite-size oscillations are occurring, the overall logarithmic
increase is captured by Eq. 5.13 using the fitted central charge c ≈ 3.65.
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Chapter 6

Haldane phase in mixed-size
nanographene chains

Among various graphene nanostructures, chains of triangular graphene quan-
tum dots (TGQDs) attracts attention as possible quantum simulators for
one-dimensional spin chains. TGQDs with zigzag edges act as localized spin
sites due to the sublattice imbalance, producing zero-energy modes at the
half-filling [215, 218]. The spin-polarized ground state is then stabilized by
strong on-site Coulomb interactions. The number of those zero-modes de-
pends on the size of TGQD.

Early work treated TGQDs mainly as theoretical models because atomic-
precision synthesis was challenging. The situation changed with advances in
bottom-up and on-surface synthesis techniques, which made it possible to
fabricate atomically precise triangular nanographenes with controlled edge
terminations. The smallest triangular fragment, phenalenyl (C13) is a spin-
1/2 radical [304], and the second smallest, triangulene, is a spin-1 (triplet)
nanographene. First successful on-surface synthesis of unsubstituted trian-
gulene was done in 2017 by Pavliček et al. [305], and the experimental ev-
idence of localized edge states was provided with noncontact atomic force
microscopy. The unsubstituted phenalenyl was realized on the surface in
later works, and its S = 1/2 ground state was demonstrated with Kondo
spectroscopy [306].

When TGQDs are coupled into chains, inter-dot tunneling mediates ef-
fective exchange interaction between the localized zero-modes, mapping the
system onto effective Heisenberg (or bilinear–biquadratic) spin chains. On-
surface approaches have been used to build 1D arrays of TGQDs, scanning
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Antiferromagnetic 
spin-1/2 Heisenberg Chain

Antiferromagnetic 
spin-1 BLBQ Chain

(a)

(b)

Figure 6.1: Nanographene chains consisting of (a) 13-atom TGQDs
(phenalenyls) and (b) 22-atom TGQDs (triangulenes).

tunneling spectroscopy, and non-contact AFM provide direct access to bulk
gaps, and fractionalized edge states. Chains built from spin-1/2 units realize
the antiferromagnetic Heisenberg model with a gapless or small-gap spectra
due to finite chain length (Fig. 6.1 (a)) [307]. Probing spin excitations with
inelastic electron tunneling spectroscopy shows a power-law decay of the spin
gap with increasing chain length [65]. Also, on-surface synthesis allows the
construction of spin-1/2 Heisenberg chains with alternating-exchange cou-
plings between sites. Such a model has a non-trivial topological ground state
in the thermodynamic limit and in-gap spin-1/2 edge excitations [308]. This
experimental setting allows for an effectively one-dimensional model with
tunable topological phases.

Chains of triangulenes (Fig. 6.1 (b)) are also realized with on-surface
synthesis, and they provide a platform to simulate a one-dimensional spin-
1 model. Theory and experiment indicate a superexchange interaction as
the origin of their effective antiferromagnetic coupling [3], and that the low-
energy physics is well captured by bilinear–biquadratic spin-1 models [309].
In recent realization, gapped bulk excitation was observed, as well as fraction-
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alized spin-1/2 edge states, which reflect the symmetry-protected, topological
Haldane phase [310].

6.1 Triangulene chains

The theoretical description of the triangulene chains begins with the proper-
ties of its fundamental building block: the dimer, consisting of two connected
triangular quantum dots. This system containsNc = 44 carbon atoms and, as
in other graphene nanostructures, its single-particle properties are described
within the tight-binding model restricted to pz orbitals:

Htb =
∑
i,l,σ

tilc
†
iσclσ, (6.1)

where c†iσ and ciσ are creation and annihilation operators of a pz electron on
site i and with spin σ.

We want to include electron-electron interactions, however the system
size exceeds computational resources. Solving Eq. 6.5 exactly for Ne = 44
electrons occupying Nst = 44 states is impossible due to the exponential
Hilbert-space growth. Thus we will divide Hilbert space into two parts, one
that will describe frozen electron within Hartree-Fock method and the second
one within completely active space (CAS) treated within exact diagonaliza-
tion method [311,312]. The Hartree-Fock (HF) equation takes the form:

HHF =
∑
i,l,σ

tilσc
†
iσclσ +

∑
i,l,σ

∑
j,k,σ′

(⟨ij|V |kl⟩ − ⟨ij|V |lk⟩ δσσ′)
(
ρjkσ′−ρ0

jkσ′

)
c†iσclσ

=
∑
i,l,σ

t̃ilσc
†
iσclσ, (6.2)

where the hopping parameters tilσ without corrections are taken as t1 = −2.8
eV, t2 = −0.1 eV, and t3 = −0.07 eV for the first, second, and third nearest
neighbors, respectively. Here ρ0jkσ′ are the density-matrix elements of infinite
graphene (Ref. [311]), while ρjkσ′ are those of the finite system.

The Coulomb matrix elements ⟨ij|V |kl⟩ are defined in the basis of pz
Slater orbitals ϕi(r):

ϕi(r) =

√(
ξ5

32π

)
ze−

ξ
2
|r−ri|, (6.3)

Chapter 6 85



Quantum Simulation of Strongly Correlated Phases

(a) (b) (c)

(d) (e) (f) (g)

n = 5 n = 6

n = 7 n = 8 n = 9 n = 10

Figure 6.2: (a) Single-particle spectrum obtained from Hartree-Fock calcu-
lations for the triangulene dimer. (b-g) Hartree-Fock wavefunctions of six
states with indices n = 5 . . . 10.

with ξ = 3.25, and ri denoting the position of the carbon atom. The Coulomb
interaction reads

⟨ij|V |kl⟩ =

∫ ∫
dr1dr2ϕ

∗
i (r1)ϕ

∗
j(r2)

2Ry

κ|r1 − r2|
ϕk(r2)ϕl(r1), (6.4)

where the dielectric constant κ = 3 corresponds to screening from the gold
substrate, and Ry is the Rydberg constant.

The single-particle energy spectrum obtained from self-consistent HF cal-
culations is shown in Fig. 6.2 (a). Four states lie near the Fermi level and are
separated from the rest by finite gaps. These are dispersed zero-energy states
obtained before within nearest neighbor tight-binding model. The dispersion
is due to farther hoppings and electron-electron interactions included within
a mean-field approximation. Their wavefunctions, together with one state
above and one below the degenerate shell, are plotted in Fig. 6.2(b–g). Two
states with indices n = 8, 9 (Fig. 6.2(e, f)) are localized at the two sepa-
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Figure 6.3: (a) Many-body spectrum of the triangulene dimer as a function
of CAS size. Crosses denote the three lowest-energy states of the spin-1
BLBQ Hamiltonian with J = 8.21 meV and β = 0.016. The inset shows
triangulene dimer structure. (b) Many-body spectrum of a four-triangulene
chain compared with the corresponding BLBQ model of four spin-1 sites.
Figure adapted from Ref. [3].

.

rated ends of the dimer, but the other two states from the shell with indices
n = 6, 7 (Fig. 6.2(c, d)) strongly hybridize with the inter-triangulene region.

We transform the many-body Hamiltonian to the basis of HF orbitals, it
becomes:

H =
∑
p,σ

ϵHFpσ b
†
pσbpσ −

∑
p,q,σ

τpqσb
†
pσbqσ +

1

2

∑
p,q,r,s,σ,σ′

⟨pq|V |rs⟩ b†pσb
†
qσ′brσ′bsσ,

(6.5)
where ϵHFpσ are Hartree-Fock energies, and b†pσ/bpσ are creation/annihilation
operators of the electron with spin σ on the HF orbital p. To avoid double
counting of interaction already included at the mean-field level, the Hamil-
tonian contains the τpqσ term [312]. We consider four different active-space
sizes: CAS(4,4), CAS(6,6), CAS(10,10), and CAS(14,14), where CAS(Nst, Ne)
denotes the number of orbitals and electrons retained, where Nst/2 taken
above and Nst/2 taken below the dotted line shown in Fig. 6.2 (a). For
CAS(4,4), the ground state is spin-polarized with total spin S = 2, consis-
tent with Hund’s rule for four electrons occupying four degenerate orbitals
(Fig. 6.3 (a)), but violating Lieb’s theorem [217]. We didn’t obtain the ex-
pected order of states characteristic for a two-spin Heisenberg model, with
S = 0 (singlet) as the ground state, S = 1 (triplet) the first excited state,
and with the highest energy S = 2 (quintuplet). Only when additional states
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outside the degenerate shell are included for CAS(6,6), the antiferromagnetic
ground state with S = 0 occurs. which shows that inter-triangulene states
are required for correctness of the calculations. These states enable superex-
change processes, allowing electrons to virtually hop between triangulenes via
intermediate orbitals [3]. The resulting low-energy spectrum finally resem-
bles that of a spin-1 chain, with the antiferromagnetic superexchange being
crucial for its emergence.

The CAS(14,14) energy spectrum obtained from the CI procedure can be
fitted to the spin-1 bilinear-biquadratic (BLBQ) Hamiltonian:

HBLBQ = J
∑
i

[
Si · Si+1 + β (Si · Si+1)

2] , (6.6)

with J and β denoting bilinear and biquadratic exchange couplings between
neighboring spin sites. From the fit we obtain J = 8.21 meV and β = 0.016.
In Fig. 6.3 (b), we compare the CI spectrum of a four-triangulene chain
with that of the spin-1 BLBQ Hamiltonian using these parameters. For
CAS(14,14), the basis includes eight degenerate-shell states and six inter-
triangulene states. The agreement between our two models and experimental
results [313] in the ordering of ground and excited states, as well as in the gap
between the first two excited states, demonstrates the validity of the spin-1
description. Minor discrepancies in higher excited states can be attributed
to the finite CAS truncation.

6.2 Mixed-size TGQDs model

Motivated by the possibility of combining triangular graphene quantum dots
(TGQDs) of different sizes within a single nanostructure, we study chains
with mixed spin sites. In particular, a chain with alternating spin-1 and
spin-1

2
sites carries a finite magnetic moment, since ferromagnetic coupling

between spin-1 sites dominates over the coupling between spin-1
2

sites with
opposite sign. The resulting ground state is ferrimagnetic, characterized
by partial spin polarization. By contrast, we propose the chain geometry,
where spin-1 sites are separated by an even number of spin-1

2
sites, and the

ground state is expected to have the lowest total spin. Such structures can
be experimentally realized in TGQD chains where triangulenes are separated
by at least one pair of phenalenyls. In what follows, we analyze the ground-
state properties of this system and compare them with other well-established
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one-dimensional phases.
As discussed in the previous section, capturing the correct exchange cou-

pling between connected triangulenes requires including additional interme-
diate states. This significantly increases the numerical cost. An alterna-
tive approach, proposed in Ref. [314], introduces an effective direct coupling
between adjacent triangulenes by enhancing the third-neighbor hopping to
t3 = −0.33 eV. This approximation allows one to use only degenerate-shell
states and reduce the size of the many-body Hilbert space. We want to for-
mulate the effective model for mixed-size nanographene chains to reduce the
size of the Hilbert space by restricting it to the zero-energy state subspace.
For this purpose, we rotate the many-body Hamiltonian to the basis of C3-
symmetric modes. The considered many-body Hamiltonian is the effective
t3 model mentioned above, which is given in real-space basis as:

Ht3 =
∑
i,l,σ

tilσc
†
iσciσ +

1

2
U
∑
i,σ ̸=σ′

c†iσc
†
iσ′ciσ′ciσ, (6.7)

where tilσ hopping parameters are nonzero for the first, second, and third
nearest-neighbors with values t1 = −2.8 eV, t2 = −0.1 eV, t3 = −0.33 eV,
respectively. We rewrite the Hamiltonian as a sum of contributions from
individual TGQDs and their couplings:

Ht3 = H1 +H2 +H3 + V12 + V23 (6.8)

where index △ = 1 denotes a triangulene and △ = 2, 3 the two 13-atom
TGQDs in the unit cell. The Hamiltonian of a single nanographene is:

H△ =
∑

i,l∈△,σ

tilσc
†
iσciσ +

1

2
U

∑
i∈△,σ ̸=σ′

c†i,σc
†
i,σ′ci,σ′ci,σ, (6.9)

and the inter-TGQD coupling is

V△△′ = t3
∑

i∈△,l∈△′,σ

c†iσciσ + h.c.. (6.10)

We now express Ht3 Hamiltonian in the eigenbasis of a single triangle H△,
which respects C3 symmetry. The triangulene sites can be grouped into three
subsets, A, B, and C, related by C3 rotations (Fig. 6.4(a)). A single-particle
wavefunction can be written in the basis of pz Slater orbitals ϕi(r) as:

ψl(r) =
∑
i

Aliϕi(r), (6.11)

Chapter 6 89



Quantum Simulation of Strongly Correlated Phases

1A

1C

6C

4C

5C

3C

2C

1B

2B

7B

5B
6B

4B

3B

7A7C

6A

5A

4A

3A

2A

(a)
m = -1

m = 0

m = 1

(b)

Figure 6.4: (a) Division of triangulene sites into three subgroups, which
transforms into itself under C3 rotations. (b) Single-particle energy states of
triangulene labeled by angular momentum m.

where l denotes single-particle states and i is the index of carbon atom. Now,
we can divide the pz orbitals into three groups:

ψl(r) =
∑
i∈A

Aliϕi(r) +
∑
i∈B

Aliϕi(r) +
∑
i∈C

Aliϕi(r) + Al0ϕ0(r). (6.12)

Each sector can be indexed by the angular momentum m = 1, 2, 3. The
position of the central carbon atom is invariant under rotation and must be
treated separately. Then, we construct a new, rotated basis, consisting of
Wannier-like orbitals:

|j⟩ =
1√
3

(
|jA⟩ + exp (i

2π

3
m) |jB⟩ + exp (i

4π

3
m) |jC⟩

)
, (6.13)

where m = 1, 2, 3 labels angular momentum sectors. The new basis states
are a linear combination of three sites from three subspaces related to each
other by a phase factor. The Hamiltonian H1 matrix elements in this basis
are:

⟨i|H |j⟩ =
1

3

∑
l,k=A,B,C

ei
2π
3
(l−k)m ⟨ik|H1 |jl⟩ , (6.14)

where indices l, k in the exponential maps to integers: A = 1, B = 2, and
C = 3. And for the central site it is:

⟨0|H1 |j⟩ =
1√
3

∑
l=A,B,C

ei
2π
3
lm ⟨0|H1 |jl⟩ . (6.15)
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Restricting to zero-energy modes, we rotate the Hamiltonian Ht3 (Eq. 6.7)
into the C3-symmetric basis. The effective Hamiltonian of the full chain
becomes

Heff =
∑

△,△′,α,α′

τ△α,△′α′b†△ασb△′α′σ +
1

2

∑
△,α1,α2,α3,α4

σ,σ ̸=σ′

U△b
†
△α1σ

b†△α2σ′b△α3σ′b△α4σ,

(6.16)
where α labels zero-energy modes within each triangle △. The kinetic and
interaction terms are:

τ△α,△′α′ = ⟨△α| t3
∑

⟨⟨⟨i,l⟩⟩⟩,σ

c†iσclσ |△′α′⟩ (6.17)

and

U△(α1, α2, α3, α4) = ⟨△1α1,△2α2|
1

2
U
∑
i,σ ̸=σ′

c†iσc
†
iσ′ciσ′ciσ |△3α3,△4α4⟩ .

(6.18)
The Hubbard term acts locally, thus we can assume △1 = △2 = △3 = △4 =
△, so we can simplify our notation to:

U△ =
1

2
U ⟨α1, α2|

∑
i,σ ̸=σ′

c†iσc
†
iσ′ciσ′ciσ |α3, α4⟩ . (6.19)

Using Eq.6.12 and Eq.6.13, the wavefunction of state |△, α⟩ is:

|△, α⟩ =
∑
j

C△αj |j⟩ =
1√
3

∑
j

∑
l=A,B,C

C△αj ei
2π
3
lα |jl⟩ , (6.20)

where C△αj are coefficients obtained from single-particle calculations in each
angular momentum sector. The resulting on-site interaction reads

U△ =
1

9

∑
j

(Cα1
j )∗(Cα2

j )∗Cα3
j Cα4

j

∑
l=A,B,C

ei
2π
3
l(−α1−α2+α3+α4). (6.21)

Mixed-size nanographene chains contain two types of TGQDs with differ-
ent numbers of zero-energy modes. The smaller TGQD (phenalenyl radical)
has a single mode α, corresponding to spin-1

2
, while triangulene has two
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Figure 6.5: (a) Fermionic model of a mixed-size nanographene chain. (b)
Effective spin-1/spin-1

2
representation. (c) Comparison between the lowest-

energy spectra of the two models for one unit cell terminated with a trian-
gulene (BSSB).

modes α = ±1, corresponding to spin-1. The Coulomb terms obey the se-
lection rule α1 + α2 = α3 + α4, ensuring momentum conservation. For the
small TGQD, the only solution is α1 = α2 = α3 = α4, yielding an on-site
interaction US = 0.824 eV. For triangulene, we have:

U△ =
1

3

∑
j

(Cα1
j )∗(Cα2

j )∗Cα3
j Cα4

j (δα1+α2,α3+α4), (6.22)

which gives equal amplitudes for on-site UB, direct V = U△(αi, αj, αj, αi),
and exchange X = U△(αi, αj, αi, αj) interactions between the α+ and α−
modes: UB = V = X = 0.459 eV [315].

Next, we calculate the inter-TGQD hopping term:

τ△α,△′α′ =
t3
3

∑
⟨⟨⟨i∈△,j∈△′⟩⟩⟩

∑
σ

(Cα
i )∗Cα′

j

∑
k,l

e−i
2π
3
kαei

2π
3
lα′

(6.23)

There are two kinds of hopping: between two smaller TGQDs and between
big and small TGQDs. In the first case, the hopping does not depend on the
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α since each small triangle has only one zero-energy mode, and has amplitude
τS,S = 0.11 eV. The electron hopping between mixed-size triangles obtains
a complex phase depending on the mode α = +1,−1, and has amplitude
τB±,S = −0.0712 ± 0.0411 eV. A schematic representation of the fermionic
model is shown in Fig. 6.5 (a)

Derivation of the effective Hubbard Hamiltonian enables us to study
magnetic properties of chains. Due to the fact, that we are interested in
charge neutral system with one electron per site and U ≫ τ , we can reduce
Hamitonian to effective spin model. Using second-order perturbation the-
ory, we obtain the effective exchange couplings: between two spin-1

2
sites,

J3 =
4|τS,S |2
US

= 58.7 meV, and between a spin-1 and a spin-1
2

site

J2 =
2|τB±,S|2

US
+

2|τB±,S|2

UB
= 31.2 meV. (6.24)

To analyze topological properties of longer mixed-size chains, we map the
fermionic model to a spin model with one spin-1 and an even number of
spin-1

2
sites per unit cell. The effective spin Hamiltonian is

H = HJ2 +HJ3 , (6.25)

with

HJ2 = J2

L−1∑
m=1

[Sm · sm,1 + sm,Ns · Sm+1] , (6.26)

and

HJ3 = J3

L−1∑
m=1

Ns−1∑
i=1

sm,i · sm,i+1. (6.27)

Here NS denotes the number of 13-atom TGQDs in the unit cell, Sm is the
spin-1 operator of the m-th unit cell, and sm,i the spin-1

2
operator of site i

in unit cell m (Fig. 6.5(b)). For open chains, the system is terminated by a
triangulene, so the number of spin-1 sites equals L.

In Fig. 6.5 (c), we compare the energy spectra of the fermionic and spin
models for a dimer consisting of two triangulenes separated by two small
TGQDs. The spectra are in good agreement, reproducing the spin ordering
of the ground and excited states characteristic of a spin-1 chain.
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S = 2

S = 1

S = 0

(a) (b)

Figure 6.6: (a) Low-energy spectrum of the mixed-size nanographene chain
as a function of the number of unit cells L. The inset shows the scaling of
the Haldane gap with the inverse system size. (b) Local spin densities for the
structure with L = 24. Red circles denote spin-1 sites (triangulenes), while
blue circles correspond to spin-1

2
sites (phenalenyls).

6.3 Length analysis and topological proper-

ties

We now turn to the analysis of extended mixed-size nanographene chains with
the unit cell indicated by a dashed line in Fig.6.5 (b). Each unit cell contains
one triangulene and two phenalenyls. In order to investigate the properties of
these systems in the thermodynamic limit, we employ the effective spin chain
Hamiltonian derived in Eq. 6.26. Numerical calculations are carried out using
the finite-size DMRG algorithm implemented in the TeNPy package [269].
Throughout our simulations, we set the maximum bond dimension of the
MPS representation to χmax = 3000, which we verified to be sufficient for
converged results.

Figure 6.6 (a) shows the low-energy spectrum of chains with open bound-
ary conditions, terminated at both ends by triangulenes. For all considered
system sizes, the two lowest states are a singlet and a triplet. With increasing
chain length L, these states become quasi-degenerate, and in the thermody-
namic limit, they merge into the ground state manifold. Above these, the
spectrum is gapped: the next excitations are separated by a finite energy
gap, which extrapolates to E∆ ≈ 0.32J2 in the large-L limit (see the inset
of Fig. 6.6(a)). The resulting excitation spectrum strongly resembles that
of the spin-1 Heisenberg chain with the Haldane gap, which is characteristic
of a topological phase. The structure of higher excitations follows the same
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Mixed TGQDs chain

(a) (b)

Figure 6.7: (a) String order parameter and (b) entanglement spectrum com-
pared across four models: the mixed-size nanographene chain with length
L=14, and the BLBQ Hamiltonian for β = 0 (Heisenberg model), β = −0.09
(triangulene chain), and β = −1

3
(AKLT state).

pattern: a quintuplet, two triplets, and a singlet above the gap.
Besides the finite gap in the thermodynamic limit, the topological Hal-

dane phase in spin chains is characterized also by the emergence of fraction-
alized edge states. They are visible in spin densities shown in Fig. 6.6 (b),
which are obtained for triplet state with S = 1. The spin density at first and
last triangulene (red dots) is ⟨Sz0⟩ = ⟨SzL⟩ > 0.6, similar to the value obtained
for the AKLT state in Ref. [316].

To further characterize the topological order of the ground state, we next
analyze the non-local string order parameter (SOP) as well as the entangle-
ment spectrum, and compare them to other spin-1 models.

6.3.1 String order parameter

In one-dimensional quantum spin systems, conventional local order parame-
ters often fail to distinguish between different quantum phases. The topolog-
ical Haldane phase is a good example of such a state. However, it contains
hidden antiferromagnetic order, which can be detected by the non-local string
order parameter (SOP). For the mixed-size nanographene chain, it is defined

Chapter 6 95



Quantum Simulation of Strongly Correlated Phases

along the z-axis as [317]:

Oz = − lim
|m−m′|→∞

⟨Szm exp (iπ
∑

m<n<m′

Szn)Szm′⟩, (6.28)

where Szm is the z-component of the spin-1 operator, and m, n, m′ run over
the unit cells of the chain.

In Fig. 6.7 (a), we compare the SOP of a mixed-size nanographene chain
with the BLBQ model for four values of the β parameter. To extract the
asymptotic value of the SOP, we compute it as a function of the inverse
distance 1/dm, where dm is the separation between the first and m-th unit
cell, and then extrapolate to large distances. As expected, the AKLT state
(β = −1

3
) converges to Oz

AKLT ≈ 0.444, in agreement with the exact analytical
result. The Heisenberg spin-1 chain (β = 0) also exhibits a nonzero string
order, but with a smaller value, Oz

Heis ≈ 0.32. The third BLBQ model is the
effective spin-1 Hamiltonian for the triangulene chain (β = 0.09). Its SOP
parameter has a value between the AKLT state and the Heisenberg spin-1
chain, below 0.4.

Most importantly, the mixed-size TGQD chain exhibits a string order pa-
rameter of Oz ≈ 0.422, remarkably close to the AKLT limit and larger than
that of the Heisenberg model. This result indicates that the hidden antifer-
romagnetic order in mixed-size nanographene chains is among the strongest
realized in this class of systems.

6.3.2 Entanglement spectrum

The entanglement spectrum is obtained from the Schimdt values {λα} form
the Schmidt decomposition of the reduced density matrix ρA:

|ψ⟩ =
∑
i

λi |iA⟩ |iB⟩ , (6.29)

where λi are non-negative real numbers satisfying
∑

i λ
2
i = 1. The entangle-

ment spectrum ”energies” ϵα are connected to Schimdt values by the relation
λ2i = e−ϵi .

In the Haldane phase, the entanglement spectrum displays an even-fold
degeneracy [79]. This structure originates from fractionalized spin-1

2
edge

states and is protected by the symmetries: time-reversal, spin rotation, and
inversion. The even degeneracy is absent in a trivial phase, when protecting
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Mixed TGQDs chain

(a) (b)

Figure 6.8: (a) Correlation length ξ of ground states in the Haldane phase
as a function of the β parameter of the BLBQ Hamiltonian. (b) Spin–spin
correlations between spin-1 sites in the first and m-th unit cells for mixed-
size nanographene chains, compared with four BLBQ ground states. Dashed
lines represent fits to the Ornstein–Zernike form.

symmetries are absent. We use this property of the entanglement spectrum
as a direct indicator of symmetry-protected topological order. In Fig. 6.7
(b), we again compare the mixed-size nanographene chain with four BLBQ
models. The entanglement spectra are obtained for sufficiently long chains
to exclude the non-zero overlap between fractionalized spins at the edges,
which can influence degeneracies. In all five cases, we observe even-fold
degeneracies in the low-lying levels of the entanglement spectrum, consistent
with the structure of the Haldane phase.

6.4 Correlation lengths

The results presented in the previous sections establish that the ground
state of the mixed-size nanographene chain belongs to the topological Hal-
dane phase, alongside the AKLT state and the BLBQ spin-1 models with
−1 < β < 1. Within this phase, the main distinction between differ-
ent ground states is their correlation lengths. In gapped one-dimensional
quantum systems, spin–spin correlations are well described by the Orn-
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stein–Zernike form,

⟨Szi Szj ⟩ ∼ exp (−|j − i|/ξ)/
√

|j − i|, (6.30)

where ξ is the correlation length. For the spin-1 Heisenberg chain, the ground
state has the longest correlations within the BLBQ model and within the Hal-
dane phase with ξHeis ≈ 6.5. In contrast, the AKLT state realizes the shortest
possible correlations within the Haldane phase, with an exactly known value
of ξAKLT = 1/ ln(3) ≈ 0.91. This trend is reproduced in Fig. 6.8(a), where
the correlation length is shown as a function of the β parameter of the BLBQ
Hamiltonian given by 6.6.

Figure 6.8(b) presents a direct comparison of spin–spin correlations in the
mixed-size TGQD chain with those in representative BLBQ ground states.
As expected, fitting the numerical data to Eq. 6.30 gives extreme values
of the correlation length: ξAKLT ≈ 0.91 and ξHeis ≈ 6.55 for the AKLT
state and Heisenberg chain, respectively. For effective triangulene chain,
results for BLBQ model with β = 0.09, we obtain an intermediate value of
ξtr ≈ 3.9. However, after adding smaller TGQDs, spin-1

2
radicals, between

triangulenes, the correlation length is significantly reduced to ξ ≈ 1.7. This
suppression of correlations indicates that the additional spin-1

2
sites act as

effective buffers, weakening the direct coupling between spin-1 TGQDs. As a
result, the mixed-size nanographene chain realizes a short-correlation-length
version of the Haldane phase, closer in character to the AKLT limit than to
the Heisenberg chain.

6.5 Increasing the number of spin-1
2 buffers

In the previous section we showed that inserting 13-atom TGQDs between
triangulene units reduces the correlation length of the nanographene chain.
This suppression of correlations opens a route to designing one-dimensional
topological states with well-localized edge excitations. In particular, an
AKLT-like state with short correlation length is of interest for potential
quantum information applications, where robust and spatially separated edge
states are advantageous.

To further develop this concept, we now introduce a larger number NS

of spin-1
2

buffers per unit cell. Figure 6.9 (a) presents spin-spin correlations
for chains with NS = 2, 4, 6, 8, fitted using the Ornstein-Zernike formula.
The correlation length systematically decreases from ξ ≈ 1.7 for NS = 2 to

Chapter 6 98



Quantum Simulation of Strongly Correlated Phases

s 5 J

ΔH

S = 0
S = 1
S = 2

(b)

(c)(a)

Figure 6.9: (a) Spin-spin correlations of mixed-size nanographene chains with
different number of spin-1

2
buffers NS. (b) Corresponding energy spectra

showing a finite Haldane gap ∆H . (c) Dependence of the correlation length
ξ on NS, compared to the BLBQ model parameter β.

ξ ≈ 0.9 for NS = 8, reaching the AKLT limit. At the same time, introducing
the additional buffers also results in a slight decrease of the Haldane gap ∆H ,
which yet remains finite for all studied cases (Fig. 6.9 (b)).

From the comparison between the correlation length obtained for the
BLBQ ground state with different β parameters (Fig. 6.8 (a)) and for nanographene
chains with different NS, we can assign an effective β to NS chains. The bi-
quadratic term in the BLBQ Hamiltonian, obtained from higher orders of
the perturbation theory, is responsible for coupling between spin-1 states
that are not directly connected. They interact via intermediate configura-
tions, the number of these virtual paths is reflected by the magnitude of the
β parameter. Figure 6.9 (c) shows how β(NS) approches value 1

3
for ξ = 0.91.

These results show how combining different sizes of TGQDs allows us to
design topological states and manipulate their correlation length effectively
tuning the β parameter of the BLBQ Hamiltonian.
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Chapter 7

Conclusions

Understanding strongly correlated quantum matter remains one of the central
challenges in condensed matter physics. Many of the most intriguing states,
including unconventional superconductors, spin liquids, and symmetry-protected
topological phases, emerge from interactions beyond the scope of perturba-
tive approaches. In most cases, exact solutions are not available, and numer-
ical methods face limitations due to the exponential growth of Hilbert space.
Quantum simulators provide an alternative route by realizing controlled, tun-
able systems in which emergent many-body physics can be directly explored.

Most quantum simulation platforms are based on ultracold atoms in op-
tical lattices, where tunneling, interactions, and dimensionality can be pre-
cisely controlled. Solid-state simulators built from electronic nanostructures
offer a complementary route. They provide access to strong correlations,
allow geometric control at the nanoscale, and enable the design of effective
spin Hamiltonians through local electronic structure. Such systems enable
studying correlated phases in regimes that are difficult to reach in other
approaches.

In this thesis, we have shown that quantum-solid simulators can host a
range of correlated and topological phases. In moiré TMD heterostructures,
we demonstrated that strongly interacting electronic states can be localized
into an array of quantum dots with controllable exchange couplings. De-
pending on filling, dielectric screening, and twist angle, the ground states
include ferromagnetic phases stabilized by Nagaoka physics as well as anti-
ferromagnetic states and generalized Wigner crystals. This establishes moiré
quantum dot arrays as a natural extension of Hubbard physics into regimes
with strong long-range interactions and finite-size effects.
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We then focus on projecting the moiré Hubbard model onto the low-
energy spin subspace at the half-filling. Analyzing its effective spin model
shows that the system favors a quantum spin liquid for moderate dielec-
tric screening. Such a phase is characterized by nearly uniform correla-
tions and the absence of symmetry breaking. At stronger screening, the
ground state evolves into a nematic valence bond solid, marked by alternat-
ing bond strengths and broken lattice symmetry. We further showed that
ring-exchange interactions strongly influence the stability of these phases
and that entanglement-based diagnostics provide consistent evidence for a
continuous transition between them.

Finally, we investigated chains of mixed-size triangular graphene quan-
tum dots. By combining spin-1 triangulenes with spin-1/2 phenalenyls, we
obtained an effective one-dimensional chain with short correlation lengths.
Using density matrix renormalization group calculations, we demonstrated
the presence of a finite Haldane gap, localized edge states, non-local string
order, and an entanglement spectrum with symmetry-protected even degen-
eracy. By varying the number of spin-1

2
buffer sites, we showed that the

correlation length can be tuned closer to the AKLT limit. These results
confirm that mixed-size nanographene chains realize the Haldane phase on
minimal length scales and offer a controllable route to designing topological
spin states.

The approaches presented here complement existing methods of quan-
tum simulation. Cold atoms in optical lattices remain the most flexible plat-
form for realizing Hubbard-type models, but they operate at weaker energy
scales and require extremely low temperatures. Solid-state nanostructures
provide access to strong interactions at much higher scales and are natu-
rally suited for spin Hamiltonians and topological phases. An additional
perspective is offered by quantum computing. Variational algorithms and
approaches inspired by tensor networks can approximate ground states of
correlated Hamiltonians and provide access to their entanglement proper-
ties. Applying these methods to models relevant for moiré heterostructures
and nanographene assemblies could extend the analysis beyond classical com-
putational limits. In this context, solid-state simulators and quantum com-
puters can be considered complementary, with the former realizing correlated
phases in experiment and the latter enabling controlled exploration of larger
or more complex models. Overall, this work contributes to developing solid-
state quantum simulators as a tool for studying correlated phases, which
complements optical lattices and emerging quantum computing approaches.
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Appendix A

The t/U expansion of the
Hubbard model

The Hubbard Hamiltonian describes electrons on a lattice with on-site re-
pulsion:

Ĥ = −t
∑
⟨i,j⟩,σ

(
c†iσcjσ + h.c.

)
+ U

∑
i

ni↑ni↓ = T + V (A.1)

At the half-filling and in the limit U ≫ t, double occupancies are energeti-
cally suppressed. Weak t-hopping allows only virtual processes in which an
electron visits a neighboring site, creating a doubly occupied site, but such
processes cost energy U . These virtual fluctuations lift the degeneracy of
singly occupied states and generate an effective spin interaction.

The Hilbert space is split into two sectors:

• P: no double occupancies,

• Q = 1 − P: states with at least one doubly occupied site.

A systematic way to derive the low-energy effective Hamiltonian of the
Hubbard model in the large-U limit is to perform a Schrieffer–Wolff (SW)
transformation [271, 318]. The idea is to eliminate matrix elements of the
Hamiltonian that couple the low-energy subspace P with the high-energy
subspace Q.

The kinetic part of the Hamiltonian T is split into three parts by how the
hopping affects the number of doublons Nd, i.e. pairs of electrons on a single
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site:
T = T+1 + T0 + T−1. (A.2)

Here T0 conserves the number of doublons, and at half-filling PT0P = 0.
The SW transformation is unitary:

Ĥeff = eSĤe−S, (A.3)

with an anti-Hermitian generator S = −S† chosen such that it cancels the
off-diagonal parts connecting low- and high-energy subspaces:

iS =
1

U
(T+1 − T−1) . (A.4)

The effective Hamiltonian has the form:

Heff = eiSHe−iS = H +
[iS,H]

1!
+

[iS, [iS,H]]

2!
+ . . . (A.5)

By limiting the expansion to second-order perturbation theory, we obtain:

Heff = P

(
V + T +

1

2
[S, T ]

)
P +O(t3/U2). (A.6)

The terms PV P = PT0P = 0 vanish. Then

Heff =
1

2
P [S, T+1 + T−1]P (A.7)

=
1

2U
P [T+1 − T−1, T+1 + T−1]P (A.8)

=
1

U
P [T+1, T−1]P. (A.9)

Now, we write explicit forms of the T operators. Hopping between i and
j sites changes occupancies:

∆Nd = niσ − njσ. (A.10)

For ∆Nd = +1, the hopping operator has the form:

T+1 = −
∑
⟨i,j⟩,σ

tij niσ̄ c
†
iσcjσ (1 − njσ̄), (A.11)
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where σ̄ denotes spin opposite to σ. In the case ∆Nd = −1, we have:

T−1 = −
∑
⟨i,j⟩,σ

tij (1 − niσ̄) c†iσcjσ njσ̄. (A.12)

Lastly, for ∆Nd = 0:

T0 = −
∑
⟨i,j⟩,σ

tij

[
(1 − niσ̄)c†iσcjσ(1 − njσ̄) + niσ̄c

†
iσcjσnjσ̄

]
. (A.13)

We notice that
[V, Tm] = mUTm, (A.14)

which means that the interaction energy in the system changes by mU after
hopping Tm.

Using definitions of T+1 and T−1, we can then calculate the effective
Hamiltonian:

Heff =
1

U
P [T+1, T−1]P =

1

U
P (T+1T−1 − T−1T+1)P. (A.15)

Considering a single nearest-neighbor pair ⟨i, j⟩, we have:

T
(ij)
+1 T

(ij)
−1 = t2

∑
σ,σ′

[
niσ̄c

†
iσcjσ(1 − njσ̄)

][
(1 − njσ̄′)c

†
jσ′ciσ′niσ̄′

]
. (A.16)

After calculating the contribution from T−1T+1 and summing them up, we
obtain:

P (T+1T−1 − T−1T+1)P = −t2
∑
σ,σ′

P
(
c†iσcjσc

†
jσ′ciσ′

)
P. (A.17)

So the effective Hamiltonian is:

Heff = − t
2

U

∑
⟨i,j⟩

∑
σ,σ′

P
(
c†iσcjσc

†
jσ′ciσ′

)
P. (A.18)

To convert the fermionic form A =
∑

σ,σ′ c
†
iσcjσc

†
jσ′ciσ′ to spin ladder opera-

tors, we write it out as the sum of four possible spin combinations:

A = c†i↑cj↑c
†
j↑ci↑ + c†i↑cj↑c

†
j↓ci↓ (A.19)

+ c†i↓cj↓c
†
j↑ci↑ + c†i↓cj↓c

†
j↓ci↓. (A.20)
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From the fermionic relation ciσc
†
iσ = 1 − niσ, we have

c†i↑cj↑c
†
j↑ci↑ = ni↑ − ni↑nj↑, (A.21)

c†i↓cj↓c
†
j↓ci↓ = ni↓ − ni↓nj↓. (A.22)

Terms with σ ̸= σ′ map directly to spin ladder operators S+
i = c†i↑ci↓ and

S−i = c†i↓ci↑. Thus

c†i↑cj↑c
†
j↓ci↓ = −S+

i S
−
j , (A.23)

c†i↓cj↓c
†
j↑ci↑ = −S−i S+

j . (A.24)

After summing the above results, the operator A takes the form:

A = ni −
1

2
ninj −

(
2Szi S

z
j + S+

i S
−
j + S−i S

+
j

)
. (A.25)

By definition Si · Sj = Szi S
z
j + 1

2
(S+

i S
−
j + S−i S

+
j ), thus

A = ni −
1

2
ninj − 2Si · Sj. (A.26)

By projecting the A operator onto the subspace with one electron per site,
we obtain the effective Hamiltonian:

Heff = − t
2

U

∑
⟨i,j⟩

(
−2Si · Sj + 1

2
ninj

)
=

4t2

U

∑
⟨i,j⟩

(
Si · Sj − 1

4
ninj

)
. (A.27)

The ring exchange interaction term can be obtained in an analogous way
from the fourth-order contribution to the effective Hamiltonian in the low-
energy subspace:

Ĥ
(4)
eff = −P T̂ Q̂

1

Ĥ0

Q̂ T̂ Q̂
1

Ĥ0

Q̂ T̂ Q̂
1

Ĥ0

Q̂ T̂ P, (A.28)

where T̂ is the hopping part of the Hubbard model, Ĥ0 = U
∑

i ni↑ni↓, and

Q = 1−P . Each resolvent 1/Ĥ0 contributes an energy denominator of order

1/U , so the overall scale of Ĥ
(4)
eff is O(t4/U3).

Focus on an oriented four-site loop i→ j → k → l → i. One sequence of
four hoppings produces the fermionic cyclic operator:

O(ijkl) =
∑
{σ}

(
c†jσ1ciσ1

)(
c†kσ2cjσ2

)(
c†lσ3ckσ3

)(
c†iσ4clσ4

)
, (A.29)
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which cyclically moves an electron around the plaquette. The full fourth-
order projector (A.28) sums such operators over all such ordered sequences
and over spin indices. Collecting all contributions for the plaquette yields
the compact permutation form

Ĥ
(ijkℓ)
ring = K

(
P̂i→j→k→ℓ + P̂i←j←k←ℓ

)
(A.30)

To connect this to spin operators, it is convenient to use the two-site
permutation operator. The following operator identity holds:

P̂ab =
∑
σ,σ′

c†aσc
†
bσ′caσ′cbσ = 2 Sa ·Sb + 1

2
nanb. (A.31)

In particular, on the singly-occupied subspace P (where nanb = 1) this re-
duces to the familiar form P̂ab = 2Sa · Sb + 1

2
.

Using P̂1234 = P̂14P̂13P̂12 (and the analogous expression for the opposite
orientation) and expanding the products, the permutation sum can be writ-
ten as a sum of a constant, pairwise Heisenberg terms, and four-spin terms.
One convenient projected form is

P̂1234+P̂1432 = 1
4
+
∑
⟨ab⟩

Sa·Sb+4
[
(S1·S2)(S3·S4)+(S2·S3)(S4·S1)−(S1·S3)(S2·S4)

]
,

(A.32)
where the sum

∑
⟨ab⟩ runs over nearest-neighbour pairs around the plaquette

(1, 2, 3, 4). Combining this expansion with the amplitude K gives the fourth-
order contribution to the effective spin Hamiltonian on the plaquette,

Ĥ
(1234)
ring = K

[
1
4

+
∑
⟨ab⟩

Sa ·Sb + 4
(
(S1 ·S2)(S3 ·S4)

)]
. (A.33)
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Configuration Interaction

In the Hartree–Fock (HF) approximation, the many-body wavefunction is
represented by a single Slater determinant,

|ΨHF⟩ =
1√
N !

det[ϕ1(1), ϕ2(2), . . . , ϕN(N)], (B.1)

where ϕi are spin–orbitals. While this approximation accounts for exchange
interactions exactly, it neglects electron–electron correlations beyond mean
field.

The configuration interaction (CI) [319,320] method improves upon Hartree–Fock
by constructing the wavefunction as a linear combination of Slater determi-
nants: the reference Hartree–Fock determinant plus determinants obtained
by exciting one or more electrons from occupied orbitals into virtual (unoc-
cupied) orbitals. The CI wavefunction takes the form

|ΨCI⟩ = c0 |Φ0⟩ +
∑
i,a

cai |Φa
i ⟩ +

∑
i<j,a<b

cabij |Φab
ij ⟩ + . . . , (B.2)

where |Φ0⟩ is the HF determinant, |Φa
i ⟩ denotes a single excitation from

occupied orbital i to virtual orbital a, and |Φab
ij ⟩ is a double excitation, etc.

The expansion coefficients c0, c
a
i , c

ab
ij , . . . are obtained by diagonalizing the

electronic Hamiltonian in the CI basis.
To illustrate the procedure step by step, consider a minimal example with

two electrons distributed among four spin–orbitals: two occupied (i, j) and
two virtual (a, b). At the HF level, both electrons occupy the lowest-energy
orbitals i and j, giving

|Φ0⟩ = |ij|, (B.3)
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where the notation |pq| denotes the Slater determinant with electrons in
orbitals p and q.

With respect to this state, single excitations are created by promoting
one electron from an occupied to a virtual orbital:

|Φa
i ⟩ = |aj|, |Φb

i⟩ = |bj|, (B.4)

|Φa
j ⟩ = |ia|, |Φb

j⟩ = |ib|. (B.5)

Each determinant differs from |Φ0⟩ by one orbital substitution. Double ex-
citations involve substituting both occupied orbitals simultaneously:

|Φab
ij ⟩ = |ab|. (B.6)

Together, the reference, singles, and doubles span the so-called CISD
basis:

BCISD = {|ij|, |aj|, |bj|, |ia|, |ib|, |ab|}. (B.7)

The correlated CI wavefunction is then expanded as

|ΨCISD⟩ = c0|ij| + cai |aj| + cbi |bj| + caj |ia| + cbj|ib| + cabij |ab|, (B.8)

with coefficients {c} determined by diagonalization of the Hamiltonian in the
basis BCISD.

The accuracy of CI systematically improves with the inclusion of higher
excitation levels, but the computational cost grows factorially, making full CI
feasible only for very small systems. Moreover, truncated CI may fail when
multiple electronic configurations contribute nearly equally to the ground
state. In such cases, one must restrict the CI expansion in a way that properly
accounts for strong static correlations.

A widely used approach is the complete active space (CAS) method [321],
which treats strongly correlated orbitals exactly while freezing less important
ones. The orbitals are divided into three groups:

1. Inactive orbitals – always doubly occupied,

2. Active orbitals – partially filled with all possible occupations included,

3. Virtual orbitals – always unoccupied.
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This partition reflects the physical intuition that static correlation arises
mainly in a limited set of orbitals near the Fermi level, while core and high-
energy virtual orbitals can be frozen.

In a CAS(n,m) calculation, n active electrons are distributed among m
active orbitals. The CAS wavefunction is then a linear combination of all
determinants generated within this active space:

|ΨCAS(n,m)⟩ =
∑

I∈BCAS(n,m)

cI |ΦI⟩ , (B.9)

where BCAS(n,m) is the full configuration space within the active orbitals.
This guarantees an exact treatment of static correlations in the chosen active
subspace.
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[85] B. Coqblin, M. D. Núñez-Regueiro, A. Theumann, J. R. Iglesias, and S. G
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