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STRESZCZENIE

Niniejsza rozprawa przedstawia badania z dziedziny teoretycznej spektro-

skopii molekularnej, których celem jest symulowanie zderzeniowo indukowa-

nych ksztaltow profili linii spektralnych wyprowadzonych z zasad pierwszych.

Kluczowym elementem tej pracy jest opracowanie i udoskonalenie metodolo-

gii symulacji profili linii widmowych przy użyciu parametrów uzyskanych z

obliczeń rozpraszania kwantowego ab initio, oraz przetestowane jej na kilku

rzeczywistych układach, takich jak H2-He, HD-He, D2-H2 H2-Ar i CO-Ar.

Nasza metodologia pozwala na symulowanie kształtów linii w pełni z zasad

pierwszych, umożliwiając bezpośrednie porównanie wyników teoretycznych i

doświadczalnych. Dzięki temu możlwa jest precyzyjna weryfikacja popraw-

ności naszych obliczeń w oparciu o najdokładniejsze dane eksperymentalne.

Niniejsza rozprawa doktorska obejmuje serię testów eksperymentalnych, po-

twierdzających dokładność symulowanych profili kształtu linii widmowych w

kilku zderzeniowych układach molekularnych, w zakresie ciśnienia obejmują-

cym sześć rzędów wielkości. Dzięki naszym obliczeniom rozpraszania kwanto-

wego i dokładnemu modelowaniu kształtu linii spektralnej, odtwarzamy widma

eksperymentalne z dokładnością na poziomie poniżej procenta.

Wykorzystując naszą metodologię, stworzyliśmy pierwsze bazy danych pa-

rametrów kształtów linii widmowych opatre w pełni na obliczeniach ab initio.

Nasze zestawy danych pozwalają na symulowanie kształtów linii poza mode-

lem Voigta, uwzględniających zależność rozszerzenia i przesunięcia od pręd-

kości molekuły, oraz efekt Dickego. Niniejsza rozprawa prezentuje kompletne

zestawy danych przejść rowibracyjnych molekuł H2 i HD, zaburzonych helem,

oraz najważniejszych linii molekuły HD zaburzonej H2.

W nineijszej rozprawie zawarto również nowe metody opisu kształtu linii

widmowych w reżimie zdominowanym przez zderzenia zmieniajce prędkość.

Symulacje linii w tych warunkach, przy użyciu dotychczasowych metod, wy-

magały wydajnej infrastruktury obliczeniowej. W tej pracy pokazujemy, że

kształt linii w tych warunkach można opisać za pomocą profilu Lorentza oraz

podajemy analityczne wyrażenia umożliwiające obliczenie efektywnych szero-

kości i przesunięcia linii.
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ABSTRACT

This dissertation presents a study of theoretical molecular spectroscopy,

aiming to provide highly-accurate spectral line profiles derived from first prin-

ciples. Central to this work is the development and refinement of a metho-

dology for simulating spectral line profiles using parameters obtained from

ab initio quantum scattering calculations, and testing it for several molecular

systems, including H2-He, HD-He D2-H2 H2-Ar and CO-Ar.

Our methodology bridges theoretical calculations with experimental results

by allowing one to compare simulated and measured lines, thereby validating

its accuracy against highly-accurate experimental spectra. This dissertation

features a series of experimental tests, proving the accuracy of the simula-

ted spectral line-shape profiles with several molecular collisional systems, at

pressures spanning six orders of magnitude. With our quantum-scattering

calculations and careful modelling of the spectral line shape, we reproduce

these high-accuracy experimental spectra at sub-percent level of agreement.

In addition to validating the methodology against experimental data, this

dissertation contributes to the field by generating expansive datasets of spec-

tral line-shape parameters. We apply our methodology to create the first da-

tasets of spectral line-shape parameters based entirely on the ab initio cal-

culations. Our datasets allow one to simulate the shapes of the spectral li-

nes beyond the Voigt model, taking into account the speed dependence of the

broadening and shift, as well as the Dicke effect. This dissertation presents

complete sets of rovibrational transitions of the helium-perturbed H2 and HD

molecules, as well as the most important lines of the HD-H2 system.

The dissertation presents a novel approach of description the spectral lines

in the regime of frequent velocity-changing collisions. Using the previous me-

thods to simulate the spectral lines under these conditions requires carrying

out exhaustive numerical simulations. This dissertation shows, that the line

profiles in these conditions can be described by a simple Lorentz profile. We

provide analytical expressions for effective width and shift of this profile.
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INTRODUCTION

The main goal of this dissertation is to provide high-accuracy theoretical

molecular spectra, arising from the first principles. Within this dissertation

we worked on development and refinement of the methodology of simulating

the spectral line profiles from the spectral line-shape parameters obtained

through the ab initio quantum scattering calculations. While the quantum-

scattering calculations are a part of the methodology pipeline, this dissertation

focuses on calculations of the spectral line-shape parameters and modelling

of the line profile. The methodology allows one to connect the theoretical cal-

culations with the experimental results, through the comparison of the simu-

lated and measured lines. We tested and validated the methodology against

the highly-accurate experimental spectra. With the ab initio calculations, we

provided the datasets of the spectral line-shape parameters for the HITRAN

database, as well as prepared application-oriented dataset for astrophysical

research. Finally, we addressed the computational challenges of simulating

the spectral lines in the regime of frequent velocity-changing collisions and

developed new, simple and efficient approach to describe the shape of the

spectral line in these conditions.

The foundation of describing the shapes of isolated molecular transitions

was established by Woldemar Voigt in 1912 [1]. Even though eleven decades

have passed, the Voigt profile is still sufficiently accurate to model the ma-

jority of the spectral lines for laboratory and observational applications. The

Voigt profile is also a reference point, and its extensions give rise to the so-

phisticated and extremely accurate spectral line-shape profiles. Within this

dissertation we calculate the Voigt profile parameters, the collisional broade-

ning and shift. We also consider the speed dependences of the broadening and

shift parameters [2,3]. Finally, we take into account the Dicke effect, which is

described by the complex Dicke parameter [4]. These six parameters, together

with the intensity and position, encompass all the necessary information to

model the shape of the spectral line within the Hartman-Tran model [5–9] and

its extensions [10–12].

The pioneering articles of Michael Baranger from 1958 [13–15], extended
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by Ugo Fano [16], and Abraham Ben-Rueven [17,18], ultimately concluded by

Siegfried Hess [19], constitute a framework connecting the phenomenological

molecular spectroscopy with the collisional transport theory. Our methodology

relies on the use of the generalized Hess method [19–21] to calculate the spec-

tral line-shape parameters and application of the suitable line-shape profile to

simulate the shapes of the molecular optical resonances.

This dissertation is devoted to testing, applying and extending the metho-

dology of simulating the spectral lines from first principles. Articles A, B, C,

E and F focus on validation of our theoretical spectral lines by comparison

with highly-accurate experimental spectra. Articles C and D aim to provide

two complete, comprehensive datasets, allowing one to simulate the spectral

lines of the two isotopologues of molecular hydrogen with minimal effort, still

maintaining high accuracy. The data can be accessed through the supplemen-

tary material to our work, or through the HITRAN database. A dataset of the

most important HD lines perturbed by He and H2 is also featured in article E.

The data in articles C, D and E are reported in the double-power-law (DPL)

temperature-dependence format, which allows one to simulate the spectral

lines at temperatures between 20 and 1000 K. Articles E, F, G and H are de-

voted to the part of the methodology concerning the shapes of the optical lines.

In article E, we discuss the applicability of our methodology to astrophysical

research and highlight the advantages of our approach over traditionally-used

tools. In article F, we introduce analytical tools to quantize the uncertainties of

our methodology on the final line-shape profile, which will support the future

conclusions of the fundamental research, drawn through the comparison of

the experimental profiles with the simulated ones. Finally, in Articles G and

H, we derive new approach of modelling the spectral lines in the regime of the

frequent velocity-changing collisions, thus extending the applicability of our

methodology to this range at significantly lower computational cost.

In article A we put our methodology to a test against the experimental

spectra. We compare the results of the most accurate ab initio quantum scat-

tering calculations with the state-of-the-art experimental spectra of the S(1)

3-0 line of H2 perturbed by Ar. This molecular system offers unique conditions

to validate our ab initio methodology due to the high mass ratio between the

collisional partners, as well as pronounced speed dependence of collisional

broadening and shift [22, 23]. We test the accuracy of several approaches to

generate the synthetic spectra by adopting a sequence of corrections to the
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theoretical model. In the most accurate version, our ab initio profile repro-

duces the experimental measurements with 1.58% agreement. We find that

the calculated and measured pressure shift differ by 20%. Careful analysis of

both the experimental and theoretical uncertainties leds to the conclusion that

the shift parameter is extremely sensitive to the inaccuracies of the potential

energy surface (PES).

Article B constitutes another test of our methodology. Not only do we calcu-

late the collisional line-shape parameters based on two independent potential

energy surfaces, but also we verify their accuracy on theoretical data measu-

red with three different spectrometers: the Video spectrometer, operating at

pressures from 10 to 500 mTorr, the Radioacoustic detection spectrometer,

operating at pressures between 0.1 and 2 Torr, and the Resonator spectrome-

ter, allowing us to perform measurements at range from 772 to 1525 Torr. This

research shows that our ab initio spectral line-shape methodology reproduces

the experimental measurements with accuracy below one percent, at pressure

range spanning six orders of magnitude.

While the works A and B focus on single transitions, the articles C and

D demonstrate the capabilities of our ab initio methodology of calculating

the spectral line-shape parameters on a broad array of molecular lines. We

perform our collision-induced line-shape calculations to prepare two datasets

containing 3480 lines of He-perturbed H2 (article A), and 11575 lines of He-

perturbed HD (article B). Both datasets are provided in the double-power-law

(DPL) temperature dependence format [24, 25]. These datasets allow one to

model the entire rovibrational spectrum of H2 and HD with high accuracy (be-

low 1% for the tested lines), at temperature range between 20 and 1000 K.

Both datasets have been made available in the HITRAN database.

In article E we focus on providing the first accurate data for the molecule-

molecule collisional system. We calculate highly-accurate line-shape parame-

ters of the three H2-perturbed HD lines essential from the perspective of pla-

netary research. We analyze the accuracy of the spectral line-shape models at

thermodynamical conditions known to be present in the atmospheres of the

Solar Systems giant planets. We find that, under these conditions, a key role

is played by the speed dependence of collisional broadening and shift, as well

as the Dicke effect. Therefore, applying the traditional Voigt profile might alter

the effective height and width of the spectral line by as much as a factor of

two. We also report significant difference between H2- and He-perturbed spec-
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tra of HD, indicating the importance of using different data, depending on the

composition of the planetary atmospheres in the astrophysical analyses. The

article is supplemented with the accurate dataset of thee HD lines perturbed

by H2 and He, which should increase the accuracy of the future astrophysical

research.

In article F, we perform highly-accurate test of our ab initio methodology

against experimental data of the S(1) 3-0 and Q(1) 2-0 lines of H2 perturbed

by He. We use the experimental data to verify that each of the six indepen-

dent collisional line-shape effects (pressure broadening and shift, their speed

dependences, and the real and imaginary part of the complex Dicke effect) con-

tributes to improving the accuracy of the spectral line-shape modelling. From

the perspective of this dissertation, the most important result of article F is

the development of analytical tools allowing one to assess the uncertainties of

the final spectral line profiles, based on the uncertainties of the parameters in

use.

Applying our spectral line-shape methodology in the regime of frequent

velocity-changing collisions is a computational challenge [10, 11, 26]. Model-

ling the spectral lines with high accuracy requires extremely efficient compu-

tational infrastructure and can be too time-consuming to be performed in real

time. In articles G and H, we explore the behaviour of the spectral lines in

the regime of the frequent velocity-changing collisions. We demonstrate that

the sophisticated line profiles (i.e., Hartman-Tran profile, or quadratic speed-

dependent hard collision profile [7–9], and the billard ball profile [10,11]) take

the form equivalent with a simple Lorentz profile. We derive analytical formu-

las to calculate the broadening and shift of this effective Lorentz profile. Our

approximations offer important insights in the line-shape theory: the speed-

dependence of collisional width gives rise to effective narrowing of the line,

while the presence of the speed-dependence of the collisional shift broadens

the profile. We also quantify the nontrivial influence of the thermal average of

the product of speed dependence of the broadening and shift on the effective

line shift parameter.
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ABSTRACT

Information about molecular collisions is encoded in the shapes of collision-perturbed molecular resonances. This connection between molec-
ular interactions and line shapes is most clearly seen in simple systems, such as the molecular hydrogen perturbed by a noble gas atom. We
study the H2–Ar system by means of highly accurate absorption spectroscopy and ab initio calculations. On the one hand, we use the cavity-
ring-down-spectroscopy technique to record the shapes of the S(1) 3-0 line of molecular hydrogen perturbed by argon. On the other hand,
we simulate the shapes of this line using ab initio quantum-scattering calculations performed on our accurate H2–Ar potential energy surface
(PES). In order to validate the PES and the methodology of quantum-scattering calculations separately from the model of velocity-changing
collisions, we measured the spectra in experimental conditions in which the influence of the latter is relatively minor. In these conditions,
our theoretical collision-perturbed line shapes reproduce the raw experimental spectra at the percent level. However, the collisional shift, δ0,
differs from the experimental value by 20%. Compared to other line-shape parameters, collisional shift displays much higher sensitivity to
various technical aspects of the computational methodology. We identify the contributors to this large error and find the inaccuracies of the
PES to be the dominant factor. With regard to the quantum scattering methodology, we demonstrate that treating the centrifugal distortion
in a simple, approximate manner is sufficient to obtain the percent-level accuracy of collisional spectra.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0139229

I. INTRODUCTION
Molecular hydrogen is a benchmark system for studying non-

classical effects due to its large molecular rotational constant. Colli-
sions involving H2 display many atypical features, since H2 does not
provide any inelastic scattering channels at temperatures up to sev-
eral hundred K.1 Due to this, collision-induced spectroscopic effects
in the molecular hydrogen spectrum are dominated by velocity-
changing collisions.2 Thus, the rovibrational lines of H2 are strongly
affected by the Dicke narrowing.3,4 Moreover, the speed dependence
of collisional broadening and shift5,6 as well as their interplay with
the velocity-changing collisions4 are unusual in the spectral lines of
molecular hydrogen.

Due to its simplicity, the H2 molecule is accessible for the cal-
culations from first principles, which makes it a perfect system to
study the entire methodology of ab initio line-shape calculations,
from intermolecular potential-energy surfaces (PES) to the quan-
tum scattering calculations, velocity-changing collisions models, and
spectral line-shape profiles.1,7–12

Experimental measurements of the H2–H2 interaction, as well
as interactions with noble gas atoms, have been performed for
decades.13–17 Recently, Perreault et al. measured rotationally inelas-
tic scattering of HD with molecular deuterium18 and with helium
atoms19 in supersonic beams at 1 K. Subsequent quantum scattering
calculations20 found very good agreement with the measurements.
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In this paper, we report an analysis of a more complex system, i.e.,
H2 perturbed by argon. The interaction with a 20-times-heavier per-
turber hampers the modeling of the velocity-changing collisions.
Indeed, this problem has already been addressed in Refs. 4 and 9
and required a separate treatment of speed and velocity-changing
collisions. Here, we adjust the experimental conditions in order to
diminish the importance of the velocity-changing collision model
and focus on the still-unresolved problem of the difference between
the theoretical and experimental line shift.4

This work analyzes the S(1) 3-0 transition in molecular hydro-
gen perturbed by argon. We perform highly accurate cavity ring-
down spectroscopy (CRDS) measurements to collect the collision-
induced spectral line shapes. Simultaneously, we perform fully
ab initio quantum scattering calculations on our accurate H2–Ar
PES to simulate the theoretical line profiles.

We consider several different approaches to describing the the-
oretical spectral line-shape profiles, gradually adding subsequent
corrections to the model. Starting from the base case, we refine
our methodology by including the effects of centrifugal distortion
in a simplified manner (simple CD), a more complete treatment of
centrifugal distortion (full CD), and the effects of vibrational cou-
pling (VC). Neglecting these effects in our calculations results in
the 6% error of the pressure broadening and shift parameters, γ0
and δ0. (Note that error in other line-shape parameters has a much
smaller impact on the resulting spectra.10 Although for molecular
hydrogen the effect of the Dicke parameter is non-negligible, its
value is insensitive to CD and VC corrections.) Both the full CD
treatment and inclusion of the VC significantly increase the com-
plexity of the calculations. Additionally, for VC, the computational
cost is significantly increased relative to simpler cases. We find that
just the inclusion of the simplified CD already accounts for the
majority of the corrections and reduces the error in the line–shapes
parameters from 6% to below 1%. This finding would result in a sig-
nificant reduction of the numerical cost of future ab initio line-shape
calculations. One should, however, perform additional tests prior
to generalizing this observation to other transitions and molecular
collisional systems.

While we achieve agreement at a level of 1.6% between theory
and measurement in terms of the shape of the line, the experimen-
tal and theoretical values of the shift parameter, δ0, differ by 20%.
We consider various factors both on the theoretical and experimen-
tal side to explain this discrepancy. We find that the δ0 parameter
is exceptionally sensitive to various computational aspects of our
ab initio methodology and that the major contribution to this
difference originates from inaccuracies of the PES.

II. CAVITY-ENHANCED MEASUREMENTS

We perform the cavity ring-down spectroscopy (CRDS) mea-
surements of the S(1) 3-0 line of H2 perturbed by Ar using the
experimental setup presented in Fig. 1. We use a 1-m long optical
cavity with a finesse equal to 63 000. The reflectivity of the cavity
mirrors is 99.995%, and one of the two mirrors is attached to a piezo-
electric servomechanism in order to match the cavity modes with
the probe laser frequency. We use a Ti:sapphire laser source (Coher-
ent 899-21) pumped by a 532-nm solid laser (Verdi-18). A beam
from the probe laser after the acousto-optic modulator (AOM2)

FIG. 1. Cavity ring-down spectrometer in Hefei laboratory. AOM and EOM are
the acousto- and electro-optic modulators, respectively, and Verdi-18 is the laser
source used for Ti:Sapphire laser pumping. The frequency of the laser is stabi-
lized to the ultra-low-expansion (ULE) etalon, allowing us to reach the stability of
10 MHz.

and the electro-optic modulator (EOM) is locked to a temperature-
stabilized (ΔT ≈ 10 mK at 302 K) ultralow expansion (ULE) etalon
with the Pound–Drever–Hall method.21 In this way, the probe laser
frequency could be tuned with sub-MHz resolution. The absolute
frequency is calibrated by a wavemeter with an accuracy better than
10 MHz. The cavity ring-down spectra are recorded in step-scan
mode. A single step usually consists of 100 ring-down events initi-
ated by chopping the laser beam with the AOM1. We apply a least
squares fitting procedure to fit the exponential curve to the ring-
down signal to retrieve the absorption coefficient at a given point.
See Refs. 22 and 23 for the detailed description of each subsystem of
the setup.

The spectra are collected at room temperature for different pro-
portions of the H2 to Ar partial pressures, i.e., 1:1, 1:2, 1:4, and
1:7, with the H2 pressure being kept 12.4 kPa. The accuracy of the
pressure gauge is 1%.

III. AB INITIO LINE-SHAPE CALCULATIONS

This section discusses the theoretical analysis of the shape of the
isolated S(1) 3-0 rovibrational spectral line of H2 perturbed by Ar.
We perform fully ab initio calculations within the framework of the
generalized Hess method (GHM).24–26 In the following subsections,
we provide details of the potential energy surface (PES), quantum
scattering calculations, generalized spectroscopic cross sections, as
well as calculations of the line-shape parameters and line-shape
model.

A. Potential energy surface
We use our H2–Ar potential energy surface (PES)4 calcu-

lated by means of the spin-restricted coupled-cluster with sin-
gle, double, and perturbative triple excitations [CCSD(T)] method
employing the large aug-cc-pCVQZ basis set.27–30 This basis was fur-
ther extended with a set of 3s3p2d2f 1g1h midbond functions,31,32

denoted as 332 211, with exponents of 0.90, 0.30, and 0.10 for s and
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p, 0.60 and 0.20 for d and f , and 0.30 for g and h functions that were
placed in the middle of the van der Waals bond.

The interaction energies corrected for the basis set superpo-
sition error using the counterpoise (CP) method33 were evaluated
using the MOLPRO program 2010.134 and 2012.135 versions. In the
calculations, all electrons were correlated.

To accurately reproduce features of the H2–Ar PES, the cal-
culations of intermolecular interaction energy were performed for
2960 geometries of the system. The intermolecular distance R was
varied in a range from 1.70 to 20.00 Å (37 points in total) covering
some part of the repulsive wall (up to about 20 000 cm−1), the entire
van der Waals well and long-range (interaction energy slightly above−5 × 10−3 cm−1) regions. The values of the θ angle were chosen to
correspond to the abscissas of nine-point Lobatto–Gauss quadra-
ture. Because of the symmetry of the system, the calculations were
done only for five different angles. The H–H bond length rHH was
stretched from 0.30 to 1.8 Å in steps of 0.10 Å.

Our PES is expanded in the basis of even Legendre polynomials
up to the 8th order. To include the effects of centrifugal distor-
tion (CD) and vibrational coupling (VC), the matrix elements for
the collisional coupling between the rovibrational wavefunctions
of H2, ⟨ν′j′∣V l(R, rHH)∣ν′′j′′⟩, were calculated for ν′, ν′′ = 0, . . . , 5
and j′, j′′ = 1, 3, . . . , 15, where ν and j stand for the vibrational and
rotational quantum numbers, while ′ and ′′ mark the final and initial
states, respectively.

Finally, we have repeated the PES calculations, taking into
account relativistic effects. To do so, the CCSD(T) calculations were
performed using the second-order Douglas–Kroll–Hess (DKH)
Hamiltonian36–38 with the aug-cc-pCVQZ-DK basis set.39 The
basis set was also enhanced with the 332 211 midbond functions
placed in the middle of the van der Waals bond. The calcula-
tions were done for all the 2960 geometries of the system. In
Sec. IV, we compare the results obtained with these two versions
of PES.

B. Generalized spectroscopic cross sections
and spectral line-shape parameters

The scattering problem was solved at different levels of approx-
imation to estimate the influence of CD and VC. In all the cases,
S-matrices were obtained by solving the close coupling equations
numerically40,41 with the log-derivative propagator42,43 using the
MOLSCAT code.44 The equations were propagated starting at either
the separation distance, R set to 1.01 or 1.7 Å, but we found the
differences between these two cases to be negligible. The maximum
propagation distance was set to at least 20 Å. To determine whether
it needs to be increased, we calculated the position of the furthest
classical turning point in the centrifugal potential, Rcent. If 2.5Rcent
was larger than 20 Å, the maximum propagation distance was set to
2.5Rcent. We verified that increasing the distance beyond that point
(e.g., to 4.0Rcent) resulted in negligible differences. We obtained
the values of ⟨ν′j′∣V l(R, rHH)∣ν′′j′′⟩ for R > 20 Å in two ways. For
ν′ = ν′′, l = 0, the matrix elements were extrapolated with a simple
phenomenological dependence, a/Rn, fitted in the 15 Å < R < 20 Å
region. In the remaining cases, the values of the matrix elements for
distances approaching R = 20 Å were already negligible; therefore,
they were set to zero for R’s beyond that point. The S-matrices were
calculated at kinetic energies up to 2300 cm−1 at 286 points.

In the base case, in which the CD was not accounted for,
the scattering equations were propagated for collisional matrix ele-
ments with j′ = j′′ = 0. Subsequently, CD was partially included by
using the collisional matrix elements with j′ = j′′ = 1 in the ground
vibrational state and with j′ = j′′ = 3 in the excited vibrational state.
Finally, CD was fully accounted for by using the collisional matrix
elements with j′ and j′′ matching the actual rovibrational levels
included in the basis used to perform the calculations. In all the
preceding cases, the scattering problem was solved separately in
the ground vibrational manifold (ν′ = ν′′ = 0) for the initial radia-
tive state (ν, j) = (0, 1) and in the excited vibrational manifold(ν′ = ν′′ = 3) for the final radiative state (ν, j) = (3, 3). The full CD
calculations were subsequently expanded to include collisional cou-
pling between different vibrational levels (VC). This was done by
performing a separate set of calculations for the (0, 1) state and the
(3, 3) state. The basis for scattering calculations in the former state
included all open channels in the ν = 0, 1, 2 vibrational manifolds
and one closed channel in the ν = 0 manifold. Similarly, the basis
for the (3, 3) state scattering calculations included all open channels
in the ν = 1, 2, 3 vibrational manifolds and one closed channel in the
ν = 3 manifold. The ν = 0 state was not included because the matrix
elements for the collisional coupling to that state from the ν = 3 state
were negligible.

Figure 2 shows the generalized spectroscopic cross sections,
which are calculated directly from the S-matrices.25,45 The depicted
cross sections were calculated with relativistic corrections of the PES
including relativistic corrections, full CD, and VC (the cross sections
are appended in the supplementary material). Unless stated other-
wise, all the calculations within this work were performed with these
cross sections.

We use these cross sections (σq
0 denotes the broadening and

shift cross section, and σq
1 denotes the Dicke cross section) to

calculate the line-shape parameters: the speed-dependent pressure
broadening, γ(v), and shift, δ(v), as well as the complex Dicke
parameter, ν̃opt,

γ(v) + iδ(v)= 1
kBT

v2
pm

π3/2cv
e
− v2

v2
pm

∞
∫

0

σq
0(vi, ji, vf , jf ; Ekin = xkBT)x2e−x2

× sinh(2vx
vpm
) dx, (1)

ν̃opt = 1
2πc

1
kBT
⟨vr⟩M2

∞
∫

0

dxxe−x(2
3

xσq
1(vi, ji, vf , jf ; Ekin = xkBT)

− σq
0(vi, ji, vf , jf ; Ekin = xkBT)), (2)

where c is the speed of light in vacuum, v is the active molecule speed,
vpm is the most probable perturber speed, ⟨vr⟩ is the mean relative
speed of the colliding partners, kB is the Boltzmann constant, T is
the temperature, and M2 = mp

m+mp
, with m and mp being the masses

of the active and perturbing molecules, respectively.
Figure 3 presents the speed dependences of the pressure broad-

ening and shift obtained from the quantum-scattering calculations.
The solid black curves present the ab initio speed-dependent pres-
sure broadening and shift for the S(1) 3-0 transition in H2 per-
turbed by Ar. The dashed lines mark the pressure broadening
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FIG. 2. Generalized spectroscopic cross sections for the S(1) 3-0 transition in
H2 perturbed by Ar are shown with red curves. (a) Pressure broadening cross
section, PBXS. (b) Pressure shift cross section, PSXS. (c) Real part of the Dicke
cross section, RDXS. (d) Imaginary part of the Dicke cross section, IDXS. The
depicted cross sections are the results of the fully ab intio quantum scattering
calculations with the relativistic PES, and the full CD and VC effects taken into
account [the row (e) in Table I]. To quantify the statistical contributions of different
collision energies, we present the Maxwell-Boltzmann distribution of the relative
absorber–perturber speed at T = 296.65 K (gray thin curves). We include the
cross sections in numerical form in the supplementary material.

and shift parameters averaged over the Maxwell–Boltzmann speed
distribution, i.e.,

γ0 + iδ0 = 1
2πc

1
kBT
⟨vr⟩∫ dx xe−xσq

0(vi, ji, vf , jf ; Ekin = xkBT).
(3)

FIG. 3. Speed dependences of γ and δ for the S(1) 3-0 line in H2 perturbed by Ar
(black solid curves). We evaluate the exact speed dependence based on our fully
ab initio quantum scattering calculations [the row (e) in Table I]. For comparison,
we plot the speed dependence of γ and δ for the self-perturbed H2 (continuous red
curves), based on Table 2(f) of Ref. 13. Dashed lines mark the speed-averaged val-
ues (i.e., γ0 and δ0, respectively) with the same color notation. With gray curves,
we mark the Maxwell–Boltzmann distribution of molecule speed. The data are
presented for T = 296.65 K.

To describe the H2–H2 collisions, we make use of the line-shape
parameters derived experimentally in Ref. 13 [see Table 2(f) therein].
The parameters were reported within the quadratic approximation,
i.e.,

γ(v) + iδ(v) ≈ γ0 + iδ0 + (γ2 + iδ2)( v2

v2
m
− 3

2
), (4)

where5,11

γ2 + iδ2 = vm

2
d

dx
(γ(v) + iδ(v))∣

v=vm

, (5)

with vm being the most probable absorber speed. The red curves in
Fig. 3 present the speed-dependent pressure broadening and shift for
the self-perturbed H2 S(1) 3-0 line, with the corresponding dashed
lines marking γ0 and δ0 for this system.

It is seen from Fig. 3 that the H2–Ar system displays a much
stronger speed-dependence than H2–H2. Even though the speed-
averaged broadening parameters are similar, their speed depen-
dences vary significantly. The speed-dependent shift parameter is
roughly ten times greater in the H2–Ar system than in H2–H2.

Despite using the fully ab initio speed dependence of γ and δ for
the H2–Ar system, we also calculate the parameters of the quadratic
approximation (γ2 and δ2) to quantitatively express the magnitudes
of the speed dependences. The quadratic parameters are determined
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by the slope of the speed-dependent parameters at the most probable
speed [Eq. (5)]. While the speed dependence of the shift is described
well enough by the slope at this single point, this is not the case for
the broadening. The speed-dependent broadening has a minimum
near v = vm (see Fig. 3); hence, the γ2 parameter is close to zero,
which does not reflect the actual strong speed dependence of γ(v).

In Table I, we report the values of the six collisional line-shape
parameters, i.e., the pressure broadening and shift, γ0 and δ0, their
speed dependences, γ2 and δ2, and the real and imaginary parts of
the Dicke parameter, ν̃ r

opt and ν̃ i
opt. Rows (a)–(e) present the H2–Ar

parameters obtained with our fully ab initio calculations described in
this section. Each subsequent row includes additional effects taken
into account, i.e., the simplified and full CD [(b) and (c)], relativis-
tic PES corrections (rel) (d), and VC (e). Row (f) presents the same
parameters as row (e); however, δ0 was adjusted to the experimen-
tal data [see Sec. IV B]. The last row presents the H2–H2 parameters
taken from Ref. 13.

Relativistic corrections to the PES as well as the CD and
VC effects have a small impact on the line-shape parameters (see
Table I). CD influences the line-shape parameters at the 2%–6%
level, except for ν̃r

opt, which is hardly influenced at all. Interestingly,
the simplified form of CD is a good approximation to the full CD;
the larger influence on γ2 (3% change) is due to the atypical behavior
of γ(v); see the discussion regarding Fig. 3. The relativistic correc-
tion to the PES has a small impact (below 2%) on the values of the
line-shape parameters [again, γ2 does not well reflect γ(v) due to its
atypical speed dependence (see Fig. 3) and the large relative change
in γ2 has a small influence on the line shape]. Similarly, VC has a very
small (sub-percent) impact on the line-shape parameters. An impor-
tant conclusion from the discussion on the theoretical results from
Table I, from the perspective of quantum scattering calculations, is
that it suffices to include only the simple CD (which does not add
any numerical cost) to reduce the systematic theoretical error in the
line-shape parameters from 6% to below 1% (here, we focus on γ0
and δ0 as they have the largest influence on the line shape; in the
case of H 2 ν̃ r

opt has also a large influence on the line shape, but ν̃ r
opt

is almost completely insensitive to the CD and VC corrections). This
conclusion is crucial from the perspective of the optimization of the
computational methodology since the inclusion of the VC increases
the calculation time by a factor of ∼50.

C. Line-shape model
Our ab initio calculations allow us to simulate a complete line

profile from first principles, with no collisional parameters fitted
to the experiment. We fix all the Ar-induced collisional line-shape
parameters at the values obtained from our quantum-scattering
calculations; see row (e) in Table I.

To simulate the theoretical profiles, we make use of the billiard
ball profile.46,47 Within this model, the description of velocity-
changing collisions is based on a hard-sphere approximation of the
interaction potential. The billiard ball profile is superior to the com-
monly used hard- and soft-collision profiles as it allows one to take
into account the mass ratio, α, between the collisional partners,10

which is especially important for the considered H2–Ar system with
α ≈ 20. In the case of such a large mass ratio, the relaxation of the
velocity vector is described by two different rates.9 The decays of its
magnitude and direction are independent and require using two dif-
ferent time constants.9 The hard- and soft-collision models fail in
this case as they are both described by a single-parameter decay. We
use the fully ab initio speed dependences of γ and δ [see Eq. (1)]
for the Ar-perturbation contribution, while for the self-perturbation
contribution we use the quadratic approximations taken from
Ref. 13 [see Eq. (4)]. These two contributions are proportional to
the partial pressures of the two gases.

Since our experimental setup is not equipped with the absolute
frequency reference, we fit the central frequency (the same value for
all four pressures). We also fit the baseline, slope, and area of each
of the four lines (separate values for each pressure). Since the low-
est pressure of the experiment is below the applicability range of
the direct diagonalization approach to the billiard ball profile cal-
culations,11 we implemented the iterative approach48 for the lowest
pressure.

IV. EXPERIMENTAL VALIDATION
OF THE THEORETICAL RESULTS

Figure 4 shows a direct comparison of our experimental and
theoretical results. The top panel in the figure contains the measured
points (black dots) and the theoretical spectral lines (red curves)
calculated with the parameters from the row (e) in Table I. Panels
(a)–(g) in Fig. 4 present the absolute residuals between the calculated

TABLE I. Spectral line-shape parameters for the S(1) 3-0 line in H2 (all the line-shape values are expressed in the units of
10−3 cm−1 atm−1). The fully ab initio speed dependence of γ and δ for the H2–Ar system was employed. We also list the γ2
and δ2, defined by Eq. (5), to quantitatively express the magnitude of speed dependence. The Doppler width at T = 296.5 K
is ωD = 64.0 × 10−3 cm−1. Each row presents the parameters calculated with different effects taken into account: simple
CD, full CD, relativistic effects in PES (rel), and VC. Letters (a)–(f) correspond to the annotations in Fig. 4.

γ0 δ0 γ2 δ2 ν̃r
opt ν̃i

opt

(a) Without CD, rel, VC 10.5 −24.7 0.415 17.6 72.8 −15.6
(b) Simple CD 11.2 −25.8 0.405 18.2 72.3 −16.2
(c) Full CD 11.2 −25.9 0.390 18.2 72.3 −16.1
(d) Full CD + rel 11.2 −26.5 0.259 18.1 72.3 −15.8
(e) Full CD + rel + VC 11.3 −26.4 0.347 17.8 72.1 −16.1
(f) H2–Ar adjusted δ0 11.3 −33.0 0.347 17.8 72.1 −16.1

H2–H2, experimental13 7.2 −3.4 0.7 1.7 41.3 0.0
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FIG. 4. The spectral line shapes of the S(1) 3-0 transition in H2 perturbed by Ar. The top panel shows a direct comparison between the experimental (black dots) and fully
ab initio (red curves) spectra. Panels (a)–(g) show the absolute residuals accompanied by the relative root-mean-square errors (rRMSE) calculated within ±FWHM of the
line. The rightmost column contains the mean rRMSE of all pressures for a given model. Panels (a)–(f) correspond to the (a)–(f) rows of Table I, and the spectra were
calculated with the respective parameters. Panel (a) shows the residuals from the fully ab initio model without CD, VC, and relativistic PES corrections (rel). Subsequently,
we include simple (b) and full (c) CD, vibrational coupling VC (d), and relativistic corrections to PES (e). In panel (f), we adjust the pressure shift parameter, δ0, with a
multi-spectrum fitting procedure. Panel (g) shows exactly the same comparison as panel (e), but the billiard-ball velocity-changing collision model is replaced with the
hard-collision model.

and measured profiles, as well as the relative root-mean-square error
(rRMSE), calculated within ±full width at half maximum (FWHM)
from the line center.

A. Experimental validation of the fully ab initio model
Panels (a)–(e) in Fig. 4 show the residuals of the fully ab initio

profile described in Sec. III. The theoretical line-shape model
entirely originates from the first principles, and no line-shape
parameter was adjusted in this comparison.

We present several different approaches to describe the the-
oretical spectral line shape profiles, gradually adding subsequent
corrections to the model. At each level of theory improvement, we
obtain slightly different values of the spectral line-shape parameters
(see Table I). While the parameters are modified by up to several per-
cent, the corresponding differences in the line shapes (reflected by

the rRMSE values) are well below a percent. The reason is twofold.
On the one hand, the differences in the line-shape parameters are
partially compensated by fitting the area and line position. On the
other hand, the way the changes in line-shape parameters propa-
gate on the spectra is not straightforward, this topic is covered in
Appendix A of Ref. 10.

Similarly to the discussion on the line-shape parameters (see
Sec. III B and Table I), the most significant improvement to the
resulting line shapes is caused by taking into account the simple CD.
Relativistic corrections to the PES, as well as including the full CD
(in addition to the simple CD) and VC effects, have almost no effect
on the rRMSE. Again, the important conclusion is that reaching the
sub-percent accuracy does not require taking into account the very
computationally expensive full CD and VC. Our most advanced fully
ab initio model is in 2.65% agreement with experimental data; see
panel (e) in Fig. 4.
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B. Ab initio model with adjusted shift
The asymmetric shapes of the residuals in Figs. 4(a)–4(e) indi-

cate that the mismatch between the experimental and theoretical
spectra is mainly caused by the incorrect value of the calculated pres-
sure shift parameter, δ0. Indeed, adjusting δ0 in a multispectrum
fitting procedure decreases the mean rRMSE to 1.58% and results
in much smaller residuals; see panel (f) in Fig. 4. The experimental
δ0 parameter is 20% larger than the calculated value (see Table I).
We analyze this discrepancy in Sec. V. The conclusion is that our
fully ab initio calculations result in a 20% discrepancy in the δ0 para-
meter compared to experimental spectra, but the collision-perturbed
shapes of the experimental line are reconstructed at the 1%-level.

C. The role of the velocity-changing collision model
In this section, we benefit from having accurate experimen-

tal spectra and ab inito line-shape parameters to test the role of a
velocity-changing collision model. In our ultimate ab initio simu-
lation [Fig. 4(e)], we use an advanced, realistic line-shape model,
i.e., the billiard ball profile.46,47 In this section, we substitute the
billiard-ball model with a simpler and widely used hard-collision49

profile that is much less computationally expensive [see Fig. 4(g);
in panel (g), we use exactly the same values of the line-shape para-
meters and the full speed dependences as in (e) and only change the
velocity-changing collisions model]. It is clearly seen that this modi-
fication deteriorates the agreement with the experimental spectra, as
quantified by the rRMSE increase from 2.65% to 3.7%.

It should be noted that in this work the theory–experiment
comparison is done in the pressure range, in which the sensitiv-
ity to the velocity-changing collisions model is relatively small. At
higher pressures, above the Dicke minimum, the velocity-changing
collision model has a much larger influence. We discuss this issue in
Appendix; see also Fig. 5 and Ref. 4.

V. ANALYSIS OF THE DISCREPANCY IN PRESSURE
SHIFT PARAMETER

We showed in Sec. IV B that, although our theoretical ab initio
line-shape model accurately reproduces the shape of the experimen-

FIG. 5. Pressure dependence of the half width at half maximum (HWHM) of a
spectral line. We consider two velocity-changing collision models: the ab initio
billiard-ball model (BB ab initio) and the ab initio hard-collision model (HC ab initio).
The gray zone marks the partial pressure range of Ar covered in our experiments.
It is seen that in the range considered by us, the HWHM of the two line-shape
models is almost the same.

tal spectra, the calculated collision-induced line shift, δ0, deviates
from the experimental one by 20%. This section aims at providing an
explanation for this discrepancy. In Sec. V A, we estimate the uncer-
tainty of the experimental δ0, which is dominated by uncertainties of
the ab initio line-shape model used in spectrum fits. In Sec. V B, we
estimate the uncertainty of the calculated δ0.

A. Uncertainty of the experimental δ0

The measurement uncertainties that can affect the fitted δ0,
such as the inaccuracies of the frequency measurement or statis-
tical uncertainties, are negligible in our case. The dominant con-
tribution to the experimental uncertainty of δ0 comes from the
uncertainty of the fitted line-shape model. By distorting the line-
shape model within the estimated confidence range, we estimate the
corresponding uncertainty of δ0.

To determine the experimental value of the δ0 parameter, we
simulate the fully ab initio billiard ball profile and fit δ0; see row
(f) in Table I and panel (f) of Fig. 4. To determine the uncer-
tainty of the fitted δ0, we repeated the fit with the line-shape
parameters distorted within their estimated confidence range. We
include the influence of the three line-shape effects: the model
of velocity-changing collisions, the narrowing and asymmetries
related to the Dicke effect described by the complex Dicke para-
meter, ν̃opt, and the speed dependence of the pressure shift, δ2 (the
role of the speed dependence of the pressure broadening, γ2, is
negligible).

To estimate the uncertainties originating from the velocity-
changing collision model, we substitute the kinetic-based billiard
ball model with the phenomenological hard-collision model. Then,
we generate an ab initio profile with this simplified model and repeat
the fit of δ0. We obtain a 6% smaller value of the adjusted δ0 in
this way. The estimation of this uncertainty is conservative since
the difference between the hard-collision and billiard-ball collision
kernels is much smaller than the difference between the billiard-ball
collision kernel and the actual one; see panels (c) and (d) in Fig. 2
in Ref. 9.

In the line-shape model, the operator of the velocity-changing
collisions is scaled by the Dicke parameter. To estimate the uncer-
tainty originating from the Dicke parameter uncertainty, we repeat
the δ0 fit with modified (within their uncertainty range) real and
imaginary parts of the Dicke parameter. We obtained a 3% change
in δ0.

Similarly, to estimate the uncertainty originating from the
uncertainty of the speed dependence of the pressure shift, δ2, we
repeat the fit with its value altered (within its uncertainty range),
obtaining a 1% change in the fitted δ0.

A minor role is played by the uncertainties of the measurement
devices. The inaccuracy of the pressure gauge of 1% adds 1% uncer-
tainty to the δ0 parameter since δ0 is obtained by dividing the actual
shift by pressure. Additionally, the stability of the laser is 10 MHz≈ 0.33 356 × 10−3 cm−1. The accuracy of the pressure shift parameter
is directly connected to the frequency read; thus, the maximum
inaccuracy of δ0 due to laser instability is 1%.

Table II presents the full uncertainty budget. The top panel
summarizes the uncertainty of the experimental δ0. The uncertainty
originating from the velocity-changing collisions model is dominant
(6%), and the total combined uncertainty is 12%.
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TABLE II. The budget of the experimental and theoretical uncertainties of the δ0
parameter.

Uncertainty contribution u(δ0)
Uncertainty of the experimental δ0

Velocity-changing collisions model 6%
ν̃opt uncertainty 3%
δ2 uncertainty 1%
Pressure measurement uncertainty 1%
Laser maximum instability 1%
Combined experimental uncertainty 12%

δ0 = (−33.0 ± 4.0) × 10−3 cm−1 atm−1

Uncertainty of the theoretical δ0

PES inaccuracy 21%
CC calculation convergence 1%
Combined theoretical uncertainty 22%

δ0 = (−26.4 ± 5.6) × 10−3 cm−1 atm−1

B. Uncertainty of the theoretical δ0

Theoretical values of the line-shape parameters are obtained
by performing quantum scattering calculations on our PES, as we
described in Sec. III. The corresponding uncertainties of the quan-
tum scattering calculations and the PES propagate to the uncertainty
of the calculated δ0.

To estimate the uncertainties originating from the close-
coupling quantum scattering calculations, we repeat the calculations
varying the numerical steps and other convergence parameters. The
uncertainty of δ0 estimated this way turns out to be smaller than 1%.

To estimate the uncertainty of δ0 originating from the PES
uncertainty, in the first step, we estimate the maximum inaccuracy of
the PES. The inaccuracy of the PES can be estimated by the relative
difference between the non-relativistic PES value and its best extrap-
olation to the complete basis set. The highest discrepancy turns out
to be at the bottom of the PES well, where the difference between the
PES (−54.39 cm−1) and the extrapolated value is −0.72 cm−1, which
is 1.3%. We treat this value as the maximum inaccuracy of the PES.
In the second step, we modify the PES by scaling the isotropic part of
the potential in the upper rovibrational state by 1.3%. We find that
such distortion of the PES results in a 21% change of the theoretical
δ0; therefore, we treat this value as our estimate of the uncertainty
due to the PES inaccuracy (see Table II).

C. Combined uncertainties
The uncertainty budget of both theoretical and experimental

values of the δ0 parameter is summarized in Table II. Considering
the uncertainties, we obtained the experimental δ0 = (−33.0 ± 4.0)× 10−3 cm−1 atm−1 and the theoretical δ0 = (−26.4 ± 5.6) × 10−3

cm−1 atm−1. The dominant contribution to the uncertainty budget
results from the inaccuracies of the PES.

VI. SUMMARY

In this work, we focused on the S(1) 3-0 transition in molec-
ular hydrogen perturbed by argon. We collected the experimental

collision-induced spectral line shapes with the highly accurate cavity
ring-down spectrometer of the Hefei laboratory. We also simulated
the theoretical line profiles based on the fully ab initio quantum
scattering calculations on our accurate H2–Ar PES.

We verified the accuracy of several different approaches to
model the theoretical line shapes, gradually adding subsequent cor-
rections to our methodology. We considered the following effects:
simplified centrifugal distortion (CD), full CD, and vibrational cou-
pling (VC). We have found that neglecting these effects in our
calculations resulted in a 6% error in the pressure broadening and
shift parameters. Our numerical calculation revealed that the inclu-
sion of the full CD and VC increased the calculation time by a factor
of ∼50. We have shown that the simplified CD already accounts for
the majority of the corrections and allows us to achieve a sub-percent
error of the line-shape parameters.

While the theoretical and experimental spectra agreed within
1.58%, the measured and calculated shift parameters, δ0, dif-
fered by 20%. We analyzed this discrepancy, from both the the-
oretical and experimental perspective, to find that the δ0 para-
meter is exceptionally sensitive to some computational aspects
of our ab initio methodology; we found that the major contri-
bution to this discrepancy originated from the inaccuracies of
the PES.

SUPPLEMENTARY MATERIAL

The supplementary material includes the generalized spectro-
scopic cross sections of the S(0) 3-0 transition of H2 perturbed by
argon, which was used in our analysis.
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APPENDIX: THE ROLE OF THE VELOCITY-CHANGING
COLLISIONS

The line width of the H2 molecule interacting with a heav-
ier perturber strongly depends on the velocity-changing collision
model,4,8,50–53 see Fig. 5. To accurately reproduce the shape of a
line, the velocity-changing model needs to include the absorber-to-
perturber mass ratio.

A proper modeling of the velocity-changing collisions is of
critical importance above the Dicke minimum [around 1.2 atm in
the case of the S(1) 3-0 line considered in this paper, see Fig. 5].
In this regime, the direction of the velocity vector of an active
molecule (here H2) thermalizes much faster than its magnitude
(speed).4,9 Hence, above the Dicke minimum, the Doppler broaden-
ing is eliminated and the main role is played by the speed-dependent
effects, in particular, the inhomogeneous broadening due to the
speed-dependence of collisional shift.2

Table 1 of Ref. 9 shows that the thermalization rate of speed
strongly depends on the absorber-to-perturber mass ratio. In the
case of velocity thermalization, this dependence is much weaker.
Therefore, to model the velocity-changing collisions properly, one
needs to take into account two different time constants, describ-
ing the speed and velocity decays independently, and including the
dependence on the mass ratio.

The present paper, however, does not aim at studying the
velocity-changing collisions (which was thoroughly covered in
Refs. 9 and 4). Within this research, we focus on explaining the dif-
ference between experimental and theoretical δ0. Hence, our goal
is to reduce any additional uncertainties and inaccuracies coming
from the velocity-changing collision model. Therefore we study the
regime below the Dicke minimum, see the grayed area in Fig. 5,
where the impact of the velocity-changing collision model is the
least pronounced. The half-width at half maximum (HWHM) of the
billiard-ball profile (that takes into account the mass ratio and the
two different relaxation rates) and hard-collision profile is almost
equal at the considered pressure range. The divergence of the two
curves becomes clearly visible at higher pressures, above the Dicke
minimum. Figure 4 reveals relatively small inaccuracy arising from
a simplification of the velocity-changing model [compare the per-
formance of the fully ab initio billiard-ball profile46,47 (e) and the
hard-collision profile49 (g)].
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Lisak, and P. Wcisło, “H2-He collisions: Ab initio theory meets cavity-enhanced
spectra,” Phys. Rev. A 101, 052705 (2020).
13P. Wcisło, I. E. Gordon, H. Tran, Y. Tan, S. M. Hu, A. Campargue, S. Kassi,
D. Romanini, C. Hill, R. V. Kochanov, and L. S. Rothman, “The implementa-
tion of non-Voigt line profiles in the HITRAN database: H2 case study,” J. Quant.
Spectrosc. Radiat. Transfer 177, 75–91 (2016).
14W. K. Bischel and M. J. Dyer, “Temperature dependence of the Raman linewidth
and line shift for the Q(1) and Q(0) transitions in normal and para-H2,” Phys.
Rev. A 33, 3113–3123 (1986).
15L. A. Rahn and G. J. Rosasco, “Measurement of the density shift of the H2
Q(0–5) transitions from 295 to 1000 K,” Phys. Rev. A 41, 3698–3706 (1990).
16L. A. Rahn, R. L. Farrow, and G. J. Rosasco, “Measurement of the self-
broadening of the H2 Q(0–5) Raman transitions from 295 to 1000 K,” Phys.
Rev. A 43, 6075–6088 (1991).
17W. E. Perreault, H. Zhou, N. Mukherjee, and R. N. Zare, “Resonant cold scat-
tering of highly vibrationally excited D2 with Ne,” J. Chem. Phys. 157, 144301
(2022).
18W. E. Perreault, N. Mukherjee, and R. N. Zare, “Quantum control of molecular
collisions at 1 kelvin,” Science 358, 356–359 (2017).
19W. E. Perreault, N. Mukherjee, and R. N. Zare, “HD (v = 1, j = 2, m) orientation
controls HD–He rotationally inelastic scattering near 1 K,” J. Chem. Phys. 150,
174301 (2019).
20M. Morita and N. Balakrishnan, “Stereodynamics of rotationally inelastic
scattering in cold He +HD collisions,” J. Chem. Phys. 153, 091101 (2020).
21R. W. P. Drever, J. L. Hall, F. V. Kowalski, J. Hough, G. M. Ford, A. J. Munley,
and H. Ward, “Laser phase and frequency stabilization using an optical resonator,”
Appl. Phys. B 31, 97–105 (1983).
22C.-F. Cheng, Y. R. Sun, H. Pan, J. Wang, A.-W. Liu, A. Campargue, and S.-M.
Hu, “Electric-quadrupole transition of H2 determined to 10−9 precision,” Phys.
Rev. A 85, 024501 (2012).
23C.-F. Cheng, Y. R. Sun, H. Pan, Y. Lu, X.-F. Li, J. Wang, A.-W. Liu, and S.-M.
Hu, “Cavity ring-down spectroscopy of Doppler-broadened absorption line with
sub-MHz absolute frequency accuracy,” Opt. Express 20, 9956–9961 (2012).
24S. Hess, “Kinetic theory of spectral line shapes. The transition between Doppler
broadening and collisional broadening,” Physica 61, 80–94 (1972).
25L. Monchick and L. W. Hunter, “Diatomic-diatomic molecular collision inte-
grals for pressure broadening and Dicke narrowing: A generalization of Hess’s
theory,” J. Chem. Phys. 85, 713 (1986).
26G. C. Corey and F. R. McCourt, “Dicke narrowing and collisional broadening of
spectral lines in dilute molecular gases,” J. Chem. Phys. 81, 2318–2329 (1984).
27T. H. Dunning, Jr., “Gaussian basis sets for use in correlated molecular calcula-
tions. I. The atoms boron through neon and hydrogen,” J. Chem. Phys. 90, 1007
(1989).
28R. A. Kendall, T. H. Dunning, Jr., and R. J. Harrison, “Electron affinities of the
first-row atoms revisited. systematic basis sets and wave functions,” J. Chem. Phys.
96, 6796 (1992).
29D. E. Woon and T. H. Dunning, Jr., “Gaussian basis sets for use in correlated
molecular calculations. III. The atoms aluminum through argon,” J. Chem. Phys.
98, 1358 (1993).
30K. A. Peterson and T. H. Dunning, Jr., “Accurate correlation consistent basis
sets for molecular core-valence correlation effects: The second row atoms Al-Ar,
and the first row atoms B-Ne revisited,” J. Chem. Phys. 117, 10548 (2002).

31F. M. Tao and Y. K. Pan, “Moller–Plesset perturbation investigation of the He2
potential and the role of midbond basis functions,” J. Chem. Phys. 97, 4989 (1992).
32F.-M. Tao and Y.-K. Pan, “Ab initio potential energy curves and binding
energies of Ar2 and Mg2,” Mol. Phys. 81, 507 (1994).
33S. F. Boys and F. Bernardi, “The calculation of small molecular interactions by
the differences of separate total energies. some procedures with reduced errors,”
Mol. Phys. 19, 553 (1970).
34H.-J. Werner, P. J. Knowles, G. Knizia, F. R. Manby, M. Schütz et al., MOLPRO,
version 2010.1, a package of ab initio programs, 2010, see http://www.molpro.net.
35H.-J. Werner, P. J. Knowles, G. Knizia, F. R. Manby, M. Schütz et al., MOLPRO,
version 2012.1, a package of ab initio programs, 2012, see http://www.molpro.net.
36A. Wolf, M. Reiher, and B. A. Hess, “The generalized Douglas-Kroll
transformation,” J. Chem. Phys. 117, 9215 (2002).
37M. Reiher and A. Wolf, “Exact decoupling of the Dirac Hamiltonian. I. General
theory,” J. Chem. Phys. 121, 2037 (2004).
38M. Reiher and A. Wolf, “Exact decoupling of the Dirac Hamiltonian. II. The
generalized Douglas-Kroll-Hess transformation up to arbitrary order,” J. Chem.
Phys. 121, 10945 (2004).
39W. A. de Jong, R. J. Harrison, and D. A. Dixon, “Parallel Douglas-Kroll energy
and gradients in NWChem: Estimating scalar relativistic effects using Douglas-
Kroll contracted basis sets,” J. Chem. Phys. 114, 48 (2001).
40A. M. Arthurs and A. Dalgarno, “The theory of scattering by a rigid rotator,”
Proc. Math. Phys. Eng. Sci. 256, 540–551 (1960).
41M. S. Child, Molecular Collision Theory (Academic Press, 1974).
42D. E. Manolopoulos, “An improved log derivative method for inelastic
scattering,” J. Chem. Phys. 85, 6425–6429 (1986).
43M. H. Alexander and D. E. Manolopoulos, “A stable linear reference poten-
tial algorithm for solution of the quantum close-coupled equations in molecular
scattering theory,” J. Chem. Phys. 86, 2044–2050 (1987).
44J. M. Hutson and C. R. Le Sueur, “MOLSCAT: A program for non-reactive
quantum scattering calculations on atomic and molecular collisions,” Comput.
Phys. Commun. 241, 9–18 (2019).
45J. Schaefer and L. Monchick, “Line broadening of HD immersed in He and H2
gas,” Astron. Astrophys. 859, 265 (1992).
46D. A. Shapiro, R. Ciuryło, J. R. Drummond, and A. D. May, “Solving the line-
shape problem with speed-dependent broadening and shifting and with Dicke
narrowing. I. Formalism,” Phys. Rev. A 65, 012501 (2002).
47R. Ciuryło, D. A. Shapiro, J. R. Drummond, and A. D. May, “Solving the line-
shape problem with speed-dependent broadening and shifting and with Dicke
narrowing. II. Application,” Phys. Rev. A 65, 012502 (2002).
48P. Wcisło, A. Cygan, D. Lisak, and R. Ciuryło, “Iterative approach to line-shape
calculations based on the transport-relaxation equation,” Phys. Rev. A 88, 12517
(2013).
49D. Bohm and E. P. Gross, “Theory of plasma oscillations. A. Origin of medium-
like behavior,” Phys. Rev. 75, 1851–1864 (1949).
50S. Green, “Raman Q-branch line shapes as a test of the H2–Ar intermolecular
potential,” J. Chem. Phys. 93, 1496–1501 (1990).
51S. Green, D. W. Schwenke, and W. M. Huo, “Raman Q-branch line shapes as a
test of a H2–Ar intermolecular potential,” J. Chem. Phys. 101, 15–19 (1994).
52L. Waldron and W.-K. Liu, “Hydrogen-rare gas interactions and Raman line
shapes,” J. Chin. Chem. Soc. 48, 439–448 (2001).
53L. Waldron, W.-K. Liu, and R. J. Le Roy, “Collisional broadening and shift-
ing of Raman lines, and the potential energy surface for H2–Ar,” J. Mol. Struct.:
THEOCHEM 591, 245–253 (2002).

J. Chem. Phys. 158, 094303 (2023); doi: 10.1063/5.0139229 158, 094303-10

Published under an exclusive license by AIP Publishing



Journal of Quantitative Spectroscopy & Radiative Transfer 272 (2021) 107807 

Contents lists available at ScienceDirect 

Journal of Quantitative Spectroscopy & Radiative Transfer 

journal homepage: www.elsevier.com/locate/jqsrt 

CO-Ar collisions: ab initio model matches experimental spectra at a 

sub percent level over a wide pressure range 

E.A. Serov 

a , ∗, N. Stolarczyk 

c , D.S. Makarov 

a , I.N. Vilkov 

a , G. Yu. Golubiatnikov 

a , 
A .A . Balashov 

a , M.A. Koshelev 

a , P. Wcisło 

c , F. Thibault b , M. Yu. Tretyakov 

a 

a Institute of Applied Physics, Russian Academy of Sciences, 46 Ulyanov str., Nizhny Novgorod, 603950, Russia 
b Univ Rennes, CNRS, Institut de Physique de Rennes, UMR 6251, Rennes F-350 0 0, France 
c Institute of Physics, Faculty of Physics, Astronomy and Informatics, Nicolaus Copernicus University in Torun, Grudziadzka 5, 87–100 Torun, Poland 

a r t i c l e i n f o 

Article history: 

Received 7 April 2021 

Revised 4 June 2021 

Accepted 14 June 2021 

Available online 20 June 2021 

Keywords: 

Quantum scattering calculations 

Line-shape parameters 

Millimeter-wavelength range 

BWO-based spectroscopy 

Carbon monoxide 

Wide pressure range 

a b s t r a c t 

We use three independent spectroscopic techniques, operating in the millimeter-wavelength range, to 

study molecule-atom collisions, and validate our quantum-scattering calculations on two recent potential 

energy surfaces. We study the first pure rotational transition in a CO molecule perturbed by Ar. This 

molecular system is a good prototype of atmospherically relevant cases. It is, on the one hand, affordable 

for calculation of the line shape parameters by modern ab initio methods, and on the other hand, is 

very convenient for experimental studies because of its regular, well spaced rotational spectrum having a 

moderate intensity. We show that the simulated collision-perturbed spectra, which are based on our fully 

ab initio calculations, agree with the experimental line profiles at sub-percent level over a wide range 

(more than four orders of magnitude) of pressures. We demonstrate that the agreement between theory 

and experiment can be further improved if the model accounts for the collisional transfer of an optical 

coherence between different rotational transitions (the line-mixing effect). We show that the two surfaces 

tested in this work lead to a very similar agreement with the experiment. Capability of calculating line 

shape parameters in a broad range of temperatures is demonstrated. 

© 2021 Elsevier Ltd. All rights reserved. 

1. Introduction 

One of the major goals of molecular spectroscopy is the de- 

velopment of a model of radiation propagation, applicable to the 

widest possible range of spectral and thermodynamic conditions. 

Spectroscopic information accumulated and regularly updated in 

devoted databases and development of more and more sophisti- 

cated theoretical methods allow modeling of the observed spec- 

tra with a permanently increasing accuracy. In spectral intervals 

of single lines the experimental data can be reproduced with rel- 

ative deviation down to 0.1 % or even better. However, such a 

good agreement is achieved, as a rule, by adjusting the number 

of line-shape parameters or, in other words, by fitting a theoreti- 

cal model to experimental spectra. Moreover, the observed spectra 

can be distorted by various apparatus effects, which are modeled 

by introducing empirical functions having additional adjustable pa- 

rameters. As a result, the parameters of the model retrieved from 

one experiment may not provide an agreement with another ex- 

perimental data at the same level of accuracy. Such disagreements, 

∗ Corresponding author. 

E-mail address: serov@ipfran.ru (E.A. Serov). 

however, are very small in comparison with cases where the line 

shape parameters are obtained by one or another interpolation 

and/or extrapolation method. Modern spectroscopic applications, 

such as, for example, remote sensing of planetary atmospheres, 

require parameters for billions of molecular lines at very differ- 

ent thermodynamic conditions, which is impossible to obtain from 

experiment. That is why simplified semi-empirical methods are 

widely used for calculating the line-shape parameters. Develop- 

ment of semi-empirical methods is complicated by difficulties in 

accurate representation of molecular collisions, which is known to 

be the crucial issue determining the shape of the observed molecu- 

lar spectra [1,2] . Modeling of a collision requires knowledge of the 

full-dimensional intermolecular interaction potential. The ab initio 

methods of calculating the potential energy points for a multiplic- 

ity of mutual geometries of colliding molecules and further rep- 

resentation of the numerically obtained potential energy surface 

(PES) in functional form are known. A fairly good surface can now 

be produced in a reasonable time for relatively large molecular sys- 

tems. However each particular case is still considered as a distin- 

guished result. Moreover, even if the potential is known, accurate 

calculation of the molecular collision dynamics is a challenge for 

modern physics because any two colliding molecules are, in fact, 

https://doi.org/10.1016/j.jqsrt.2021.107807 

0022-4073/© 2021 Elsevier Ltd. All rights reserved. 
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one multi-particle quantum system with many internal degrees of 

freedom. 

We believe that one of the most promising approaches in re- 

solving the problem of molecular collision characterization is the 

following. It is based on highly accurate interaction potential cal- 

culated ab initio by modern quantum chemical methods. The po- 

tential is used for determining the generalized spectroscopic cross 

sections on the basis of ab initio quantum scattering calculations 

[3–6] . At the next step, the numerical parameters quantifying vari- 

ous aspects of molecular collisions are derived from the cross sec- 

tions. The retrieved parameters are verified by using them in the 

best available statistical model of the collision-perturbed shape of 

molecular lines [1,2,7–10] , which is directly compared with high 

quality experimental data. 

The success of this approach was recently demonstrated by the 

example of the simplest cases corresponding to collisions of H 2 

with He [11–13] , HD with He [14] and D 2 with D 2 [10] . To advance 

further in this direction, the approach was recently used for the 

study of collisions between the CO molecule and Ar based on the 

shapes of two and five rovibrational transitions in the P branch of 

the fundamental and second-overtone bands, respectively [15,16] . 

The unprecedented subpercent level of consistency between theory 

and experiment achieved in these studies evidences that ab initio 

calculations can provide reliable data for spectroscopic databases 

widely used by various applications. Note that CO lines are used 

in remote sensing as a fire smoke tracer and Ar is the third most 

abundant molecule in dry atmosphere. 

In this work, we extend the previous studies on CO-Ar collisions 

[15,16] by exploring a different spectral regime in which other col- 

lisional effects can be observed. We study the collisional pertur- 

bation of the shape of the lowest rotational transition j = 1 ← 0 

(R(0) line) in a CO molecule (colliding with Ar) in its ground vibra- 

tional state located in the 3-mm wavelength range. Such a choice 

allows us to exclude the influence of vibrational excitation and ne- 

glect centrifugal distortion thus focusing on the analysis of pure 

collisional effects including the line mixing, which did not man- 

ifest itself in the previous studies [15,16] . Another advantage of 

the selected spectral range is an easily achievable pressure range 

where the molecular dipole oscillation dephasing (relatively optical 

probe-radiation) due to the Doppler effect is negligible compared 

to the collisional dephasing (pure collisional regime). This allows 

one to disregard the Dicke narrowing and the correlations between 

velocity changing and dephasing collisions, which mask the mani- 

festation of other collisional effects in the infrared range. We show 

that the simulated collision-perturbed spectra agree with the ex- 

perimental line profiles at a sub-percent level over a wide range of 

pressures. 

The regular well-spaced pure rotational spectrum of the CO 

molecule is very well studied both experimentally and theoreti- 

cally. Line positions are known with sub-kHz accuracy from Lamb- 

dip measurements [17] . Pressure broadening, shifting and wind ef- 

fect (speed dependence of collisional relaxation) of the spectrum 

were extensively studied [18–23] . The collisional coupling effect 

of CO lines perturbed by either Ar or He was explored only for 

the fundamental rovibrational band [24–27] , the first [24,28] and 

the second [29] overtone band. To the best of our knowledge, the 

collisional effects manif esting themselves in the shape of pure ro- 

tational lines of the CO spectrum were never studied at elevated 

(near atmospheric) pressures. 

For this study, we employ three different, by principle of 

operation, spectrometers with complementary abilities covering 

a pressure range from about 10 microbars up to 2 bars. This 

gives us a unique opportunity to release the quite common 

problem of systematic instrumental error if only one experi- 

mental setup is used. The broad pressure range allows contin- 

uous tracing of molecular line shape variation in the collisional 

Fig. 1. Block diagram of the spectrometers used for measurements at various pres- 

sures. Section (A) shows the video spectrometer, section (B), the spectrometer with 

radioacoustic detection (RAD), and section (C), the resonator spectrometer. 

regime under conditions changing from highly rarefied to dense 

gas. 

The paper is organized as follows. Section 2 provides a brief 

description of the experimental setup and spectra acquisition. Sec- 

tion III presents details of the ab initio quantum-scattering calcula- 

tions and line shape modeling. Comparison of theoretically calcu- 

lated and experimental profiles is given and discussed in Section 4 . 

The conclusions are summarized in Section 5 . As a complemen- 

tary work, Appendix A discusses the complex Dicke parameters 

and Appendix B provides the pressure broadening, pressure shift, 

complex Dicke parameters, and line mixing parameters for the R(0) 

line of CO in Ar over a wide range of temperatures. 

2. Experiment 

The unified diagram of our three spectrometers is presented in 

Fig. 1 . All three setups utilize the continuous-wave, highly stable 

coherent radiation from a backward-wave oscillator (BWO) with 

the phase-locked loop (PLL) synchronization of the source fre- 

quency against the harmonic of the reference microwave synthe- 

sizer (HP8340B in the video spectrometer and Anritsu MG3692C in 

the radio-acoustic and the resonator spectrometers) synchronized 

with radio-frequency rubidium standard (GPS-12RG). The radiation 

power is about 10 mW. The radiation bandwidth is much less than 

1 kHz, which allows neglecting the spectral resolution of the in- 

strument in the absorption data analysis. More details on the ra- 

diation source and its precision digital frequency control can be 

found in [30] and references therein. 

We used high-purity gases with natural isotopic composition 

from local suppliers. The declared gas purity was 99.995% for 

CO and 99.998% for Ar. Gas temperature in all experiments was 

maintained near room conditions and continuously monitored by 

several platinum sensors with 0.2 K uncertainty. Gas pressure 
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was measured by membrane sensors (MKS Baratron-626B, Infi- 

con CDG0250 and Pfeiffer CCR-362) of the corresponding pressure 

range with declared accuracy of 0.2–0.25 % of reading. 

Particular features of our spectrometers and experimental de- 

tails are given in the next three subsections. 

2.1. Video spectrometer 

The direct absorption video spectrometer [31,32] was used for 

recording spectra at gas pressures of 10–500 mTorr ( Fig. 1 A). A 

beam of the linear-polarized millimeter-wave radiation formed by 

a horn antenna and a 20-cm focal length lens is directed to a stain- 

less steel tube (2 m long and 11 cm in diameter) with high-density 

polyethylene windows serving as a gas cell. The radiation beam af- 

ter the first pass of the cell is reflected back by the rooftop mirror 

(rotating radiation polarization by 90 degrees) and after the second 

pass is directed to the detector by a wire grid polarizer. A Schottky 

diode is used as a detector. The linear dependence of the detector 

output voltage versus radiation power was tested and calibrated. 

The radiation power was reduced to ∼1 mW by the second wire 

grid polarizer in order to minimize the molecular transition sat- 

uration and the corresponding distortion of the absorption profile 

at low gas pressures. The gas absorption coefficient is determined 

using the well known equation derived from the Beer-Lambert- 

Bouguer law: 

α(ν) = − 1 

L c 
ln 

(
P (ν) 

P 0 (ν) 

)
, (1) 

where P and P 0 denote the radiation power at frequency ν de- 

tected with and without absorbing gas, respectively ( P 0 (ν) is the 

baseline), and L c is the absorption path length. The power record- 

ings can be obtained by scanning the radiation source frequency 

through the desired range using radiation amplitude modulation 

(AM) and synchronous detection of the signal at the modulation 

frequency. The AM technique allows direct retrieval of the absorp- 

tion profile by Eq. (1) , but requires that the spectrometer base- 

line does not change during the measurement cycle. Providing the 

requested stability is not an easy task with the more than 4-m 

long radiation path. Even a small temperature-related variation of 

the radiation interference pattern or mean power may significantly 

distort the absorption profile. To reduce the baseline impact on 

the absorption shape, radiation frequency modulation (FM) is em- 

ployed instead of AM. We use frequency manipulation or modula- 

tion by square wave form with preset deviation and synchronous 

detection at modulation frequency. This is achieved by using an ar- 

bitrary function generator (HMF2550) as the reference for the PLL 

system of the BWO. The recorded profile in this case is a difference 

of two true absorption profiles shifted up and down from the orig- 

inal one by the deviation frequency (finite difference derivative of 

the original profile). The smaller the frequency deviation, the less 

the baseline impact on the observed profile. The deviation values 

used in this study are less than 1 kHz. Even though for the final 

comparison with calculated absorption we selected the recordings 

for which the experimental perturbation of the baseline was the 

smallest. 

2.2. Radioacoustic detection spectrometer 

A spectrometer with radioacoustic detection of absorption 

(RAD) [33–36] was used for line profile studies in the pressure 

range 0.1–2 Torr ( Fig. 1 B). Radiation from the source is directed 

to the cell (copper tube with a diameter of 2 cm and a length of 

10 cm) by a horn antenna. When molecules in the cell absorb ra- 

diation, their collisional relaxation leads to an increase in the tem- 

perature and pressure of the gas. If the amplitude of CW radiation 

is modulated by a periodic signal, the absorption causes respective 

pressure oscillations, i.e. , generates an acoustic wave, which is de- 

tected by a sensitive microphone and transformed into an electric 

signal by the resonance capacity sensor circuit. This signal is ac- 

quired using a lock-in amplifier referenced by the modulation fre- 

quency. 

The acoustic signal S is directly proportional to the radiation 

power P abs absorbed by the gas: 

S ∝ P abs = P 0 (ν) − P (ν) = P 0 (ν) (1 − e −α(ν) L c ) (2) 

In this case, P 0 (ν) and P (ν) denote the radiation power at the 

input and output of a gas cell, respectively. Under conditions of a 

low optical depth ( αL c � 1 , which is well satisfied for the CO line 

under study) and assuming that α does not depend on power, the 

output signal is directly proportional to the studied gas absorption 

coefficient and to the radiation power fed to the cell, S ∝ P 0 α(ν) L c . 

According to the principle of operation, the signal should ap- 

pear only within the absorption lines and be absent outside the 

lines. However, a small baseline is present in this spectrometer 

due to the following technical reason: the absorption of radiation 

in the elements of the gas cell (mainly in the windows) leads to 

their heating and related secondary (nonradiative) heating of the 

gas, producing an additional acoustic signal. 

Frequency manipulation with preset deviation (approximately 

equal to the half width at half maximum of the line under study) is 

employed, which leads to the reduction of the baseline effect and 

recording of absorption in the shape of a finite difference deriva- 

tive of the original profile, as was described above in the video 

spectrometer subsection. Relatively small size of the cell and re- 

lated radiation paths allow for good thermal and mechanical insu- 

lation, providing very stable experimental conditions. Experimental 

spectra are obtained by averaging of multiple recordings, which al- 

lows to reduce the instrumental noise. Back and forth frequency 

scanning around line center is used to minimize the effect of the 

instrumental time constant on the line center position. 

2.3. Resonator spectrometer 

The most wide-band recordings of the studied line in the 

CO–Ar mixture were obtained with a resonator spectrome- 

ter [37] ( Fig. 1 C). Two types of BWO were used as a sources, 

namely, OB-76 (frequency range 105–148 GHz) and OB-86 (fre- 

quency range 105–198 GHz). The absorption coefficient is retrieved 

from the change in the Fabry-Perot resonator Q-factor when it 

is filled with the studied gas. A high quality ( Q-factor ∼ 10 6 ) res- 

onator is placed inside the vacuum chamber equipped with the 

active temperature control system. The input and output windows 

of the chamber are produced from irradiated bulk polytetraflu- 

oroethylene (PTFE) that has improved mechanical properties in 

comparison with the standard PTFE. The surfaces of the windows 

are corrugated using a special profile, which, in a manner similar 

to infrared and optical antireflective coatings, provides a low re- 

flectivity of the windows in a wide frequency range [38] . 

The total pressure of the gas mixture ranged from 772 to 

1525 Torr, while the relative fraction of CO varied from 3 to 14 %. 

The experimental conditions are listed in the Table 1 . The CO 

and Ar densities were calculated from partial pressures using the 

virial equation of state and the data on the second virial coeffi- 

cient [39,40] . The contribution of the third and subsequent terms 

of the virial equation expansion can be neglected under experi- 

mental conditions. Maximal relative difference between the calcu- 

lated density and the corresponding ideal gas density was about 

0.1%. 

The baseline of the spectrometer, corresponding to the intrinsic 

resonator losses, was recorded when the chamber was filled with 

argon. The pressure of argon was chosen to provide the resonator 

optical length similar to that of the resonator filled with a mixture 
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Table 1 

Resonator spectrometer experimental conditions. 

# T gas , p CO , p Ar , n CO , n Ar , freq. exp. 

range, error, 

K Torr Torr amg amg GHz 10 −8 cm 

−1 

1 297.4 24.91 747.4 0.03012 0.9038 105–148 0.5 

2 296.6 49.82 747.9 0.06041 0.9069 105–148 0.7 

3 296.8 74.74 747.5 0.09057 0.9058 105–148 1.6 

4 296.4 124.6 747.9 0.1512 0.9075 105–198 1.6 

5 297.5 124.6 995.2 0.1507 1.2034 105–198 2.5 

6 296.9 125.3 1120 0.1518 1.3573 105–148 2.2 

7 296.7 124.6 1245 0.1511 1.5107 105–148 2.3 

8 297.7 124.6 1399 0.1506 1.6896 105–198 4.0 

of CO and Ar with selected mixing ratio. The baseline was deter- 

mined at the frequencies of sequential TEM 00 q eigenmodes of the 

resonator by measuring their widths in the frequency domain. The 

interval between adjacent frequencies is 294 MHz. After the base- 

line recording, the chamber was evacuated and then filled with 

the desired amount of CO and then Ar. The gas mixing inside the 

chamber was accelerated by a fan. Reaching of equilibrium den- 

sity was controlled by the time dependence of the width of the 

resonance mode located near the CO line center ( ∼115 GHz). As a 

rule, stable conditions were obtained in about one hour after the 

gas inlet when the resonance curve width reached a constant value 

within the statistical uncertainty. 

The gas absorption coefficient was calculated from the formula 

α = 

4 π

c 
(� f gas − � f bln ) , (3) 

where � f gas and � f bln are the resonance curve half widths at half 

maximum (HWHM), measured when the resonator is filled with 

studied mixture and non-absorbing gas, respectively. 

The statistical uncertainty of the curve HWHM after averaging 

over 100 back and forth scans is about 8 Hz, which corresponds 

to the uncertainty of the absorption coefficient 5 · 10 −9 cm 

−1 . Ad- 

ditional uncertainty in the measured absorption is caused by para- 

sitic reflections of radiation in the quasioptical-waveguide system, 

which is used for resonator excitation and registration of the res- 

onance response. The reflection patterns are not exactly identi- 

cal when the baseline and the studied gas spectrum are recorded. 

Hence, the obtained spectrum includes some systematic modula- 

tion of the resonance curve width, which depends on the distance 

between the quasioptical-waveguide system and the resonator. The 

effect is more pronounced the wider are the resonances. To reduce 

this effect, we averaged several spectra obtained for different po- 

sitions of the quasioptical-waveguide system, as was described in 

detail in [37] . 

Thereby we obtain several individual spectra and the averaged 

spectrum for the desired conditions. An example of experimental 

spectrum (# 1, Table 1 ) obtained by averaging 4 individual record- 

ings and 50 ×multiplied differences between the averaged spec- 

trum and individual recordings are shown in Fig. 2 . The scatter- 

ing of individual spectra is somewhat larger than the aforemen- 

tioned statistical uncertainty and amounts from 1.2 ·10 −8 cm 

−1 at 

line wings to 1.8 ·10 −8 cm 

−1 near the line centre. However, the 

real uncertainty of the averaged spectrum is sufficiently lower due 

to reducing the systematic effect of parasitic reflection of radia- 

tion by averaging of the recordings obtained at different phases of 

these reflections. The uncertainty can be estimated from the resid- 

ual after fitting the proper model profile to the averaged spectrum. 

Before fitting the model to the R(0) line, the absorption of other 

CO lines contributing to the experimental spectrum was calculated 

and subtracted from experimental spectra (see Section 4 for de- 

tails). If we take the van Vleck-Weisskopf model updated by inclu- 

sion of the line mixing and speed dependence of collisional relax- 

Fig. 2. Averaged experimental spectrum of a CO-Ar mixture at room temperature 

for p CO = 24.91 Torr and p Ar = 747.4 Torr (red line). Blue, green, brown and gray 

lines are the 50 ×multiplied differences between single records obtained at differ- 

ent distances between the quasioptical system and the resonator, and the averaged 

spectrum. Thick black line is the 50 ×(Exp − Fit.) residual for the model given by 

Eq. (26) . All residuals are shifted up by 0 . 6 · 10 −5 cm 

−1 for clarity. (For interpreta- 

tion of the references to colour in this figure legend, the reader is referred to the 

web version of this article.) 

ation (as is discussed in detail in Section 3 ) with the additional 

smooth pedestal corresponding to the CO-Ar continuum and fit it 

to the averaged experimental spectrum ( Fig. 2 ), then the standard 

deviation of residual is 5 · 10 −9 cm 

−1 . Estimated uncertainties of all 

experimental recordings are given in Table 1 . 

3. Ab initio quantum-scattering calculations and perturbation 

of the shape of molecular resonance 

3.1. Quantum scattering calculation 

Quantum dynamical calculations were performed on either the 

potential energy surface (PES) of Sumiyoshi and Endo [41] already 

used by some of us in [15,16,42] or a more recent one of Cybul- 

ski [16] . These two three-dimensional PESs, V (r, R, θ ), where r is 

the CO intramolecular distance, R the distance between the CO 

centre of mass and the Ar atom, and θ the angle between 

�
 r and 

�
 R , were first expanded in the basis of Legendre polynomials up to 

the 10th order: 

V (r, R, θ ) = 

∑ 

L 

V L (r, R ) P L ( cos θ ) . (4) 

Then the radial coupling terms, V L (r, R ) , were averaged over the 

CO rovibrational wave functions χv , j (r) in order to provide the 

rovibrational potential coefficients: 

V L, v j, v ′ j ′ (R ) = 

∫ ∞ 

0 

χv ′ j ′ (r ) V L (r, R ) χv j (r ) dr, (5) 

where the subscripts v and j designate vibrational and rotational 

quantum numbers and v j , v ′ j ′ are the states coupled by the 

PES. The χv j (r) functions were determined by using the DVR-FBR 

method (discrete variable representation — finite basis represen- 

tation) on the CO potential of Murrell and Sorbie [43] updated by 

Huxley and Murrell [44] . We have checked that the centrifugal dis- 

tortion has no effect, as well as vibrational coupling terms, thus we 

denote these terms V L (R ) for V L, 0 0 , 0 0 (R ) . Scattering matrix elements 

relevant for the calculations of generalized spectroscopic collisional 

cross sections were obtained from close-coupling calculations us- 

ing the non-reactive MOLSCAT code [45] , or its parallelized ver- 

sion [46] , for kinetic energies 1 between 0.1 to 20 0 0 cm 

−1 . Other 

technical details regarding the use of MOLSCAT code for the sys- 

tem under study can be found in [15,16,42,47–52] . 

1 All the energies are expressed in cm 

−1 , thus E stands for E/hc with h , the Planck 

constant, and c , the speed of light, in cm/s. 
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3.2. Generalized cross sections 

Following the generalized Hess method (GHM) [53,54] , the 

spectroscopic collisional cross sections are expressed as 

σ q 

λ
( j ′ i j ′ f , j i j f ; E kin ) = 

π

k 2 
(−1) ( j i + j ′ i ) 

( [
j ′ 
i 

]
[ j i ] 

) 1 / 2 

×
∑ 

J i ,J f ,
,
 
′ , ̄
 , ̄
 ′ 

[ J i ] 
[
J f 
](

[ 
 ] 
[

 ′ 
][


̄ 
][


̄ ′ 
])1 / 2 

(i ) −
 + 
 ′ + ̄
 −
̄ ′ 

×
(


 
̄ λ
0 0 0 

)(

 ′ 
̄ ′ λ
0 0 0 

)[ 

j i j ′ 
i 


̄ 
̄ ′ 
j f 
 j ′ 

f 

 ′ 

q J f J i λ

] 

× [ δ j i j 
′ 
i 
δ j f j 

′ 
f 
δ

 ′ δ
̄ ̄
 ′ −
〈 j i 
 

∣∣S J i (E kin + E i ) 
∣∣ j ′ i 
 ′ 〉〈 j f 
̄ 

∣∣S J f (E kin + E f ) 
∣∣ j ′ f 
̄ ′ 〉 ∗] . (6) 

In Eq. (6) , the vibrational quantum number have been omit- 

ted since we consider only the ground vibrational state. Primes in- 

dicate post-collisional values. In Liouville space such a cross sec- 

tion describes the coupling of a line | i f 〉〉 (for short) with a line 

| i ′ f ′ 〉〉 . The various 
 and 
̄ relate to the end-over-end rotational 

energy of the interacting pair. The close coupling (CC) S-matrix el- 

ements are expressed in the total angular momentum representa- 

tion, � J , which is conserved during a collision ( e.g., � J i = 

�
 j i + 

�
 
 ). They 

are evaluated for different total energies equal to the relative ki- 

netic energy of the colliding pair plus the rotational energy. k is 

the modulus of the wave vector associated with that collisional en- 

ergy, E kin = ( h̄ k ) 2 / 2 μ, with μ being the reduced mass of the CO-Ar 

system. q stands for the tensor order of the radiation-matter inter- 

action ( q = 0 , 1 and 2 correspond to isotropic Raman Q lines, elec- 

tric dipole transitions, and anisotropic Raman or quadrupolar tran- 

sitions, respectively). In addition, [X] stands for 2X+1, (: : :) refers 

to the 3-j symbol and 

[ 

. . 

. 
. . 
. 

. . 

. 

] 

, to the 12-j symbol of the second 

kind [55] . Finally, λ is the rank of the velocity tensor. 

It has been recognized [5,53,54,56,57] that for λ = 0, such a 

GHM cross section reduces to the standard spectroscopic cross sec- 

tion [58,59] as derived from the impact approximation and leading 

to the so-called relaxation matrix in the line space [60] . Therefore, 

the real and imaginary parts of these diagonal cross sections pro- 

vide the collisional half-widths and shifts, while off-diagonal terms 

provide the usual line coupling terms. 

Since the considered line lies in the millimeter-wave range we 

have to take into account both the couplings with the neighboring 

R lines and their ”mirror” lines located at negative frequencies. The 

latter correspond to the ”anti-resonant” contribution of the familiar 

VVW profile. A R( j) line involves a � j= +1 optical transition while 

its mirror component involves a � j = -1 transition [58] , thus, we 

will denote it P( j+1). For later use we also remind the reader of 

the following relation : 

σ 1 
0 ( j ′ f j 

′ 
i , j f j i ; E kin ) = 

( 

[ j i ] 
[

j ′ 
f 

][
j ′ 
i 

][
j f 
]) 1 / 2 

σ 1 ∗
0 ( j ′ i j ′ f , j i j f ; E kin ) (7) 

that can be derived from Eq. (6) and the unitarity of the S-matrix. 

This relation, valid for pure rotational lines, implies [58] in particu- 

lar that the collisional width of a R( j) line equals the width of the 

P( j+1) line, and that the shifts of these lines are just the opposite. 

The second kind of generalized Hess cross sections, tied to λ = 

1, has recently been discussed in the literature [6,11,14,61] . Since 

the orientation and magnitude of the velocity may change in the 

course of a dephasing collision, this cross section is associated 

with the diffusion of the polarization of the spectral transition. 

Therefore, there is a first correlation between the velocity chang- 

ing and dephasing collisions. This correlation appears naturally in 

Hess [3] theory. 

3.3. Off-diagonal relaxation matrix elements 

The standard off-diagonal cross sections merit to be separately 

discussed, since we used different methods in order to determine 

them. Since we are only interested in the R(0) line at low or mod- 

erate pressures, it is fortunately not useful to calculate a full relax- 

ation matrix [60] . Due to their high computational cost, we have 

only calculated the CC σ 1 
0 (R( j = 0 − 5 );R(0); E kin ) and σ 1 

0 (P( j = 1 −
4 );R(0); E kin ) cross sections for kinetic energies between 0.1 and 

20 0 0 cm 

−1 . To complete (for j ≥ 5 ) these sets of non-diagonal 

cross sections we made use of the energy corrected sudden ap- 

proximation (ECSA) (for a review see Ref. [62] ). 

The ECSA exploits an inelastic cross section out of j = 0 (or of 

cross sections from j ′ � = 0 to j = 0 using the micro-reversibility). 

This allows one to express all non-diagonal generalized cross sec- 

tions in terms of such standard state-to-state cross sections, σ (L ≡
j → 0 ), where it is customary [62] to replace j by L , via 

σ q 
0 
( j ′ i j ′ f , j i j f ; E kin ) = −

( [
j ′ 
i 

]
[ j i ] 

) 1 / 2 

∑ 

L 

[ L ] F q ( j ′ i j ′ f , j i j f ; L ) 

√ 

� j i � j f 

�L 

σ (L → 0 ; E kin ) (8) 

Here, the Percival-Seaton spectroscopic coefficients are given by 

F q ( j ′ i j ′ f , j i j f ; L ) = (−1) q 
(
[ j i ] 

[
j ′ i 
][

j f 
][

j ′ f 
])1 / 2 

×
(

j i L j ′ 
i 

0 0 0 

)(
j f L j ′ 

f 

0 0 0 

)
×
{

j i j f q 
j ′ 

f 
j ′ 
i 

L 

}
, (9) 

where { ::: } denotes a 6j symbol. In fact, since j i = 0 by virtue of 

the triangular rule, implied by the first 3- j symbol, there is only 

one L value for the R(0) line, with L = j ′ 
i 

that contributes to the 

summation. 

The �’s adiabaticity factors, figuring in Eq. (8) , were first in- 

troduced by DePristo et al. [63] to correct for the sudden approx- 

imation. Based on our previous studies on CO 2 – Ar [64] and CO 

– Ar [26] , we have preferred to use the form of these factors pro- 

posed by Bonamy et al. [65] : 

� j = 

[ 
1 + 

1 

12 

(
ω j, j−1 τc 

)2 
] −1 

, (10) 

where τc is the effective duration of a collision and ω j, j−1 is the 

angular frequency spacing between adjacent levels. The relaxation 

matrix elements (in cm 

−1 ) are deduced from a Maxwell-Boltzmann 

thermal average of these cross sections, 

〈〈 l ′ | W | l 〉〉 = 

n Ar ̄v r 
2 πc 

〈 σ 1 
0 (l ′ , l ; E kin ) 〉 (11) 

where | l〉〉 and | l ′ 〉〉 stand for the | i f 〉 〉 and 

∣∣i ′ f ′ 〉〉 lines, respec- 

tively, v̄ r is the mean relative speed at a given temperature T , n Ar 

is the number density of the bath composed of argon, and 〈
σ 1 

0 (l ′ , l; E kin ) 
〉
= 

1 

(k B T ) 2 

∫ ∞ 

0 

E kin e 
−E kin / k B T σ 1 

0 (l ′ , l; E kin ) d E kin . (12) 

Finally, the relaxation matrix elements that obey the detailed 

balance principle, W l ′ l · ρl = W l l ′ · ρl ′ , where the ρ ’s are the thermal 

equilibrium populations of the initial level of the optical transition, 

are given by 
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W l ′ l = − n Ar 

2 πc 

ρi > 

ρ j i 

[ i < ] 
(
[ j i ] 

[
j ′ i 
])−1 / 2 

(
�i > � f > 

)1 / 2 

×
∑ 

L � =0 

[ L ] F 1 ( j ′ i j ′ f , j i j f ; L ) 
1 

�L 

R (L → 0 ; T ) (13) 

with R (L → 0 ; T ) , the rate constant associated with the down- 

ward cross sections σ (L → 0) . In the line shape literature, this 

rate is often expressed in terms of the so-called ”basic rates” : 

R (L → 0 ; T ) ≡ v̄ r Q 

′ 
L 
(T ) , where Q 

′ 
L 
(T ) is actually the thermally av- 

eraged cross section: 

Q 

′ 
L (T ) = 

1 

(k B T ) 
2 

∫ ∞ 

0 

E kin e −E kin / k B T σ (L → 0 ; E kin ) d E kin . (14) 

In Eq. (13) , i > ( i < ) and f > stand for the maximum (resp. min- 

imum) value of ( j i , j 
′ 
i 
) and ( j f , j 

′ 
f 
). Thus, to generate the necessary 

off-diagonal relaxation matrix elements we only need to have at 

our disposal the downward rates to j = 0 or equivalently the ba- 

sic rates Q 

′ 
L 
(T ) . Thanks to our scattering calculations over a large 

grid of kinetic energies, we have in fact σ (L → 0 ; E kin ) , and thus 

the rate constants R (L → 0 ; T ) up to L = 20. 

In addition, in Ref. [26] , the basic rates were modeled using a 

hybrid exponential-power (EP) law [66] : 

Q 

′ 
L (T ) = 

A (T ) 

[ L (L + 1) ] 
α e 

−β
E L 

k B T . (15) 

The adjustable parameters, A , α, and β , are given in Table V of 

Ref. [26] . From this table the effective duration τc , at room temper- 

ature T , of a collision can also be easily deduced. 

To conclude this section, we have therefore three sets of relax- 

ation matrix elements: a limited set obtained from our ab initio 

CC calculations and including the couplings of the R(0) line with 

its 5 neighbouring R lines and the couplings with the P(1) to P(4) 

lines located at negative frequencies, a second set coming from our 

mixed CC/ECSA calculations, and a third one derived from the fit- 

ted basic rates of Ref. [26] . 

3.4. Line-shape parameters 

It is well known [62] that the real and (minus) imaginary parts 

of the diagonal relaxation matrix elements are the standard colli- 

sional Lorentzian halfwidth and shift parameters of a line: 

�0 ,l = Re (W ll ) , (16) 

�0 ,l = −Im (W ll ) . (17) 

In the first order with respect to pressure, to the Lorentzian line 

profile a dispersive contribution that comes from the line mixing 

must be added. This dispersive component is characterized by the 

Rosenkranz [67,68] line mixing parameter 

Y l = 2 

∑ 

l ′ � = l 

d l ′ 

d l 

W l ′ l 
νl − νl ′ 

, (18) 

where d l is the reduced dipole matrix element for the line | l 〉 〉 , 

d l = (−1) j f 
[

j f 
]

1 / 2 

(
j f j i 1 

0 0 0 

)
, (19) 

and νl denotes its position in the spectrum in cm 

−1 . As for rovi- 

brational spectra having regular R and P branches we can split 

Eq. (18) into two contributions: 

Y l = 2 

∑ 

l ′ + � = l 

d l ′ + 
d l 

W l ′ + l 

νl − νl ′ + 
+ 2 

∑ 

l ′ −

d l ′ −
d l 

W l ′ − l 

νl − νl ′ −
, (20) 

the first contribution being associated with the intra-branch cou- 

plings, i.e. , R lines located at positive frequencies, and the second 

one with the inter-branch couplings, i.e. , P lines at negative fre- 

quencies. 

Since �0 ,l , �0 ,l , and Y l are proportional to the number density 

of the bath gas, these parameters, normalized by the bath gas pres- 

sure, are widely used as spectroscopic coefficients: 

�0 ,l = pγ0 ,l (21) 

�0 ,l = pδ0 ,l (22) 

Y l = py l . (23) 

Note that Y l = 

(
Y r 

l 
+ i Y i 

l 

)
is a complex line-mixing parameter. In 

the following discussion we limit our focus to the parameters con- 

cerning the R(0) line; therefore, we omit the line-count subscript l

for simplicity. 

The speed dependence of the line-shape [1,2] parameters also 

affects the line profile. Due to our quantum dynamical calculations 

for various energies we are in a position to provide the absolute 

active molecule speed dependence of the above parameters, 

�(v ) + i �(v ) = 

n 
2 πc 

2 √ 

πv v p 

∞ ∫ 
0 

dv r v 2 r e 
− v 2 + v 2 r 

v 2 p sinh 

(
2 vv r 
v 2 p 

)
σ q 

0 
(v r ) , 

(24) 

where n is the number density of the bath molecules, v , v r and v p 
are the speed of the active molecule, relative absorber-to-perturber 

speed and most probable perturber speed. Note that Eq. (24) deals 

with the diagonal cross section of the line under consideration. The 

same equation can be utilized to determine the speed dependence 

of the off-diagonal relaxation matrix elements and, thus, to derive 

the speed dependence of the line mixing parameter. The latter was 

evaluated and found to be negligible under our experimental con- 

ditions in accordance with conclusions of work Ref. [69] . The use 

of the speed dependent parameter Y (v ) instead of the speed aver- 

aged value Y in calculations of the line shape ( Eq. (26) ) leads to 

variations at the level of about 2 × 10 −11 cm 

−1 , which is 160 times 

lower than the resonator spectrometer sensitivity. So in what fol- 

lows we report only the speed averaged value of the line mixing. 

3.5. The results of the quantum scattering calculations 

Fig. 3 presents kinetic energy dependent pressure broadening 

and shift cross sections (top panels), as well as the off-diagonal 

cross sections (middle panels) for σ 1 
0 
(R ( j = 1 − 5) ; R (0) ; E kin ) cross 

sections. Similar calculations (not shown) were performed for 

σ 1 
0 (P ( j = 1 − 4) ; R (0) ; E kin ) cross sections (as well as for the diag- 

onal elements of the P(1) line located at negative frequency). The 

pressure-normalized, speed-dependent collisional half-width and 

shift of the R(0) line at 297.5 K are plotted in the bottom pan- 

els of Fig. 3 . The thermally averaged relaxation matrix elements at 

297.5 K related to the R(0)-R( j ′ � = 0 ) off diagonal cross sections are 

shown in Fig. 4 where they are compared with our mixed CC/ECSA 

values and the fitted ECS values [26] . 

Having at our disposal various sets of relaxation matrix ele- 

ments we are in position to determine the line mixing parameter 

of the R(0) line at 297.5 K. In the following, for short, we call Y ++ 
and Y + − the contributions of the intra- and inter-branch couplings 

( Eq. (20) ). Using the CC relaxation matrix elements between the 

R(0)-R( j= 1-5) lines, we found the value Y ++ = 6.87 × 10 −3 atm 

−1 

while the R(0)-P( j= 1-4) relaxation matrix elements lead to Y + −= 

-1.83 × 10 −3 atm 

−1 . Thus, our CC initial value for the line mixing 

parameter is y = 5 . 04 × 10 −3 atm 

−1 . In the second step, in order 

to include more terms in the summation ( Eq. (20) ) leading to this 

parameter, we have included higher off-diagonal ECSA relaxation 

matrix elements derived from our present set of CC rate constant 

R (L → 0 ; T ) up to L = 20 , thus including line mixing terms up to 
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Fig. 3. Ab initio calculation results for the CO-Ar collisional system: top and mid- 

dle panels: Pressure broadening and pressure shift cross sections (PBXS and PSXS), 

real and imaginary parts of the line mixing cross sections (RLXS and ILXS). Thin 

blue lines mark the Maxwell-Boltzmann distribution of the kinetic energy of per- 

turber (Ar) molecules. Bottom panels: reduced speed ( v / v m ) dependence of pressure 

broadening ( γ Ar = �Ar /p Ar ) and shifting ( δAr = �Ar /p Ar ) coefficients. Black curves 

are the ab initio data and red curves stand for the quadratic approximation. Dashed 

horizontal lines mark the speed-averaged values with respect to the Maxwell- 

Boltzmann speed distribution (thin blue lines). The results presented in this figure 

were calculated with Cybulski’s PES [16] . (For interpretation of the references to 

colour in this figure legend, the reader is referred to the web version of this arti- 

cle.) 

the R(20) and P(20) lines. This leads to a final value of 4 . 71 × 10 −3 

atm 

−1 . Note that using the fitted rates [26] instead of the present 

rates leads to a close value of 4.82 × 10 −3 atm 

−1 . This is not sur- 

prising because, at room temperature, taking into account the line 

mixing with the nine neighbouring lines (P(4) to R(5)) provides 

the main contribution to this parameter and the above values con- 

verge to better than 2 %, retaining the intra- and inter-branch cou- 

pling terms up to j = 10 . In addition, one can see in Fig. 4 that the 

present ECSA set and the previous fitted one are indeed very close 

for L greater than about 8. Anyway, it is difficult to claim that our 

final value of the line mixing parameter is accurate to better than 

7%. Indeed, the use of our present CC rates in conjunction with 

the ECSA, leads to the value of 4 . 7 × 10 −3 atm 

−1 . This remarkable 

agreement with our final value is accidental because the separate 

contributions from the intra- and inter “branch are in fact quite 

different ( Y ++ = 8.81 and Y + − = −4.11, in 10 −3 atm 

−1 ). Nevertheless, 

our prediction of the line mixing parameter is also comparable to 

experimental or more or less accurately calculated values for the 

R(0) line of CO in various baths [24,27,28,70] . 

Finally, the relaxation matrix has complex-valued elements. 

Thus, we should be theoretically able to provide the imaginary 

Fig. 4. Real part of relaxation matrix elements normalized by bath gas pressure 

coupling the line R(0) to the R(1) to R(20) lines calculated at 297.5 K. Full CC: red 

symbols; ECSA from our CC downward rates R ( j → 0 ; T ) : black symbols; fitted val- 

ues [26] : blue symbols. Note that the blue and black dots overlay for j ≥ 10 . (For 

interpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 

Table 2 

Ab initio spectral line-shape parameters for the CO-Ar colli- 

sional system calculated with the PES of Cybulski [16] and 

Sumiyoshi [41] . The calculations were performed for T = 297.5 K 

and the broadening and shifting coefficients are expressed in 

units of 10 −3 cm 

−1 atm 

−1 , while the units of the line mixing 

are 10 −3 atm 

−1 . The last column presents relative differences be- 

tween the coefficients originating from the different PESs. 

coefficients Cybulski PES Sumiyoshi PES difference (%) 

γ Ar 
0 69.7 70.9 1.7 

δAr 
0 -0.13 -0.15 13 

γ Ar 
2 8.2 8.7 5.7 

δAr 
2 -0.22 -0.19 16 

y r 5.04 - - 

y i 0.01 - - 

part of the line mixing coefficient of the R(0) line. Indeed, our 

ab initio CC W (R( j= 1-5;R(0)) have an imaginary part (right mid- 

dle panel of Fig. 3 ) as well as the W (P( j= 1-4;R(0)) leading to the 

total value 0 . 01 × 10 −3 atm 

−1 for the imaginary part of this co- 

efficient. Due to the largely predominance of the couplings with 

the first 9 neighbouring lines this certainly gives a correct order 

of magnitude of this part. Of course, since Q 

′ 
L (T ) are real, it is not 

possible to extrapolate using the ECSA. The absolute value of this 

imaginary part is much lower than the real part and has thus been 

neglected in the line shape analysis. 

As a last remark, we point out that the present calculation of 

the line mixing parameter was done with Cybulski’s PES [16] . Com- 

paring the state-to-state cross sections out of j = 0 ( σ ( j = 0 → 

j ′ ; E kin ) ), the spectroscopic cross sections and the thermally aver- 

aged values obtained with the two used PESs [16,41] , we have no 

doubt that Sumiyoshi et al. PES will lead to a very similar value of 

the line mixing parameter. 

The thermally averaged, at 297.5 K and pressure-normalized 

line-shape parameters derived from the present ab initio calcula- 

tions are gathered in Table 2 . Appendix B provides their tempera- 

ture dependence. 

3.6. The model of a collision-perturbed shape of molecular resonance 

The center frequency, ν0 , of the R(0) line of CO in the ground vi- 

brational state equals 3.845033413(16) cm 

−1 [17] . The contribution 

of the Doppler broadening effect is quantified by its HWHM [71] , 

�D = νD 

√ 

ln (2) = 

ν0 

c 

√ 

2 k B T 

m 

ln (2) , (25) 

where νD = ν0 
v m 
c is the most probable Doppler shift, k B , T and 

m are Boltzmann constant, temperature, and mass of the active 

molecule, respectively. In the case of the R(0) 0-0 line studied in 
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Table 3 

Comparison of the speed-averaged CO-Ar collisional pres- 

sure broadening parameter values in different pressure 

ranges. The Doppler HWHM �D value is 4.49 × 10 −6 cm 

−1 

at 296 K. 

device pressure range �Ar 
0 range [cm 

−1 ] 

resonator 772–1525 Torr (7.08- 14.0) ×10 −2 

RAD 634–2049 mTorr (5.79 - 18.7) ×10 −5 

VID 93.4–221.8 mTorr (8.55 - 20.3) ×10 −6 

this paper, �D = 4.49 × 10 −6 cm 

−1 at 296 K. On the other hand, 

the collisional broadening parameter, �0 scales linearly with pres- 

sure p. 

Within this study we performed measurements in a wide pres- 

sure range, which affected the ratio between �D and �0 . Table 3 

presents the values of �0 parameters in each of our three pressure 

ranges. While in the high-pressure regime �0 dominates over �D 

by at least two orders of magnitude, the parameters become com- 

mensurable in the intermediate- and low-pressure regimes. The 

�0 / �D ratio determines the choice of a proper spectral line shape 

profile that we use to compare theoretical calculations with exper- 

imental data from each of the three spectrometers. 

3.6.1. High-pressure collisional regime 

This section describes the line-shape model used to simulate 

the theoretical spectra that we compare with the resonator spec- 

trometer data. The contribution of the Doppler broadening effect 

is negligible compared to the collisional broadening, see Table 3 . 

We can also disregard the influence of the velocity-changing colli- 

sions. To justify this we compared the speed-dependent Hard Col- 

lision profile [1] and the speed-dependent Lorentz profile. In our 

high pressure range, the two models differ on the level of 0.06%, 

which is much smaller than the other systematic uncertainties, in 

particular the one related to the choice of PES. Since we analyze 

the line in the microwave spectral range at high pressure, we have 

to take into account the influence of the radiation-term-related 

scaling factor proportional to ν2 /ν2 
0 

, as well as the slope com- 

ing from the negative-frequency peak (ignoring these two effects 

would make the residuals four times higher). A line-shape model 

which includes these two effects is called the van Vleck-Weisskopf 

(VVW) profile [72] . A modified version of the original VVW pro- 

file, including the line mixing and speed dependence of collisional 

broadening and shift can be expressed as [67,73] 

I(ν) = 4 π− 3 
2 Re 

((
ν

ν0 

)2 ∫ ∞ 

0 

e −x 2 x 2 (
1 + iY + 

�(v ) + i ( ν − ν0 − �(v ) ) 
+ 

1 + iY −
�(v ) + i ( ν + ν0 + �(v ) ) 

)
dx 

)
. (26) 

Here, �(v ) and �(v ) denote the speed-dependent pressure broad- 

ening and shift parameters, As discussed below Eq. (7) the 

positive- and negative-frequency resonances have the same width 

and opposite shift; intuitively their line mixing parameters are 

equal in magnitude but have an opposite sign. This couple of lines 

behaves as an object and its image in a mirror (see Ref. [74] and 

references therein). The later property can be demonstrated for 

any couple of pure rotational lines starting from Eq. (20) using 

the symmetry of the cross section ( Eq. (7) ) and the reduced dipole 

moments ( Eq. (19) ). At a more detailed level, one can show, us- 

ing the notations introduced in Section 3.5 , that Y ++ = −Y −− and 

Y + − = −Y −+ , thus Y + = −Y −. 

The integral is performed over the Maxwell-Boltzmann speed 

distribution; x = 

v 
v m , where v and v m 

are the active molecule speed 

and its most probable speed. To model the speed dependence 

of the pressure broadening and shift parameters, we used the 

quadratic approximation defined as [42] 

�(v ) = �0 + �2 

(
x 2 − 3 

2 

)
, (27a) 

�(v ) = �0 + �2 

(
x 2 − 3 

2 

)
, (27b) 

The two bottom panels Fig. 3 present the fully ab initio speed 

dependent pressure broadening and shift (continuous black lines) 

and their quadratic approximations (continuous red lines) for the 

CO-Ar system. Thin blue lines denote the Maxwell-Boltzmann dis- 

tribution of the active molecule velocity. γ Ar 
0 

and δAr 
0 

, marked 

with dashed horizontal lines, are the speed-averaged pressure- 

independent spectral line-shape parameters, obtained from aver- 

aging the collisional cross sections [6] . γ Ar 
2 

and δAr 
2 

, which quantify 

the speed dependence, are calculated using the condition that the 

quadratic function has the same slope as the ab initio speed de- 

pendence at the most probable speed of the active molecule [42] . 

These four line-shape coefficients are reported in Table II. The line- 

shape parameters are the sums of the fully ab initio CO – Ar colli- 

sional coefficients and of the CO – CO coefficients weighed by par- 

tial pressures (see the convention defined in Eqs. (21) and (22) ). 

The speed dependent CO – CO coefficients for the line broadening 

and shifting were taken from the previous experiments [23] . The 

line mixing effect was never studied in the pure rotational band 

of CO, so we utilized the same value of Y for modeling both CO –

Ar and CO – CO collisions. This can be justified by the following 

reasoning. The value is in a reasonable agreement with data from 

Ref. [75] (which is for the 2-0 band). The divergence between Y pa- 

rameters for the 2-0 and 0-0 bands should not be large because of 

the weak dependence of the collisional cross-section within small 

vibrational excitations. Potential impact of inaccuracy of the used 

value is expected to be negligible because of (i) weakness of the ef- 

fect at present experimental conditions, (ii) relatively small amount 

of CO in the sample and (iii) insignificant difference in y coeffi- 

cients for pure- and foreign-pressure broadening lines [75] . To ver- 

ify this statement we doubled the related value of y in the model. 

The modification led to an increase of the observed minus calcu- 

lated spectrum rRMSE by 0.03%. 

The same approach was used for the spectra modeling at inter- 

mediate and low pressures discussed below. 

3.6.2. Intermediate- and low-pressure collisional regime 

This section describes the spectral line-shape model that we 

used to validate our ab initio theoretical calculations on the data 

from radioacoustic detection and video spectrometers. Since their 

principle of operation relied on the frequency modulation tech- 

nique, with precisely known deviation, the experimental profiles 

have a dispersive shape, 

I(ν) = I VP (ν + δν) − I VP (ν − δν) , (28) 

where δν is the frequency deviation value. As the pressure gets 

lower, the line is significantly narrower and the factor 

(
ν
ν0 

)2 

≈ 1. 

Similarly, the influence of the negative peak present in the VVW 

model can be neglected. In the intermediate- and low- pressure 

regimes the collisional broadening no longer dominates over the 

Doppler broadening and both effects are taken into account within 

the framework of the speed-dependent Voigt profile (with inclu- 

sion of the line mixing) [10,76] , 

I VP (ν) = 

2 

νD 

π− 3 
2 Re 

(∫ ∞ 

0 

e x 
2 x 

i 

ln 

(
��R 

(v ) − i ( ν − ν0 − �(v ) ) + iνD x 

��R 
(v ) − i ( ν − ν0 − �(v ) ) − iνD x 

)
dx 

)
. (29) 
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Fig. 5. Direct validation of the ab initio quantum-scattering calculations (performed on the PES of Cybulski [16] ) on accurate experimental spectra of the R(0) line in CO 

perturbed by collisions with Ar atoms. The three panels from the bottom to the top show the results obtained with the three spectrometers in a very wide range of pressures 

from 52 mTorr to 1525 Torr (exact values of the CO and Ar pressures are given above each profile; the first/second value corresponds to the CO/Ar pressure). All the three 

spectrometers measure the absorption coefficient α(ν) , which is directly seen in the case of a resonator spectrometer (top panel). In the cases of radioacoustic and video 

detection spectrometers (middle and bottom panels), the line profiles have dispersive shapes due to the frequency demodulation techniques relevant for these spectrometers, 

see Section 2 . The black dots are the experimental spectra and the red lines are the ab initio profiles. In the case of a resonator spectrometer (the top panel), the absolute 

vertical scale is accessible and the synthetic ab initio profiles can be generated based on the line intensity taken from the best literature value [78,79] , see the blue lines (for 

the red lines, the line intensity was fitted). The differences between the experimental and ab initio profiles are shown below each graph with respective color notation. To 

quantify how well the theory agrees with experiments, we report for each profile the relative (with respect to the profile peak value) root mean square errors (rRMSE) of 

the experiment-theory differences calculated within the ±FWHM range around the line center, see the numbers (in percent) above the residuals. The spectra were acquired 

at T ≈ 297 K (resonator spectrometer), T ≈ 299.35 K (radioacoustic detection spectrometer), and T ≈ 298.15 K (video spectrometer). (For interpretation of the references to 

colour in this figure legend, the reader is referred to the web version of this article.) 

The effective broadening parameter 

��R 
(v ) = 

√ 

( �( v ) ) 2 + �2 
R 

(30) 

includes the Rabi frequency �R characterizing transition saturation 

by a radiation power. It can be determined as a product of the am- 

plitude of the electric field of the radiation and matrix element of 

the transition dipole moment [77] . Under conditions of our study 

with radioacoustic spectrometer, �R was estimated for the R(0) 

line as 0.11–0.13 MHz, which is comparable to the Doppler half- 

width. For video spectrometer recordings, the Rabi frequency was 

about an order of magnitude lower. While the role of the Doppler 

effect is pronounced only in the lowest pressure range, one could 

expect the Dicke narrowing effect to play a role. To estimate 

its influence, we compared the simplest Dicke-narrowed speed- 

dependent Hard Collision profile [1] with the speed-dependent 

Voigt profile. In the considered pressure regime, the two mod- 

els differ on the level of 0.05% (the relative root-mean-square er- 

ror calculated within ± FWHM of the line profile, rRMSE = 0.05%), 

which is much smaller than the systematic uncertainty related to 

the choice of PES, and hence we neglect the Dicke narrowing. 

4. Direct comparison of the ab initio synthetic profiles with 

the measured spectra 

Having performed both the ab initio calculations and accurate 

line-shape measurements, we compare our synthetic line-shape 

profiles with the experimental results in Fig. 5 . In each of the 15 

spectra presented in Fig. 5 the line-shape parameters are fixed 

to our ab initio values (obtained from Cybulski’s PES [16] ). The 

top panel presents five absorption profiles measured with the res- 

onator spectrometer in our highest pressure range (772–1525 Torr). 

We compared the experimental data with the ab initio calculations 

by adjusting only the baseline and slope ( i.e. , constant and lin- 

ear with the frequency terms added to the line shape model) to 

compensate for the possible effect of unaccounted far line wings 

together with an absorption by molecular pairs (bimolecular ab- 

sorption) and fixing the intensity parameter to the best literature 

value [78,79] , see the blue curves in Fig. 5 . We also performed 

an alternative analysis, adjusting the intensity parameter individu- 

ally for each line to focus only on the collisional line-shape effects 

and exclude intensity uncertainty, see the red residuals on the top 

panel of Fig. 5 . 

Similarly, to compare the ab initio data with experimental re- 

sults collected with the radioacoustic detection and video spec- 

trometers, we performed a multi-spectrum fitting procedure, ad- 
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Fig. 6. Comparison of the absolute differences between theoretical and experimental spectra (red lines and black dots on the top panel) collected with a resonator spectrom- 

eter for different line-shape models and PESs. The ten lower panels present how taking into account different collisional effects influences the agreement with experimental 

data. The results displayed with red lines are the absolute residuals calculated using the Cybulski’s PES [16] , while the blue lines correspond to the results obtained with 

the Sumiyoshi’s PES [41] . The absolute differences between the ab initio synthetic data and the experimental spectra are accompanied by relative root mean square errors 

(rRMSE) of the experiment-theory differences calculated within the ±FWHM range around the line center, see the numbers (in percent) above the residuals. In the right 

part of the figure we list the abbreviations we used for the profiles (VP = Voigt Profile, VVW = van Vleck-Weisskopf Profile, LM = line mixing, and SD = speed dependence of the 

collisional broadening and shift), as well as the mean rRMSE resulting from the use of the given model. Since we did not calculate the Y parameter for Sumiyoshi’s PES, the 

contribution of LM in each case is based on Cybulski’s PES. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 

this article.) 

justing �R (which depends on apparatus settings). These tech- 

niques do not give direct access to the absolute line intensities; 

therefore we adjusted the intensity of each line separately. To ac- 

count for the apparatus effect relevant for the radioacoustic and 

video spectrometers, we fitted a frequency-proportional scaling 

factor, as well as the baseline and slope. Five lines measured with 

a radioacoustic spectrometer in the intermediate-pressure range 

(634-2049 mTorr) are displayed on the middle panel of Fig. 5 to- 

gether with the corresponding theoretical data. Similarly, five spec- 

tra collected with a video spectrometer in the low-pressure regime 

(52.1–155.1 mTorr), accompanied by their theoretical counterparts 

are located on the bottom panel of Fig. 5 . 

The absorption corresponding to other lines of CO spectrum 

is small, but not negligible in the frequency range under study. 

This additional absorption was modeled as follows and subtracted 

from experimental spectra before their comparison with ab ini- 

tio profiles. The van Vleck-Wesskopf line shape function was used 

with an additional term taking into account the line mixing effect 

in the first order of pressure (so-called Rosenkranz profile [67] ). 

The far wings of the profile were truncated at 25 cm 

−1 detuning 

from its maximum as suggested in [80] . The line-by-line sum of 

such profiles was calculated for all (excluding the studied one) ro- 

tational lines of CO isotopologues in the ground and vibrational 

states with integrated intensities larger than 10 −28 cm/molec fol- 

lowing the HITRAN2016 line list and using line intensities and self- 

broadening coefficients from this database [81] . Ar-broadening co- 

efficients were adopted from [47] , assuming the same rotational 

dependence and independence on vibrational state. The rotational 

dependence of the line mixing parameters was evaluated on the 

basis of our ECSA off-diagonal relaxation elements. Then the line 

mixing coefficients for all rotational lines (excluding the R(0) line) 

were calculated by scaling this dependence using the R(0) line co- 

efficient value calculated in this work and reported in Table 2 . 

Below each of the 15 spectra displayed in Fig. 5 , we present 

absolute residuals, i.e. , differences between theoretical and exper- 

imental data. As was mentioned in the previous paragraph, two 

sets of residuals are displayed on the top panel, corresponding to 

the analysis with fitted (red curves) and fixed (blue curves) line 

intensity. Each residual is accompanied by the value of the rela- 

tive root mean square error (rRMSE, expressed in %) to quantify 

the agreement between theoretical and experimental data. 

In the case of the resonator spectrometer data, we obtained 

percent-level rRMSE when the area was fixed to the database 

value, while adjusting it brought residuals below 0.5 % for each 

of the five lines. In the case of the radioacoustic spectrometer 

data, the agreement between theoretical and experimental lines 

expressed in terms of rRMSE was at a level of 0.5 %. The situa- 

tion was much different in the case of the video spectrometer data. 

Indeed, the studied pressure range included a region where the ef- 

fect of baseline fluctuations is not negligible. Among 106 scans, we 
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selected a series of five, sharing the same Rabi frequency, whose 

baseline fluctuations were the smallest. The remaining baseline 

deformation, due to the apparatus, was reduced by subtracting a 

third-order polynomial from the raw data. Ultimately, we achieved 

a rRMSE within 0.7- 2.3 %, which was dominated by the apparatus 

effect, and not by the ab initio calculations. 

In the next step of our analysis, we examined how neglecting 

different line-shape effects can affect the agreement between theo- 

retical and experimental data for the case of a resonator spectrom- 

eter. Fig. 6 presents a direct comparison of ten different approaches 

to model the line shape profile. In this case, the line intensity was 

a fitting parameter. Similarly to the convention applied in Fig. 5 , 

each residual curve is followed by the numerical value of rRMSE. 

Additionally, the performance of each model is summarized in the 

right part of the picture by the mean rRMSE. The figure shows 

two sets of data, either obtained by using Cybulski’s PES [16] (red 

residuals), or by using Sumiyoshi’s PES [41] (blue residuals). For 

comparison, we begin with the simple Voigt profile (VP), which 

is conventional for the IR and visible spectral ranges, where the 

condition ν0 � HWHM is strictly fulfilled. A significant improve- 

ment is observed after employing the van Vleck-Weisskopf profile 

(VVW) confirming its superiority for broad lines in the microwave 

range [82] . A 1.7 % difference between two PESs in �0 (see Table II) 

becomes notable at this step. Taking into account the line mixing 

(LM) effect leads to an even better agreement between theory and 

experiment for both PESs (recall that the LM parameter is deter- 

mined from scattering calculations performed on Cybulskis PES.) At 

this step we see that something is still missing. W-shape residuals 

that are characteristic for the SD effect manifestation are seen for 

both PESs. Now, if we disregard the LM, but just take into account 

the SD effect, the residuals show the asymmetric skew typical for 

the LM effect, which is more prominent for Sumiyoshi’s PES. This 

step improves the agreement as compared to a simple VVW anal- 

ysis in the case of Sumiyoshi’s PES, but worsens the agreement for 

Cybulski’s PES. Note that the theoretical SD of the width and shift 

(the latter plays an insignificant role in our case) are very similar 

for both PESs and the 1.7 % difference in widths become crucial. 

Clearly, the role of the LM is preponderate over the SD broadening 

at the highest pressures. The final SDVVWLM profile accounting for 

both effects shows the best agreement with the experimental data 

for Sumiyoshi’s PES, while this is not the case for Cybulski’s PES. 

On the one hand, this result seemingly demonstrates the advan- 

tage of the Sumiyoshi PES and could be tentatively explained as a 

slight underestimation of the line width using Cybulski’s PES, thus 

compensating the line narrowing due to the SD effect. On the other 

hand, we should admit that there are other influencing issues lead- 

ing either to the theoretical underestimation of the width or to 

the additional line broadening due to some experimental artifact, 

which may compensate for the inaccuracy of Sumiyoshis PES and 

thus hide the advantage of the Cybulskis PES. Therefore, we avoid 

any judgment on which of the two PESs is more accurate and con- 

clude that the influence of SD effect is of the same order as influ- 

ence of PESs (around 0.2 %), which is similar to overall accuracy 

we reach in our ultimate comparison. 

5. Discussion and conclusions 

The results gathered in Figs. 5 and 6 show that our theoretical 

ab initio calculations predict the collision-perturbed shapes of the 

spectral lines to the sub-percent level. The most broadband spec- 

tra were collected with a resonator spectrometer. These spectra are 

the most advantageous for our goal because of (i) the absolute ver- 

tical scale in units of absorption coefficient, which allows to fix 

the line intensity, (ii) the clear manifestation of the line mixing 

effect, and (iii) the smallest impact from the apparatus contribu- 

tions. These spectra are in 0.15-0.38% agreement with the ab ini- 

tio calculations, depending on the chosen PES. We also achieved a 

0.4% level of accuracy for spectra recorded with radioacoustic spec- 

trometer in the intermediate-pressure range. The residuals in the 

low-pressure regime are dominated by the apparatus effect and 

do not allow us to state the agreement at the same level of ac- 

curacy. However, the experimental data still reveal good agreement 

with theoretical profiles, implying that our ab initio calculations are 

valid in a wide pressure range, spanning 50 mTorr to 1500 Torr. 

The very good agreement between theoretical and experimen- 

tal data obtained at room temperature allows us to assert that the 

same level of accuracy of our ab initio calculations can be expected 

within a quite broad range of temperatures. This follows from the 

fact that the calculations are performed on a grid of kinetic ener- 

gies covering a range between 0.1 and 20 0 0 cm 

−1 , corresponding 

to about 1.5 - 2800 K in terms of thermal energy k B T . To demon- 

strate such a capability we provide in Appendix B the results of 

calculation of line shape parameters calculation for a number of 

temperatures within this range. This additional data may be help- 

ful for future experimental or theoretical works, as well as for pop- 

ulation of spectroscopic databases. 

Thus, using the example of the R(0) line of the ground vibra- 

tional state of CO molecules colliding with Ar, we have demon- 

strated that the state-of-the-art ab initio calculations are able to re- 

produce the observed shape of atmospherically relevant molecules 

at a sub percent level of uncertainty, which is quite sufficient for 

most present day applications. 
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Appendix A. The complex Dicke parameter 

Other effects due to collisions affect the line shape. Hess [3] , 

a long time ago, approximated the collision operator by two relax- 

ation frequencies, ˜ ω A and ˜ ω R (the generalized Hess parameters). By 

doing so, he solved a semi-classical kinetic equation which takes 

into account the internal motion and the drift term due to the 

translational motion leading to the Dicke narrowing. This theory 

was later on completed [53,54] essentially by making a link with 

the formalism in Liouville space and the scattering matrix lead- 

ing to a close coupling expression of the generalized Hess spec- 

troscopic cross sections ( Eq. (6) ). Following the generalized Hess 
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notations, the complex pressure broadening and shift coefficient is 

denoted as 

˜ ω A = � − i � = n b ˜ ω 

00 
0 (q ) . (A.1) 

The quantity ˜ ω R takes into account the correlation between the 

translational and internal motions and is expressed in terms of 

two, mass weighted collision integrals, 

˜ ω R = n b 

m a 

m a + m b 

˜ ω 

00 
0 (q ) + 

2 

3 

n b 

m b 

m a + m b 

˜ ω 

11 
1 (q ) . (A.2) 

These collision integrals are in turn derived from the GHM cross 

sections, 

˜ ω 

s,s ′ 
λ

(q ) = v̄ r 
∫ 

dx x (s + s ′ +2) / 2 e −x σ q 

λ ( E kin = xk B T ) . (A.3) 

Making the link between Hess profile [3] and various profiles that 

take into account the Dicke narrowing [1,2] , some of us recog- 

nized [6] that the frequency of the velocity changing collisions is 

indeed 

˜ νopt ≡ ˜ ω R − ˜ ω A . (A.4) 

In the following, we call ˜ νopt the complex Dicke parameter [14,15] . 

Note that this parameter contributes both to the broadening and 

shift of a line because it is complex valued. 

Appendix B. Temperature dependence of the line shape 

parameters 

This Appendix describes the temperature dependence of the 

spectral line-shape parameters of the R(0) line of CO in Ar. For sim- 

plicity, we omit the Ar superscript within this section, as the CO- 

CO parameters are excluded from this discussion. We performed 

fully ab initio line-shape calculations to obtain the set of spectro- 

scopic coefficients γ0 , δ0 , γ2 , δ2 , ˜ νr 
opt , ˜ ν i 

opt , and y r at temperatures 

between 100 and 700 K. Table B.4 provides the pressure broaden- 

ing and shift coefficients, as well as the complex Dicke parameter 

and the real part of the line mixing coefficient for selected temper- 

atures between 10 and 700 K. Between 77 and 300 K we estimate 

an error of the order of 0.5% for these data. Below 25 K the er- 

ror maybe of the order of a few percents due to the resonances 

that may appear in the kinetic energy dependent cross sections. At 

700 K we may have an error of this order, too, due to the methods 

of quadrature used and extrapolation above E kin = 20 0 0 cm 

−1 (see 

Eq. (A.3) ). 

Table B.4 

Line shape parameters for the pure rotational R(0) line of CO in argon 

and for selected temperatures: pressure broadening coefficients ( γ0 ), 

pressure shift coefficients ( δ0 ), real and imaginary parts of the complex 

Dicke parameter ( ̃ νopt ), and the real part of the line mixing coefficient 

( y ). The units are 10 −3 cm 

−1 atm 

−1 (except y , which is in 10 −3 atm 

−1 ). 

The first entries are obtained with Cybulski’s PES [16] and the second 

ones with Sumiyoshi’s PES [41] . 

T(K) γ0 δ0 ˜ νr 
opt 

˜ ν i 
opt y r 

10 975.25 0.08 123.58 14.73 -1.32 

1016.00 2.58 121.22 -2.62 

25 467.45 4.92 58.93 4.38 1.73 

476.48 3.90 57.90 1.12 

50 274.20 2.98 34.05 0.68 4.66 

276.75 2.10 35.16 -0.05 

77 197.60 1.54 24.20 -0.14 5.83 

199.37 1.13 25.21 -0.35 

100 162.00 0.88 19.58 -0.26 6.18 

163.67 0.65 20.40 -0.35 

150 118.80 0.23 13.90 -0.21 6.11 

120.40 0.14 14.45 -0.23 

195 96.98 0.01 11.05 -0.14 5.72 

98.50 -0.04 11.45 -0.15 

240 82.50 -0.08 9.20 -0.09 5.26 

83.93 -0.11 9.52 -0.09 

273 74.60 -0.11 8.22 -0.06 4.94 

75.94 -0.14 8.50 -0.07 

297 69.80 -0.12 7.63 -0.05 4.71 

71.10 -0.14 7.88 -0.05 

400 55.21 -0.13 5.92 -0.01 3.90 

56.35 -0.14 6.05 -0.01 

500 46.30 -0.11 4.87 0.00 3.30 

47.25 -0.12 4.90 0.00 

600 40.05 -0.09 4.05 0.00 2.85 

40.85 -0.10 3.98 0.00 

700 35.35 -0.07 3.27 0.00 2.49 

36.00 -0.08 3.15 0.00 

The double-power-law (DPL) temperature dependence of 

the spectral line-shape parameters adopted in the HITRAN 

database [13,42] is defined by the following equation: 

X (T ) = 

2 ∑ 

i =1 

Coeff i 

(
T re f 

T 

)Exp i 

, (B.1) 

where X stands for any particular line-shape parameter, T ref is 

296 K, and Coeff i and Exp i are the numerical coefficients. The 

DPL representation of the temperature dependence of the real part 

Fig. B.7. Temperature dependences of the spectral line-shape parameters of the R(0) line of CO in Ar. For simplicity, we omit the Ar superscripts in this figure. Each of 

the seven main plots presents the ab initio (black curves) and their double-power-law (DPL) representations [42] (green curves). The units of the vertical axes of the plots 

are 10 −3 cm 

−1 atm 

−1 , except for the y r coefficient having the unit of 10 −3 atm 

−1 . Below each graph we show residuals, as well as the relative root-mean-square value of 

the residuals in the prioritized temperature range (the area between 220 and 300K marked with gray background), normalized by the mean value of the corresponding 

line-shape coefficient in this range. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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Table B.5 

The parameters of the DPL representation of the CO-Ar R(0) 

line-shape parameters. The units of coefficients 1 and 2 are 

10 −3 cm 

−1 atm 

−1 (except for ȳ and ȳ ′ in units of 10 −3 atm 

−1 ) and ex- 

ponents 1 and 2 are dimensionless. All the DPL coefficients are de- 

fined by Eq. (B.1) , following the original formulation from Ref. [42] . 

parameter Coeff1 Coeff2 Exp 1 Exp 2 

γ0 (T) -1.0319 72.2319 1.8536 0.7946 

δ0 (T) 100.34175 -100.48787 1.47913 1.47659 

γ2 (T) 0.0147 7.8418 -4.4324 0.8909‘ 

δ2 (T) -4.048 4.098 0.696 0.721 ˜ νr 
opt (T) -0.1 8.816 3.13 0.926 ˜ ν i 
opt (T) -19.892 20.085 2.5151 2.5069 

y r (T) -651.20 655.89 1.1897 1.1854 

of the line-mixing parameter, Y r has not yet been considered in 

the HITRAN database. Nonetheless, we applied the DPL function 

Eq. (B.1) to the Y parameter similarly to the other line-shape pa- 

rameters. 

Fig. B.7 presents a comparison of our ab initio data with their 

DPL representations. While adjusting the DPL function to the ab 

initio data, we performed a weighted fitting procedure, prioritizing 

the temperature range corresponding to the terrestrial atmosphere 

(between 220 and 300 K, marked with gray areas in Fig. B.7 ; we 

used ×10 weights in this range). Below each of the seven graphs, 

we plot absolute residuals and give the relative root mean square 

error (rRMSE) in the prioritized temperature range, normalized by 

the mean value of the considered line-shape parameter in the pri- 

oritized range. While the accuracy achieved for the γ0 , γ2 and ̃

 νr 
opt 

is on the per mile level or better (0.01% for γ0 ), the values of 

rRMSE values for δ0 , δ2 , and 

˜ ν i 
opt are relatively high due to the 

low value of the normalization factor in the denominator. Table B.5 

contains the set of coefficients required to reconstruct the DPL pa- 

rameterization of our R(0) line defined by Eq. (B.1) . 
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a b s t r a c t 

We demonstrate a new method for populating line-by-line spectroscopic databases with beyond-Voigt 

line-shape parameters, which is based on ab initio quantum scattering calculations. We report a com- 

prehensive dataset for the benchmark system of He-perturbed H 2 (we cover all the rovibrational bands 

that are present in the HITRAN spectroscopic database). We generate the entire dataset of the line-shape 

parameters (broadening and shift, their speed dependence, and the complex Dicke parameter) from fully 

ab initio quantum-scattering calculations. We extend the previous calculations by taking into account the 

centrifugal distortion for all the bands and by including the hot bands. The results are projected on a 

simple structure of the quadratic speed-dependent hard-collision profile. We report a simple and com- 

pact formula that allows the speed-dependence parameters to be calculated directly from the generalized 

spectroscopic cross sections. For each line and each line-shape parameter, we provide a full temperature 

dependence within the double-power-law (DPL) representation, which makes the dataset compatible with 

the HITRAN database. The temperature dependences cover the range from 20 to 10 0 0 K, which includes 

the low temperatures relevant for the studies of the atmospheres of giant planets. The final outcome 

from our dataset is validated on highly accurate experimental spectra collected with cavity ring-down 

spectrometers. The methodology can be applied to many other molecular species important for atmo- 

spheric and planetary studies. 

© 2020 Elsevier Ltd. All rights reserved. 

1. Introduction 

The collisional line-shape effects, including the beyond-Voigt ef- 

fects [1–8] , play an important role in atomic and molecular physics 

[9–13] . On one hand, they give access to studying the molecular in- 

teractions [14–16] and dynamics [17] , but on the other hand they 

can affect the accuracy of optical metrology based on molecular 

spectroscopy [18] . In particular, insufficient modeling of the line- 
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shape effects can limit the accuracy of simulations of atmospheric 

measurements of the Earth [19] and other planets [20] and even 

modify the retrieved opacity of exoplanetary atmospheres [21,22] . 

To address this problem, a new relational structure [23] was in- 

troduced into the most widely used line-by-line spectroscopic 

database, HITRAN [24] , allowing the beyond-Voigt line-shape ef- 

fects to be represented [25] . It is, however, remarkably challeng- 

ing to populate the entire database (all the molecules and their 

isotopologues over a great spectral range and thermodynamic con- 

ditions) with purely experimental beyond-Voigt line-shape param- 

eters, not only due to a large number of transitions to be mea- 

sured at different conditions and different spectral ranges, but 

https://doi.org/10.1016/j.jqsrt.2020.107477 
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also due to strong numerical correlations between the line-shape 

parameters. 

In this article, we demonstrate a new method for populating 

line-by-line spectroscopic databases with beyond-Voigt line-shape 

parameters that is based on ab initio quantum scattering calcu- 

lations. We report a comprehensive dataset for the benchmark 

system of He-perturbed H 2 lines. We cover all the rovibrational 

bands (with their branches) that are present in HITRAN. We gener- 

ate the values of the line-shape parameters (broadening and shift, 

their speed dependence, and the complex Dicke parameter) from 

fully ab initio quantum-scattering calculations. We extend the cal- 

culations of the generalized spectroscopic cross sections reported 

in Refs. [15,26] by taking into account the centrifugal distortion 

for all the bands and by including the hot bands. We extrapo- 

late the ab initio results to populate very weak lines, i.e., higher 

overtones, v ′ ≥ 6 , higher rotational numbers, J ′ ≥ 8 , and high- v ′ 
hot bands, v ′ ≥ 6 ; following the standard HITRAN notation, we de- 

note the final and initial states of a transition with primes and 

double primes, respectively. The results are projected on a simple 

structure of the quadratic speed-dependent hard-collision (qSDHC) 

profile [27–29] that is consistent with the recently recommended 

HITRAN parametrization [30] . We also report a simple and com- 

pact formula that allows the speed-dependence parameters (within 

the quadratic model) to be calculated directly from the general- 

ized spectroscopic cross sections, which considerably speeds up 

the calculations and makes them numerically more stable. For each 

line and each line-shape parameter we provide a full tempera- 

ture dependence within the double-power-law (DPL) representa- 

tion, which was recently recommended for the HITRAN database 

[30] . The results are valid for a wide temperature range from 20 to 

10 0 0 K, with the 50–200 K range prioritized (in this range the DPL 

fits have 10 times larger weights), which is relevant for the stud- 

ies of the atmospheres of giant planets. The final outcome from 

our dataset is validated on highly accurate experimental spectra 

collected with cavity ring-down spectrometers [31] demonstrating 

sub-percent agreement. Incorporation of beyond-Voigt line-shape 

parameters reported in this paper together with their DPL temper- 

ature dependences into the HITRAN database is possible thanks to 

the recently developed flexible relational structure of HITRAN [23] . 

The complex structure of this dataset is easily accessible for non- 

expert HITRAN users thanks to the HITRAN Application Program- 

ming Interface (HAPI) [32] that automatically generates spectra at 

the desired spectral range and thermodynamic conditions chosen 

by the user. 

The atmospheres of the giant planets in the Solar System are 

greatly dominated by a mixture of molecular hydrogen and atomic 

helium. Moreover, atmospheres of some types of super-Earth exo- 

planets are predicted to be dominated by the H 2 -He mixture [21] . 

The spectroscopic studies of giant planet atmospheres are naturally 

based on the main isotopologue of molecular hydrogen [33] . How- 

ever, although the abundance of hydrogen deuteride is 4–5 orders 

of magnitude smaller, HD is noticeable in the spectroscopic stud- 

ies of giant planets [20,33] due to the much larger intensity of the 

dipole transitions compared to the weak quadrupole lines in H 2 . 

In total, four combinations of collision partners should be consid- 

ered to provide a complete reference data for the planetary stud- 

ies: self-perturbed H 2 , He-perturbed H 2 , H 2 -perturbed HD and He- 

perturbed HD. In this article, we consider the simplest benchmark 

case of He-perturbed H 2 . 

In Section 2 , we discuss the general methodology of generat- 

ing beyond-Voigt line-shape parameters from ab initio calculations. 

Section 3 illustrates the methodology on the examples of two rovi- 

brational lines in He-perturbed H 2 . The full comprehensive dataset 

for He-perturbed H 2 is discussed in Section 4 and the complete 

dataset is provided in the supplementary material [34] . 

2. Methodology of generating datasets of the beyond-Voigt 

line-shape parameters based on the ab initio calculations 

A typical approach to populating the HITRAN database with 

the beyond-Voigt line-shape parameters [24,32] uses the data that 

were obtained from fitting the advanced profiles to the high- 

quality experimental spectra [25,35–39] , see the red boxes in the 

flowchart in Fig. 1 . It is a challenging task to populate the entire 

database with the purely experimental approach due to the large 

number of transitions required to be accurately measured at dif- 

ferent conditions. Another difficulty is related to strong numerical 

correlations between the line-shape parameters, which often re- 

sults in large systematic errors in the retrieved line-shape param- 

eters. The numerical correlation can be considerably reduced by 

implementing the multispectrum fitting approach [40–42] which 

is, however, very demanding from a technical point of view and is 

still difficult to automatically apply to large experimental datasets. 

In this article, we present a new methodology for populating 

the spectroscopic databases based on ab initio calculations. A key 

factor that enables development of this approach was a demon- 

stration that the fully ab initio quantum-scattering calculations 

can reproduce the shapes of the high-quality collision-perturbed 

experimental spectra at the subpercent level [31] , including the 

deep non-Voigt regime (by subpercent agreement we mean that 

the root-mean-square error of the ab initio model relative to pro- 

file peak (rRMSE) calculated within ±FWHM is smaller than 1%). 

The flowchart in Fig. 1 illustrates our methodology (see the yel- 

low boxes). The chain of the ab initio calculations starts with the 

quantum-chemical calculations of the PESs [14,15] . In the second 

step, the PESs are used to perform the quantum-scattering calcu- 

lations by solving the close-coupling equations, which provide the 

scattering S-matrices as a function of relative kinetic energy of the 

collision, E kin . The S-matrices allow us to calculate the generalized 

spectroscopic cross-sections, σ q 

λ
(E kin ) , that describe the collision 

perturbation of the optical coherence associated with the consid- 

ered molecular transition. This approach also allows for the cal- 

culations of off-diagonal generalized spectroscopic cross-sections. 

Thus, for instance, the well-known case of overlapping lines could 

be considered. However, in this study we limit the discussion to 

the case of isolated lines, which is relevant for the molecular sys- 

tem considered here at pressures typical for the atmospheres of 

gas giants. We consider two types of generalized cross-sections 

that differ by the rank of the velocity tensor, λ. For the zero 

rank, λ = 0 , σ q 

λ
describes perturbation of internal motion of the 

Fig. 1. Diagram illustrating our approach to generating the experimentally validated 

ab initio dataset of the beyond-Voigt line-shape parameters and its incorporation 

into the HITRAN database. The red arrows show the usual way of populating the 

database based on experimental spectra analysis only. (For interpretation of the ref- 

erences to color in this figure legend, the reader is referred to the web version of 

this article.) 
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molecule, and its real and imaginary parts have spectroscopic in- 

terpretation of the pressure broadening and shift cross-sections 

(PBXS and PSXS, respectively) [43–46] . For λ = 1 , σ q 

λ
describes 

perturbation of translational motion (including the correlations 

with dephasing and state-changing collisions) and it has spectro- 

scopic interpretation of the complex Dicke cross-section (its real 

and imaginary parts are denoted as RDXS and IDXS, respectively) 

[26,47–50] . q is the tensor rank of the spectral transition operator 

(equal to 1 and 2 for dipole and quadrupole lines, respectively). In 

principle, σ q 

λ
should also be labeled with the quantum numbers 

specifying the ground and excited levels of the transition (a diago- 

nal cross-section in Liouville space); for the sake of notation clar- 

ity we skip them in this article. The two complex cross sections, 

σ q 
0 

and σ q 
1 
, allow us to calculate the collisional quantities that are 

needed for modeling the beyond-Voigt shapes of molecular lines, 

as depicted in the third yellow box in Fig. 1 . The basic quantities 

are the collisional broadening, γ , and shift, δ, of molecular lines 

expressed as a function of active molecule speed, v , which can be 

calculated as [3,51] 

γ (v ) + iδ(v ) 

= 

1 

2 πc 

1 

k B T 

2 √ 

πv v p 

∫ ∞ 

0 

dv r v 2 r e 
− v 2 + v 2 r 

v 2 p sinh 

( 

2 vv r 
v 2 p 

) 

σ q 
0 
(v r ) , (1) 

where v p and v r are the most probable speed of the perturber 

distribution and relative absorber-perturber speed, respectively. k B 
and T are the Boltzmann constant and temperature. Two other 

line-shape parameters, which quantify the rate of the velocity- 

changing collisions, are the real, ˜ νr 
opt , and imaginary, ˜ ν i 

opt , parts of 

the complex Dicke parameter, ˜ νopt , which is calculated as 

˜ νopt = ˜ νr 
opt + i ̃  ν i 

opt = 

1 

2 πc 

1 

k B T 
〈 v r 〉 M 2 

×
∫ ∞ 

0 

dx xe −x 
[ 

2 

3 

xσ q 
1 
(E kin = xk B T ) − σ q 

0 
(E kin = xk B T ) 

] 
, (2) 

where M 2 = m 2 / (m 1 + m 2 ) , and m 1 and m 2 are the masses of the 

active and perturbing molecules (or atoms), 〈 v r 〉 = 

√ 

8 k B T /πμ is 

the average relative speed and μ is the reduced mass of the col- 

liding partners. The variable of integration, x, is a dimensionless ki- 

netic energy of a collision, x = E kin / (k B T ) . The quantities expressed 

by Eqs. (1) and (2) [i.e., γ (v ) , δ(v ) , ˜ νr 
opt and ˜ ν i 

opt ] carry all the 

collisional information that comes from our ab initio calculations 

and enters the beyond-Voigt line-shape models. The details of the 

line-shape calculations based on these quantities can be found in 

Ref. [6,52,53] . 

From the perspective of spectroscopy applications and populat- 

ing the HITRAN database, the full speed dependences, given by Eq. 

(1) , and full ab initio line-shape models [53] are far too complex 

to be stored in the database and are computationally too demand- 

ing to be used to analyze large sets of molecular spectra. There- 

fore, following Ref. [30] , we project the full ab initio line-shape 

model on a simple structure of the quadratic speed-dependent 

hard-collision model (qSDHC) [27–29] , in which the speed depen- 

dence is approximated with a quadratic function [54] 

γ (v ) + iδ(v ) ≈ γ0 + iδ0 + ( γ2 + iδ2 ) 
(
v 2 / v 2 m 

− 3 / 2 

)
, (3) 

where v m 

is the most probable absorber speed. The speed- 

averaged broadening and shift, γ0 and δ0 , are calculated as real 

and imaginary parts of a simple average of σ q 
0 

over the Maxwellian 

E kin distribution [3,51] 

γ0 + iδ0 = 

1 

2 πc 

1 

k B T 
〈 v r 〉 

∫ ∞ 

0 

dx xe −x σ q 
0 
(E kin = xk B T ) . (4) 

Alternatively, γ0 and δ0 can be calculated by averaging γ (v ) and 

δ(v ) over the Maxwell distribution of active molecule speed, v , 
yielding exactly the same result as Eq. (4) . The two parameters 

quantifying the speed dependence of the broadening and shift, 

γ2 and δ2 , are calculated by demanding that the slope of the 

quadratic approximation equals the slope of the actual speed de- 

pendences at v = v m 

[53] , 

γ2 + iδ2 = 

v m 

2 

d 

dv ( 
γ (v ) + iδ(v ) ) | v = v m . (5) 

Following the generalized Hess method [4,48,50] , we directly take 

the complex Dicke parameter, ˜ νopt = ˜ νr 
opt + i ̃  ν i 

opt , as a complex rate 

of the velocity-changing collisions in the qSDHC model [30] . In 

the cases of molecules for which the Dicke narrowing is pro- 

nounced, we recommend the use of the β correction [25,55] that 

improves the hard-collision approximation without increasing the 

cost of the line-shape computations. Note that the β correction is 

a generic concept valid for any molecular system and does not re- 

quire any additional parameter to be stored (it depends only on 

the perturber-to-absorber mass ratio [55] ). In total, the most gen- 

eral form of the qSDHC profile requires six line-shape parameters 

to be stored: 

γ0 , δ0 , γ2 , δ2 , ̃  νr 
opt , ̃  ν i 

opt . (6) 

The recent approach adopted in HITRAN [30] allows the tempera- 

ture dependences of all the six line-shape parameter to be repre- 

sented with the double-power-law (DPL): 

γ0 (T ) = g 0 (T ref /T ) n + g ′ 0 (T ref /T ) n 
′ 
, 

δ0 (T ) = d 0 (T ref /T ) m + d ′ 0 (T ref /T ) m 

′ 
, 

γ2 (T ) = g 2 (T ref /T ) j + g ′ 2 (T ref /T ) j 
′ 
, 

δ2 (T ) = d 2 (T ref /T ) k + d ′ 2 (T ref /T ) k 
′ 
, 

˜ νr 
opt (T ) = r (T ref /T ) p + r ′ (T ref /T ) p 

′ 
, 

˜ ν i 
opt (T ) = i (T ref /T ) q + i ′ (T ref /T ) q 

′ 
, 

(7) 

where T ref = 296 K. The full parametrization of the collisional line- 

shape effects requires 24 coefficients per single line, i.e., four co- 

efficients per each of the six line-shape parameters, see Eq. (7) . It 

should be noted that Eq. (7) represent the most general case of 

the DPL representation adopted in HITRAN [30] . For many molecu- 

lar systems, not all the collisional effects are important at the con- 

sidered accuracy level and, for a given experimental temperature 

range, a simple single-power law suffices. In such cases, one of the 

two approaches will be adopted in HITRAN. Either a single-power 

law and a smaller number of line-shape parameters will be stored 

(e.g., γ0 and δ0 for the simple Voigt profile or γ0 , δ0 , γ2 and δ2 

for the quadratic speed-dependent Voigt profile) or the full DPL 

parametrization will be adopted but some of the 24 coefficients 

will be set to zero. 

In this article, we show that our approach based on ab initio 

calculations allows us to fully benefit from the DPL parametriza- 

tion given by Eq. (7) . We generated a comprehensive dataset of 

the beyond-Voigt line-shape parameters for a system for which 

all the six line-shape parameters are necessary to represent the 

shapes of molecular lines (i.e., He-perturbed H 2 ) and we use the 

DPL parametrization to represent these parameters in a wide tem- 

perature range, see Section 3.3 for details. 

The HITRAN DPL parametrization, see Eq. (7) and Ref. [30] , does 

not use the exact form of the Hartmann-Tran profile (HT profile) 

[56] but its modified version, the qSDHC profile. The main dif- 

ference between these profiles is that for the description of the 

velocity-changing collisions the HT profile uses the frequency of 

the velocity-changing collisions, ˜ νvc , and the correlation parame- 

ter, η (first introduced by Rautian and Sobelmann [2] ), while the 

qSDHC profile uses an explicit parametrization with the real, ˜ νr 
opt , 

and imaginary, ˜ ν i 
opt , parts of the complex Dicke parameter. The 

major advantage of the parametrization used in this work [30] is 

that it avoids singularities in temperature dependences of the com- 

plex Dicke parameter that may appear when the HT parametriza- 

tion is used [30] . Another advantage of the qSDHC profile is that it 
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does not require to introduce unphysical speed dependence of the 

complex Dicke parameter, in contrast to the original formulation 

of the HT profile. For details refer to the Appendices A and B in 

Ref. [30] ; see also Ref. [57] . 

Hartmann proposed a different approach to populating spectro- 

scopic databases with line-shape parameters based on ab initio cal- 

culations [58] (see also Section 2 in Ref. [30] ). In his approach, the 

ab initio line-shape parameters are used with one of the sophis- 

ticated line-shape models to generate reference shapes in a wide 

range of pressures, and then the reference spectra are fitted with 

some simpler phenomenological model. In his scheme the fitted 

line-shape parameters lose their physical meaning but, in principle, 

the shapes of molecular lines should better agree with experiment. 

Similar tests were done before, for instance see Ref. [59] (in that 

work, due to a lack of ab initio parameters, a sophisticated line- 

shape model was used with parameters determined experimen- 

tally). Recently, this approach was tested for the requantized Clas- 

sical Molecular Dynamics Simulations corrected with the use of ex- 

perimental spectra [60] . However, in the case of the He-perturbed 

H 2 lines considered here, the difference between the qSDHC profile 

and the more sophisticated ones are much smaller than the differ- 

ence with experimental data. Hence that approach [58] would not 

improve the accuracy of the dataset reported here. 

3. Illustration of the methodology for the case of 2-0 Q(1) and 

3-0 S(1) lines 

In this section, we use an example of two rovibrational lines 

in He-perturbed H 2 to illustrate the methodology described in 

Section 2 and shown in Fig. 1 . We consider the 2-0 Q(1) and 

3-0 S(1) quadrupole lines that were recently accurately measured 

with the cavity enhanced techniques [31] ; in this article we refer 

to them as reference lines. These measurements were used for ac- 

curate validation of the ab initio collisional line-shape calculations 

[31] and more recently these spectra were used for validation of 

improved quantum-scattering calculations that include centrifugal 

distortion [61] . 

3.1. Ab initio quantum scattering calculations 

The H 2 -He PES is three-dimensional, i.e., it depends on the dis- 

tance between the center of mass of the hydrogen molecule and 

the helium atom, R, the distance between the two hydrogen atoms, 

r, and the angle between the intra- and intermolecular axes, θ . The 

quantum-scattering calculations [15,26] that we used to generate 

the line-shape parameter dataset are based on the recent state- 

of-the-art PES that is an extension of the PES published by Bakr, 

Smith and Patkowski [14] (this PES will be referred to as BSP). 

The BSP PES was calculated using the coupled-cluster method with 

single, double and perturbative triple (CCSD(T)) excitations, tak- 

ing into account also the contributions from the higher coupled- 

cluster excitations. It was determined for ten intramolecular sepa- 

rations, between 1.1 and 1.75 a 0 , which was shown to be insuf- 

ficient for the detailed studies of processes involving the vibra- 

tionally excited H 2 molecule (see Section 2 of Ref. [46] and Ap- 

pendix C of [15] for details). This issue was addressed in the sec- 

ond version of this PES, BSP2, which extended the range of ab ini- 

tio data points to r ∈ [ 0 . 65 , 3 . 75 ] a 0 . The final version of this PES, 

BSP3 [15] , which was used in this work, has improved asymptotic 

behavior of the H 2 -He interaction energy at large R . The quantum 

scattering calculations based on the BSP3 PES were recently tested 

on highly accurate cavity-enhanced measurements of the shapes 

of He-perturbed H 2 2-0 Q(1) and 3-0 S(1) lines [31] resulting in 

unprecedented agreement between experimental and theoretical 

collision-induced line shapes. Furthermore, the BSP3 PES was em- 

Fig. 2. Examples of the generalized spectroscopic cross sections for the case of 2-0 

Q(1) and 3-0 S(1) lines in helium-perturbed H 2 , see the red and black lines, respec- 

tively. The four panels show the pressure broadening (PBXS), pressure shift (PSXS), 

and real (RDXS) and imaginary (IDXS) parts of the complex Dicke cross-sections as a 

function of collision energy. The gray line is the Maxwell-Boltzmann distribution at 

296 K in arbitrary units. (For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 

ployed in the studies of purely rotational lines of He-perturbed iso- 

topologues of molecular hydrogen: D 2 [47,62] and HD [63,64] . 

For the purpose of dynamical calculations [15,26] , the three- 

dimensional H 2 -He PES is projected over Legendre polynomials, P ξ
[15,26,46] : 

V (R, r, θ ) = 

∑ 

ξ

v ξ (R, r) P ξ ( cos θ ) . (8) 

In the case of homonuclear molecules like H 2 , the ξ index takes 

only even values. Due to the small overall anisotropy of the H 2 -He 

PES, only the first four ξ values are retained throughout the cal- 

culations. The v ξ (R, r) terms are averaged over rovibrational wave- 

functions of the unperturbed molecule, χv ,J (r) , leading to the ra- 

dial coupling terms, A ξ , v ,J, v ′ ,J ′ (R ) , which enter the close-coupled 

equations. At room temperature the vibrational coupling ( v � = v ′ ) 
can be neglected [15,26] . The influence of the centrifugal distor- 

tion (the J dependence of the radial coupling terms) was usu- 

ally neglected in the scattering calculations for the rovibrational 

transitions [15,26] , as it was suggested that this effect might be 

masked due to the large contribution from the vibrational dephas- 

ing [46] . However, it was shown recently [61,64] that if one aims 

for sub-percent accuracy of the line-shape parameters, the cen- 

trifugal distortion of the potential energy surface must be taken 

into account. Therefore, the J-dependence of the radial coupling 

terms A ξ , v ,J, v ,J ′ (R ) was included in the following analysis. 

The scattering calculations were performed using the recently 

developed BIGOS code [65] for a wide range of relative kinetic en- 

ergies. The BIGOS code solves the coupled equations in the body- 

fixed frame of reference using the renormalized Numerov’s algo- 

rithm [66] . Calculations were carried out for intermolecular dis- 

tances ranging from 1 to 200 a 0 and three asymptotically closed 

levels were kept in the basis set. Fig. 2 presents an example of the 

generalized spectroscopic cross sections for the 2-0 Q(1) and 3-0 

S(1) lines. 

3.2. Speed dependence of the broadening and shift, and the quadratic 

approximation 

The calculations of the γ0 , δ0 , ˜ νr 
opt and ˜ ν i 

opt parameters are 

straightforward and require only performing the averaging (with 

proper weights) of the generalized spectroscopic cross sections 

over the Maxwell distribution of the relative kinetic energy of 

a collision, see Eqs. (2) and (4) . Calculations of the speed- 

dependence parameters, γ2 and δ2 , are, in principle, more com- 

plex and require a few additional steps. First, the ab initio speed- 

dependent broadening and shift are calculated from Eq. (1) ; Fig. 3 
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Fig. 3. Examples of the speed dependences of the broadening, γ , and shift, δ, pa- 

rameters. The red and black lines correspond to the 2-0 Q(1) and 3-0 S(1) lines in 

helium-perturbed H 2 , respectively. The solid lines show the full ab initio results and 

the dotted lines show the quadratic approximations. The dash-dotted lines show 

the corresponding speed-averaged values. The calculations were done for T = 296 K 

(upper panels) and 200 K (lower panels); the corresponding Maxwell-Boltzmann 

distributions (in arbitrary units) are plotted as a gray lines. (For interpretation of 

the references to color in this figure legend, the reader is referred to the web ver- 

sion of this article.) 

shows the result for the case of the 2-0 Q(1) and 3-0 S(1) lines. The 

full speed dependences are approximated with a quadratic func- 

tion, see Eq. (3) . The choice of how the γ2 and δ2 parameters are 

determined is not unique [67,68] . In our methodology we demand 

that the slopes of the ab initio and quadratic speed dependences 

are equal at the most probable speed, see Eq. (5) . This approach 

is very efficient from a computational perspective. The derivative 

from Eq. (5) can be done analytically before the integration in 

Eq. (1) and, hence, the γ2 and δ2 parameters can be evaluated di- 

rectly by averaging the σ q 
0 

cross section with proper weights 

γ2 + iδ2 = 

1 

2 πc 

1 

k B T 

v p √ 

π
e −y 2 

×
∫ ∞ 

0 

(
2 x cosh (2 xy ) −

(
1 

y 
+ 2 y 

)
sinh (2 xy ) 

)
× x 2 e −x 2 σ q 

0 
(x v p ) dx, (9) 

where x = v r / v p and y = v m 

/ v p , with v r , v m 

and v p being the rel- 

ative absorber to perturber speed, most probable absorber speed 

and most probable perturber speed, respectively. Note that y = 

√ 

α, 

where α is the perturber-to-absorber mass ratio. The quadratic ap- 

proximations for the 2-0 Q(1) and 3-0 S(1) transitions are shown 

in Fig. 3 as dotted lines. The results from Fig. 3 were calculated for 

T = 296 K. The accuracy of the quadratic approximation depends 

on the choice of transition and line-shape parameter. In the cases 

considered in Fig. 3 , the approximation works better for the γ pa- 

rameter. 

3.3. Temperature dependences of the line-shape parameters 

The values of the six collisional line-shape parameters, γ0 , δ0 , 

γ2 , δ2 , ˜ νr 
opt and ˜ ν i 

opt , were calculated in the temperature range 

from 20 to 10 0 0 K using Eqs. (4) , (9) and (2) . The examples of 

these results, for the case of our reference lines, are shown in 

Fig. 4 . To represent these temperature dependences in the HITRAN 

database, we use the recently recommended DPL approximation 

[30] for all the six line-shape parameters, see Eq. (7) . The DPL fits 

were done for the 20 − 10 0 0 K temperature range enforcing ten 

times larger fitting weights for the prioritized temperature range 

from 50 to 200 K (see the gray shadows in Fig. 4 ), which is rele- 

vant for the atmospheres of giant planets. The examples of the DPL 

Table 1 

Examples of the complete records from our DPL line-shape parameter dataset for 

the cases of the Q(1) 2-0 and S(1) 3-0 lines in H 2 perturbed by He. Coefficients 1 

and 2 are in cm 

−1 atm 

−1 . Exponents 1 and 2 are dimensionless. All the DPL coeffi- 

cients are defined by Eq. (7) , following the original formulation from Ref. [30] . 

Q(1) 2-0 line 

Coefficient 1 Coefficient 2 Exponent 1 Exponent 2 

γ0 (T ) g 0 = 0 . 29611 g ′ 0 = −0 . 29076 n = −0 . 30724 n ′ = −0 . 31188 

δ0 (T ) d 0 = 1 . 29146 d ′ 0 = −1 . 27385 m = 0 . 617 m 

′ = 0 . 622 

γ2 (T ) g 2 = 0 . 114102 g ′ 2 = −0 . 111618 j = 0 . 2396 j ′ = 0 . 2453 

δ2 (T ) d 2 = 0 . 091305 d ′ 2 = −0 . 083861 k = −0 . 0013 k ′ = −0 . 0383 ˜ νr 
opt (T ) r = 0 . 04277 r ′ = −0 . 00417 p = 0 . 6856 p ′ = −0 . 1236 ˜ ν i 
opt (T ) i = −0 . 27435 i ′ = 0 . 26376 q = 0 . 07106 q ′ = 0 . 05273 

S(1) 3-0 line 

Coefficient 1 Coefficient 2 Exponent 1 Exponent 2 

γ0 (T ) g 0 = 0 . 012847 g ′ 0 = −0 . 001465 n = −0 . 11276 n ′ = −0 . 92775 

δ0 (T ) d 0 = 1 . 87405 d ′ 0 = −1 . 84585 m = 0 . 61066 m 

′ = 0 . 61600 

γ2 (T ) g 2 = 0 . 0493132 g ′ 2 = −0 . 0440504 j = −0 . 34485 j ′ = −0 . 38797 

δ2 (T ) d 2 = 1 . 5985 d ′ 2 = −1 . 5867 k = −0 . 01288 k ′ = −0 . 01602 ˜ νr 
opt (T ) r = 0 . 05173 r ′ = −0 . 01689 p = 0 . 6530 p ′ = 0 . 2554 ˜ ν i 
opt (T ) i = −0 . 4136 i ′ = 0 . 39691 q = 0 . 08613 q ′ = 0 . 06746 

fits are shown in Fig. 4 as green lines. The DPL approximation per- 

forms best when the temperature dependence is monotonic; when 

an extremum is clearly seen then the accuracy is worse, see the 

δ0 panels in Fig. 4 . The amplitude of the residuals for most of the 

cases is smaller than 1% ; their exact values are taken into account 

in the estimations of the line-shape parameter uncertainties re- 

ported in our dataset, see the supplementary materials [34] . 

3.4. Examples of a complete dataset record 

In Table 1 , we show examples of complete records from our 

line-shape parameter dataset for the cases of the two reference 

lines. All the coefficients are defined by Eqs. (7) , following the orig- 

inal formulation from Ref. [30] . A set of 24 coefficients per a single 

molecular transition is required for a full DPL description of the six 

line-shape parameters. The values of the coefficients gathered in 

Table 1 are directly taken from the fits shown in Fig. 4 . Note that 

at T = T ref , Eqs. (7) simplify and a given line-shape parameter is 

simply a sum of the corresponding Coefficient 1 and Coefficient 2; 

for instance γ0 (T ref ) = g 0 + g ′ 0 . 

3.5. Experimental validation 

In this section, we show experimental validation of our line- 

shape parameter dataset for the cases of the two reference lines. 

We use the experimental data reported in Ref. [31] . The 2-0 Q(1) 

line was measured in the Grenoble laboratory at nine pressures 

from 0.39 to 1.05 atm and at a temperature of 294.2 K. The 3-0 

S(1) line was measured in the Hefei laboratory at four pressures 

from 0.36 to 1.35 atm and at temperature of 296.6 K. The experi- 

mental spectra are shown as black dots in Fig. 5 . Both experiments 

are based on high-finesse cavity ring-down spectrometers; the ex- 

perimental details are given in Ref. [31] . 

It was demonstrated in Ref. [31] that the synthetic profiles 

based on the fully ab initio calculations agree exceptionally well 

with the experimental profiles without fitting any of the line-shape 

parameters. The relative root mean square error (rRMSE) averaged 

over the pressures calculated within ±FWHM around the line cen- 

ter was 0.33% and 0.99% for the 2-0 Q(1) and 3-0 S(1) lines, re- 

spectively [31] . Recently, the agreement with these experimental 

profiles was confirmed with an improved theoretical approach that 

includes the centrifugal distortion in the quantum-scattering cal- 

culation; rRMSE was 0.38% and 0.86% for the 2-0 Q(1) and 3- 

0 S(1) lines, respectively [61] . In this section, we show that we 

can reach an almost equally good agreement if we replace the 
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Fig. 4. Examples of the temperature dependences of the six collisional line-shape parameters, γ0 , δ0 , γ2 , δ2 , ˜ νr 
opt and ˜ ν i 

opt , for the cases of the Q(1) 2-0 and S(1) 3-0 lines 

in H 2 perturbed by He. The black and green lines are the ab initio results and DPL approximations, respectively. The small panels show the residuals from the DPL fits. The 

vertical axes for all the panels (including residuals) are in 10 −3 cm 

−1 atm 

−1 . The gray shadows indicate the temperature range prioritized in the DPL fits; this temperature 

range is relevant for the atmospheres of giant planets. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 

article.) 

Fig. 5. Comparison of the synthetic spectra of the He-perturbed H 2 lines generated from our DPL HITRAN-format line-shape dataset (red lines) with experimental spectra 

(black points) collected with cavity ring-down spectrometers. Temperatures for the experimental and synthetic spectra are 294.2 K and 296.6 K for the 2-0 Q(1) and 3-0 S(1) 

lines, respectively. The red lines below the profiles show the differences between the experimental and synthetic spectra; rRMSE is the corresponding relative root mean 

square error calculated within ±FWHM around line center (relative means that RMSE is divided by the absorption coefficient at the line peak). (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version of this article.) 

full ab initio model with the approximate approach presented in 

this article, consistent with the HITRAN-format DPL parametriza- 

tion [30] . The approximation is twofold. First, the full line-shape 

model [31,53,69] is replaced with a quadratic speed-dependent 

hard-collision (qSDHC) model. Second, the full ab initio tempera- 

ture dependences are approximated with DPL. The comparison is 

shown in Fig. 5 . The average rRMSE is 0.46% and 0.93% for the 2-0 

Q(1) and 3-0 S(1) lines, respectively. It should be emphasized that 

none of the line-shapes were fitted in this comparison (all of them 

were taken from our dataset). For this comparison, we only fitted 
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the line area, baseline, background slope and line center (all the 

pressures were fitted simultaneously and the fitted line center was 

constrained to be the same for all the pressures). The profiles from 

Fig. 5 were calculated using the β correction [25,55] to the qSDHC 

profile, see Section 2 for details. Without the β correction, the av- 

erage rRMSE considerably deteriorates and equals 1.43% and 1.08% 

for the 2-0 Q(1) and 3-0 S(1) lines, respectively. 

4. Comprehensive dataset of beyond Voigt line-shape 

parameters for the helium-perturbed H 2 lines 

In this section, we discuss the main result of the present paper, 

i.e., the complete dataset of the beyond-Voigt line-shape parame- 

ters for the He-perturbed H 2 rovibrational lines. We provide a full 

set of the line-shape parameters for all the 3480 H 2 rovibrational 

electric quadrupole lines present in the HITRAN database [24] . For 

our basic set of 321 lines (that contains the strongest lines) we 

directly perform ab initio calculations of the generalized spectro- 

scopic cross sections, see Section 3.1 . For all the other lines (higher 

overtones, high-J lines and high- ν ′ hot bands) we extrapolate the 

ab initio data. The majority of the extrapolated data concerns the 

hot bands. In this work, we extended the ab initio calculations from 

Refs. [15,26] by taking into account the centrifugal distortion for 

all the bands and by including the hot bands. We also performed 

ab initio calculations for several dozen other lines with high ν or 

J numbers, which we use to adjust and validate our extrapolation 

scheme. 

We use our ab initio generalized spectroscopic cross sections to 

calculate the line-shape parameters and their temperature depen- 

dences within the HITRAN DPL parametrization [30] . Our ab initio 

calculations of the cross sections were performed for: 

• 105 lines from the Q-branches ( J ′′ ranging from 1 to 7; Q(0) is 

forbidden) from the ν ′ − ν′′ bands, with ν ′′ = 0 , ..., 4 and �ν = 

ν′ − ν′′ = 1 , ..., 5, 
• 126 lines from the S-branches ( J ′′ ranging from 0 to 5) from the 

ν′ − ν′′ bands, with ν ′′ = 0 , ..., 5 and �ν = ν ′ − ν′′ = 0 , ..., 5, 
• 90 lines from the O-branches ( J ′′ ranging from 2 to 7) from the 

ν′ − ν′′ bands, with ν ′′ = 0 , ..., 4 and �ν = ν ′ − ν′′ = 1 , ..., 5. 

For each of these 321 lines, we employ the methodology intro- 

duced in Section 2 to populate a complete dataset record defined 

by Eqs. (7) and illustrated in Table 1 . 

In Fig. 6 , we show an example of the vibrational, ν ′ , and rota- 

tional, J ′′ , quantum number dependences of the line-shape param- 

eters generated from our dataset at 150 K and 296 K (the plots do 

not show the raw ab initio data, but the line-shape parameters al- 

ready reconstructed from our HITRAN-format DPL dataset). We ob- 

serve a strong dependence of all the six line-shape parameters on 

the vibrational number ν ′ , and much weaker dependence on the 

rotational number J ′′ , which is consistent with the phenomeno- 

logical dataset for self-perturbed H 2 [25] . In Fig. 7 , we show the 

results for different hot bands; the colors indicate the change of 

the vibrational quantum number �ν = ν ′ − ν′′ . In contrast to the 

simplest assumption that for a fixed �ν the line-shape parameters 

should hardly depend on ν ′′ (this was assumed, for instance, in the 

phenomenological database for the self-perturbed H 2 [25] ), we ob- 

serve a strong dependence on ν ′′ , especially for small �ν for the 

γ0 parameter. 

The rovibrational lines in H 2 are exceptionally weak; the 

strongest line at T = T ref = 296 K is the 1-0 S(1) line with a line in- 

tensity of 3 . 2 × 10 −26 cm/molecule. The intensity quickly decreases 

with J ′′ and ν′ . For instance, the intensity of the 1-0 S(5) line is as 

small as 2 . 2 × 10 −29 cm/molecule, and the intensity of the 5-0 S(1) 

line is 0 . 95 × 10 −29 cm/molecule. At lower temperatures that are 

relevant for giant planet atmospheres, the line intensity decreases 

with J ′′ and ν′ even faster. For this reason, we limit our full line- 

shape calculations based on the ab initio generalized spectroscopic 

cross sections to J ′ < 8 and ν ′ < 6 . For the completeness of the 

dataset, we extrapolate our calculations for higher J ′′ and ν′ lines 

that are present in HITRAN (in fact, in this procedure we com- 

bine extrapolation and interpolation). The extrapolation scheme is 

as follows. For every branch (O, Q and S), we calculated the val- 

ues of the line-shape parameters for one high- ν ′ line per cold/hot 

band, i.e., we performed additional ab initio calculations for the 

following lines: Q(1) 9- x, S(1) 9- x, O(3) 9- x, with x = 0 , ..., 5. We 

assumed in our extrapolation that the proportions of the values 

of the line-shape parameters between the 9-0 and 5-0 bands for 

other J ′′ are the same as for the three cases mentioned above (i.e., 

Fig. 6. An excerpt from our dataset illustrating the structure of the dataset and the examples of the vibrational and rotational dependences of all six line-shape parameters. 

The line-shape parameters are determined for the He-perturbed H 2 rovibrational lines at T = 150 and 296 K; refer to red and black colors, respectively. All the parameters 

are expressed in units of 10 −3 cm 

−1 atm 

−1 . The values of the line-shape parameters shown in this plot are not directly taken from ab initio calculations, but reconstructed 

from the DPL relations, Eqs. (7) , based on the coefficients from our dataset [34] . (For interpretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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Fig. 7. An excerpt from our dataset illustrating the values of the beyond-Voigt line-shape parameters for different hot bands. The left and right sides of the figure show the 

results for the Q(1) and S(1) lines, respectively. All the parameters are expressed in units of 10 −3 cm 

−1 atm 

−1 . The values of the line-shape parameters shown in this plot are 

not directly taken from ab initio calculations, but reconstructed from the DPL relations, Eqs. (7) , based on the coefficients from our dataset [34] . The data for ν ′ = ν ′′ + �ν ≥ 6 

come from extrapolation. 

the same within each branch). In the next step, we interpolated the 

line-shape parameters for the bands between 5-0 and 9-0 using a 

quadratic function fitted (separately for every J ′′ ) to 4-0, 5-0 and 

9-0 data. The same approach was applied to extrapolate the data 

for hot bands. To populate the dataset for higher J ′′ , we performed 

fully ab initio calculations for the six high- J ′′ transitions belonging 

to the 2-0 band: O(10), O(13), Q(8), Q(11), S(8) and S(11) lines. We 

constrained the same proportions of the line-shape parameters be- 

tween J ′′ = 5 , 8 and 11 (10 and 13 for O branches) for other bands, 

and we interpolated the values of the line-shape parameters be- 

tween J ′′ = 5 and 11 (13 for the O bands) with a quadratic func- 

tion. For J ′′ > 11 ( J ′′ > 13 for the O bands) we used linear extrapo- 

lation based on the last two J ′′ . This approach (based on the data 

for the 2-0 band) was used to extrapolate the data for higher J ′′ for 

all cold and hot bands. The scheme of data interpolation and ex- 

trapolation described above was implemented directly to the raw 

ab initio data before fitting the DPL temperature dependences. The 

reason for this is that the four DPL coefficients are strongly corre- 

lated with each other, and even for neighboring J ′′ and ν′ quantum 

numbers their fitted values can be very different despite similar 

temperature dependences. 

Due to a strong numerical correlation between the DPL coeffi- 

cients, the uncertainties of the DPL coefficients do not suffice and 

a full covariance matrix would be needed. For this reason, we do 

not report an individual uncertainty for every DPL coefficient, but 

a single uncertainty for the entire DPL function for a given line- 

shape parameter. The uncertainty consists of two contributions, the 

first one comes from the DPL approximation, and the second one 

from ab initio calculations. We calculate the DPL contribution as 

a standard deviation of the difference between the full ab initio 

values of the line-shape parameter and their DPL approximation 

calculated in the range from 50 to 200 K, see the small panels 

in Fig. 4 . We estimate the uncertainty of our ab initio calculations 

at 1%. 

The complete dataset of the line-shape parameters within the 

DPL representation [30] for the He-perturbed H 2 lines is given in 

the supplementary materials [34] ; the definition of the reported 

coefficients is given by Eqs. (7) . The lines are ordered with increas- 

ing transition energy. The above described format of the uncertain- 

ties reported in this work does not fit the standard HITRAN uncer- 

tainty codes. For this reason, the error codes in HITRAN will be set 

to unreported (code = 0). Nevertheless, all the uncertainties are re- 

ported in the supplementary materials [34] in the columns labelled 

DPL-err . In the supplementary materials [34] , we also provide the 

source ab initio data that were used to generate the DPL dataset, 

i.e., the generalized spectroscopic cross sections and line-shape pa- 

rameters as a function of temperature. 

5. Conclusion 

We demonstrated a methodology for populating line-by-line 

spectroscopic databases with beyond-Voigt line-shape parameters 

that is based on ab initio quantum scattering calculations. We pro- 

vided a comprehensive dataset for the benchmark system of He- 

perturbed H 2 (we cover all the rovibrational bands that are present 

in HITRAN). We extended the previous quantum-scattering calcu- 

lations by taking into account the centrifugal distortion for all the 

bands and by including the hot bands. The results were projected 

on a simple structure of the quadratic speed-dependent hard- 

collision profile. For each line and each line-shape parameter, we 

provided a full temperature dependence within the double-power- 

law (DPL) representation. The temperature dependences cover the 

range from 20 to 10 0 0 K, which also includes the low tempera- 

tures relevant for the studies of the atmospheres of giant plan- 

ets. We demonstrated that the synthetic spectra generated from 

our dataset agree with highly accurate experimental spectra col- 

lected with cavity ring-down spectrometers at a subpercent accu- 

racy level. The methodology can be applied to many other molec- 

ular species important for atmospheric and planetary studies. 
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a , Franck Thibault b , 
Piotr Wcisło 

a 

a Institute of Physics, Faculty of Physics, Astronomy and Informatics, Nicolaus Copernicus University, Grudzia ̧ dzka 5, Toru ́n, 87–100, Poland 
b Univ Rennes, CNRS, IPR (Institut de Physique de Rennes)-UMR 6251, F-350 0 0 Rennes, France 

a r t i c l e i n f o 

Article history: 

Received 12 July 2021 

Revised 26 August 2021 

Accepted 27 August 2021 

Available online 28 August 2021 

Keywords: 

HD 

He 

HITRAN 

Line–shape parameters 

Beyond-Voigt 

Quantum scattering 

a b s t r a c t 

We report a comprehensive dataset of beyond-Voigt line-shape parameters (pressure broadening and 

shift coefficients, their speed-dependences, and the complex Dicke parameters) for all electric dipole and 

quadrupole transitions within the ground electronic state in He-perturbed HD that are present in the 

HITRAN database. The parameters are determined from generalized spectroscopic cross-sections which 

we obtain by solving ab initio quantum scattering problem using the close-coupling formulation and the 

state-of-the-art potential energy surface of the HD-He interaction. We parametrize the temperature de- 

pendence of the line-shape parameters with double-power-law representation (DPL), recommended for 

the HITRAN database. Comparison with the analogous results for the H 2 -He system reveals a strong iso- 

topologue dependence. 
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1. Introduction 

Due to its abundance in the Universe, molecular hydrogen is an 

object of interest in various fields. Because of its simplicity, it is a 

benchmark system for testing ab initio quantum chemistry calcu- 

lations [1,2] and quantum electrodynamics for molecules [3,4] . De- 

spite its small natural abundance, the HD isotopologue is notable 

in spectroscopy of gas giants’ atmospheres due to the presence of 

permanent dipole moment, and thus, dipole transitions, the inten- 

sities of which are much larger than those of weak quadrupole 

lines in H 2 . HD also possesses a smaller rotational constant than 

H 2 which entails smaller rotational spacing of the energy levels. 

Those two facts result in the potential domination of HD molecules 

in the process of primordial gas cooling under specific physical 

conditions [5] . The D/H ratios, which are mainly obtained from 

measurement of abundances of H 2 and HD, are also essential indi- 

cators of planetary formation and evolution [6,7] . For precise mea- 

surements, a list of accurate values of line-shape parameters is cru- 

cial [6,8] . For some observations [6] , it turns out that the errors 

∗ Corresponding author. 

E-mail addresses: stankiewiczkamil98@gmail.com (K. Stankiewicz), 

piotr.wcislo@umk.pl (P. Wcisło). 

in the analysis can be dominated by the uncertainties of self- and 

helium-perturbed line-shape parameters. 

A mixture of molecular hydrogen and atomic helium is the 

main constituent of the atmospheres of gas giants in the Solar Sys- 

tem. It is also predicted to be a dominant component of atmo- 

spheres of some types of exoplanets [9] . Thus, the relevant col- 

lisional systems, for which line-shape parameters are sought af- 

ter, are: H 2 - H 2 , H 2 -He, HD- H 2 , and HD-He. The importance of the 

beyond-Voigt line-shape parameters was widely discussed in pre- 

vious studies [10–18] . Populating the entire database of the line- 

shape parameters for a large number of transitions and differ- 

ent thermodynamical conditions with experimentally determined 

values is a very challenging task. Not only is it hard because 

of the wide spectral range of transitions and different measure- 

ments’ conditions but also due to strong numerical correlations 

between the line-shape parameters [19] . This problem was ad- 

dressed by the implementation of a method that allows obtain- 

ing accurate line-shape parameters through ab initio quantum scat- 

tering calculations. The method has been already used for thor- 

ough examination of the H 2 -He system [1,20,21] , which resulted 

in the first comprehensive dataset of beyond-Voigt line-shape pa- 

rameters [19] which covers all electric rovibrational transitions 

within the ground electronic level that are present in the HITRAN 
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database [22] for a wide range of temperatures. The results of 

those ab initio calculations were successfully experimentally ver- 

ified for several lines [19,23,24] . In the case of the HD-He sys- 

tem, the line-shape parameters for several rotational lines were 

investigated theoretically and experimentally [25] and calculations 

for several dozens of dipole rovibrational transitions were con- 

ducted [26] . 

In this work, we utilize the method of obtaining the collisional 

line-shape parameters through ab initio quantum scattering cal- 

culations that was presented in Ref. [19] , to populate all electric 

dipole and quadrupole transitions within the ground electronic 

state that are present in the HITRAN database for He-perturbed 

HD. Using the state-of-the-art potential energy surface obtained 

through quantum chemical calculations [1,2] we solve the quan- 

tum scattering problem by adopting the close-coupling formulation 

and obtain the scattering matrices. They are used to calculate the 

generalized spectroscopic cross-sections (GSXS) which are utilized 

to derive line-shape parameters that describe pressure broaden- 

ing, shift, their speed-dependences, and the effect of the velocity- 

changing collisions. Temperature dependences of the line-shape 

parameters are expressed using the double-power-law (DPL) repre- 

sentation, which is the recommended parametrization for the HI- 

TRAN database [27] . Section 2 provides the details of the calcula- 

tions. In Section 3 , we discuss the dependences of the GSXS and 

line-shape parameters on the vibrational band, initial rotational 

level, and the performance of the DPL parametrization. For com- 

pleteness, we interpolate and extrapolate our large set of ab ini- 

tio calculated line-shape parameters to populate all electric dipole 

and quadrupole rovibrational transitions within the ground elec- 

tronic state that are present in the HITRAN database. We also com- 

pare our results with the ones presented in Ref. [19] for the H 2 -He 

system. We observe a strong isotopologue dependence which is in 

contradiction to the results measured for more massive molecules. 

The GSXS and ab initio values of line-shape parameters for calcu- 

lated lines, as well as DPL coefficients, are provided in the supple- 

mentary material [28] . 

2. Calculations 

This section presents the methodology used to obtain the line- 

shape parameters from ab initio calculations for a collisional sys- 

tem consisting of a diatomic molecule and a structureless atom. 

Section 2.1 describes how to determine the line-shape parameters 

from the GSXS and Section 2.2 briefly explains the process of ob- 

taining GSXS through quantum scattering calculations. 

2.1. Line shape parameters 

The pressure broadening and shift of the spectral line may 

be described by the pressure broadening γ (v ) and pressure shift 

δ(v ) coefficients which are functions of the speed, v , of the active 

molecule (the coefficients also depend on the temperature but for 

short we do not write it explicitly). They may be obtained from 

first principles by calculating the generalized spectroscopic cross- 

section, σ q 
0 

, (which is described in the next subsection) and av- 

eraging it over the velocity distribution of relative motion of the 

active molecule and the perturber [29–31] : 

γ (v ) + i δ(v ) = 

1 

2 πc 

1 

k B T 

2 √ 

π v̄ p v 
×∫ ∞ 

0 

v 2 r exp 

(
−v 2 + v 2 r 

v̄ 2 p 

)
sinh 

(
2 vv r 
v̄ 2 p 

)
σ q 

0 
(v r ) dv r , 

(1) 

where v r is the relative speed of colliding partners, v̄ p is the most 

probable speed of the perturber, k B is the Boltzmann constant, c is 

the speed of light, and T denotes temperature. 

For most applications, it is inconvenient to store the full speed- 

dependence of γ (v ) and δ(v ) and use it in the data analysis. 

For this reason the new HITRAN DPL format [19,27] adopts their 

quadratic approximation [32,33] : 

γ (v ) + iδ(v ) ≈ γ0 + iδ0 + (γ2 + iδ2 ) 

(
v 2 

v 2 m 

− 3 

2 

)
, (2) 

where v m 

denotes the most probable speed of the absorber. γ0 

and δ0 are the speed-averaged pressure broadening and shift co- 

efficients, which can be calculated directly from [11,27] : 

γ0 + i δ0 = 

1 

2 πc 

1 

k B T 
〈 v r 〉 

∫ ∞ 

0 

xe −x σ q 
0 
(xk B T ) dx, (3) 

where x = E kin /k B T , E kin is the relative kinetic energy of the colli- 

sion partners and 〈 v r 〉 is the mean value of their relative speed. 

Alternatively, γ0 and δ0 may be obtained by averaging Eq. (2) over 

the Maxwell-Boltzmann distribution of the absolute speed at given 

temperature, T . Parameters γ2 and δ2 are obtained by imposing the 

condition that the slopes of the actual speed-dependence and the 

quadratic approximation are equal at the most probable absorber 

speed, v m 

: 

2 

v m 

(γ2 + iδ2 ) = 

d 

dv 
(γ (v ) + iδ(v )) | v = v m . (4) 

Using this condition together with Eqs. (1) and (2) one can write 

explicit formula for γ2 and δ2 [19] : 

γ2 + iδ2 = 

1 

2 πc 

1 

k B T 

v p √ 

π
e −y 2 ×∫ ∞ 

0 

(
2 z cosh (2 zy ) −

(
1 

y 
+ 2 y 

)
sinh (2 zy ) 

)
×

z 2 e −z 2 σ q 
0 
(z v p ) dz, 

(5) 

where y denotes the v m 

/ ̄v p ratio and z is equal to v r / ̄v p . 
The impact of velocity-changing collisions is quantified by the 

complex Dicke parameter ˜ νopt , which is also known as the optical 

frequency of the velocity-changing collisions. It can be calculated 

as: 

˜ νopt = ̃

 νr 
opt + i ̃  ν i 

opt = 

1 

2 πc 

1 

k B T 
〈 v r 〉 M a ×∫ ∞ 

0 

xe −x 
[ 

2 

3 

xσ q 
1 
(xk B T ) − σ q 

0 
(xk B T ) 

] 
dx, 

(6) 

where M a = 

m p 

m a + m p 
, m a and m p are the masses of the active 

molecule and the perturber and σ q 
1 

is the Dicke cross-section. 

Altogether, we report six collisional line-shape parameters: γ0 , 

δ0 , γ2 , δ2 , ̃  νr 
opt 

˜ ν i 
opt , and we provide their temperature dependences 

using the double-power-law (DPL) [27] format, recommended for 

the HITRAN database [22] : 

γ0 (T ) = g 0 (T re f /T ) n + g ′ 0 (T re f /T ) n 
′ 
, 

δ0 (T ) = d 0 (T re f /T ) m + d ′ 0 (T re f /T ) m 

′ 
, 

γ2 (T ) = g 2 (T re f /T ) j + g ′ 2 (T re f /T ) j 
′ 
, 

δ2 (T ) = d 2 (T re f /T ) k + d ′ 2 (T re f /T ) k 
′ 
, ˜ νr 

opt (T ) = r (T re f /T ) p + r ′ (T re f /T ) p 
′ 
, ˜ ν i 

opt (T ) = i (T re f /T ) q + i ′ (T re f /T ) q 
′ 
, 

(7) 

for T re f = 296 K . The ab initio values of the line-shape parameters 

are calculated at different temperatures ranging from 20 to 10 0 0 K 

and then projected on the DPL representation. Due to its impo- 

trance from the perspective of the gas giants’ atmospheric observa- 

tions, we prioritized the temperature range between 50 and 200 K 

by applying weights magnified tenfold in the fitting procedure. 

2.2. Generalized spectroscopic cross-sections 

In order to obtain the GSXS, one needs to solve the Schrödinger 

equation for the atom-molecule scattering problem and find the 

2 
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scattering matrices describing the completed collision process. 

The problem may be addressed through the close-coupling for- 

mulation [34,35] . In the case of collision between a diatom 

molecule and a structureless atom, the potential energy surface 

(PES), V (R, r, θ ) , depends only on three variables – R , which is 

the distance between the atom and the center of mass of the 

molecule, r, which is the internal distance between the nuclei in 

the molecule, and θ , which is the angle between the molecular 

axis and the axis connecting the atom with the center of mass 

of the molecule. In our calculations, we use the current state-of- 

the-art BSP3 PES [1] which is an upgraded version of the Bakr, 

Smith, Patkowski PES [2] . Because this PES is calculated within 

the Born-Oppenheimer approximation, it may be used to describe 

the HD-He interaction by simply shifting the center of mass of the 

molecule. The dependence on θ is separated by expanding the po- 

tential in terms of Legendre polynomials: 

V (R, r, θ ) = 

ξmax ∑ 

ξ=0 

v ξ (R, r) P ξ ( cos θ ) . (8) 

In our calculation, we truncate the expansion at ξmax = 6 which 

gives accurate results due to the small anisotropy of the sys- 

tem [25] . The PES is further expanded in terms of radial molecular 

wavefunctions χv , j (r) of the HD molecule to separate the depen- 

dence on r and obtain the radial coupling potential terms: 

A ξ , v , j, v ′ , j ′ (R ) = 

∫ ∞ 

0 

χv ′ , j ′ (r ) v ξ (R, r ) χv , j (r ) dr, (9) 

We neglect any vibrational coupling, thus for all non-zero radial 

terms v = v ′ . Usually, for rovibrational transitions, the centrifu- 

gal distortion coming from the difference in the shape of radial 

molecular wavefunctions for different j is neglected [20] which re- 

sults in the assumption that j = j ′ = 0 . However, it was shown re- 

cently [26] that in the case of such a light molecule as HD, the 

centrifugal distortion cannot be disregarded if one seeks a sub- 

percent accuracy, especially for transitions that include higher ro- 

tational levels. 

The quantum scattering calculations are performed using the 

BIGOS code [36] for kinetic energies ( E kin ) ranging from 0.1 cm 

−1 

to 90 0 0 cm 

−1 . Propagation is carried out between 0.1 and 

200 a 0 using the renormalized Numerov’s algorithm [37] and log- 

derivative method [38] . Based on calculations for one transition, 

we determine the value of numerical parameters – propagator’s 

step and the number of closed channels (i.e rovibrational levels in 

the basis, the energy of which is higher than the total energy of 

the system) such that they provide sub-percent accuracy for the 

relevant range of E kin . The determined step of the propagator de- 

pends on the energy of the collision, and the number of closed 

channels is set to 3 (see Section 4 from Ref. [26] ). Using bound- 

ary conditions imposed on the wavefunction of the system one 

can obtain the scattering matrix [39] and use it to calculate the 

GSXS [40,41] : 

σ q 

λ
(v i , j i , v f , j f ; E kin ) = 

π
k 2 

∑ ∞ 

J i ,J f ,l ,l 
′ , ̄l , ̄l ′ i 

l −l ′ −l̄ + ̄l ′ 

×(−1) l −l ′ −l̄ + ̄l ′ [ J i ] 
[
J f 
]√ 

[ l ] [ l ′ ] 
[
l̄ 
][

l̄ ′ 
]( l l̄ λ

0 0 0 

)
×
(

l ′ l̄ ′ λ
0 0 0 

)[ 

j i j i l̄ l̄ ′ 
j f l j f l ′ 
q J f J i λ

] 

[ δl l ′ δl̄ ̄l ′ 

−〈 v i j i l ′ | S J i (E T i ) | v i j i l 〉 〈 v f j f ̄l ′ | S J f (E T f ) | v f j f ̄l 〉 
∗
] . 

(10) 

In the equation above v i , j i , v f , j f denote the initial and final states 

of the optical transition. J i and J f are the total angular momenta 

associated with the initial and final spectroscopic levels, E T i , E T f 
are the total energies of the system in the initial and final spec- 

troscopic states, k is the wavenumber corresponding to the initial 

kinetic energy, l is the relative angular momentum and E kin is the 

relative kinetic energy which is the same in both initial and final 

states of transition. The symbol [ x ] stands for (2 x + 1) , the matrix 

written in square brackets is the Wigner 12-j symbol of the sec- 

ond kind, the matrices in the parenthesis are Wigner 3-j symbols, 

and q denotes the rank of the radiation-matter interaction tensor. 

For quadrupole lines q = 2 and for dipole lines q = 1 . The real and 

imaginary parts of σ q 
0 

are the pressure broadening and pressure 

shift cross-sections (PBXS and PSXS, respectively) [42–44] while σ q 
1 

is the complex Dicke cross-section [40,44,45] , the real and imagi- 

nary parts of which are denoted by RDXS and IDXS, respectively. 

3. Results 

The full procedure described in the previous section is con- 

ducted for all electric dipole and quadrupole transitions within the 

ground electronic state for which both the initial and final lev- 

els of the HD molecule are described by vibrational levels 0 to 5 

and 8, and rotational levels from 0 to 6 and 9 to 11, including hot 

bands. Such a wide range of vibrational and rotational states al- 

lows us to obtain results containing all the most important and the 

strongest transitions as well as a great number of weaker ones. For 

each of these transitions, we obtain the GSXS at E kin of HD-He rel- 

ative motion ranging from 0.1 to 90 0 0 cm 

−1 . The GSXS are used to 

obtain the line-shape parameters as described in Section 2.1 . The 

temperature dependence of the latter is projected onto the DPL 

structure [19,27] . The GSXS, the values of line-shape parameters, 

and the DPL coefficients are provided in the supplementary ma- 

terials [28] . This work extends the ab initio calculations reported 

in Ref. [26] by the inclusion of the quadrupole transitions, provid- 

ing speed-dependence parameters, γ2 and δ2 , performing some ad- 

ditional calculations for transitions involving higher j and ν , and 

expressing the temperature dependence of line-shape parameters 

with convenient DPL parametrization for the database application. 

For completeness, to populate all lines within the ground elec- 

tronic state that are present in the HITRAN database [22] with 

beyond-Voigt line-shape parameters, we extrapolate our ab ini- 

tio results of the line-shape parameters obtained from calculated 

GSXS. We also compare our results with calculations for H 2 -He 

system [19] and observe a strong isotopologue dependence be- 

tween them. 

3.1. Quantum scattering calculations 

In this section, we present the results of our quantum scatter- 

ing calculations for selected transitions. We also discuss the differ- 

ence between GSXS for H 2 -He and HD-He collisional systems on 

the example of several selected lines. 

Fig. 1 shows examples of the GSXS for the cases of the O(2), 

Q(1), and S(0) lines for different vibrational bands, as a function of 

the relative kinetic energy of HD-He motion. In the case of dipole 

lines, a similar presentation was already published and discussed 

in Ref. [26] . In each panel, the GSXS are compared between vibra- 

tional bands from 1-0 to 5-0 and 8-0. 

Both the PSXS and IDXS change their signs as the relative ki- 

netic energy increases. The reason for this behavior in the case 

of the PSXS was presented in Ref. [21] and related to the fact 

that collisions occurring at different relative kinetic energies probe 

different regions of the PES. For each rovibrational transition in 

every branch, the change of the PSXS sign occurs at similar E kin 

around 10 to 30 cm 

−1 . For the IDXS the change can be observed at 

E kin around 150 to 300 cm 

−1 . Near the energy at which the PSXS 

changes its sign, the PBXS reaches its minimum. 

It can be seen that the values of the PBXS, RDXS as well as 

the absolute values of the PSXS and IDXS increase with the vi- 

brational band. For the RDXS, such behavior becomes noticeable 
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Fig. 1. The PBXS, PSXS, RDXS, and IDXS compared between vibrational bands as a function of the relative motion of HD and He for the O(2), Q(1), and S(0) lines. The inelastic 

contribution to the PBXS is represented by colored dashed lines in the upper panel. The dashed gray lines in the second row show the Maxwell-Boltzmann distributions at 

10 K, 77 K, and 296 K. 

at E kin higher than around 200 cm 

−1 . In the case of the PSXS, 

such behavior is seen at K.E higher than around 10 cm 

−1 . This de- 

pendence on the vibrational band results from two phenomena. 

Firstly, a significant contribution to the PBXS and PSXS for rovi- 

brational transitions comes from rovibrational dephasing. It mainly 

originates from the difference in the isotropic part of the PES in 

the initial and final molecular state, which increases with the dif- 

ference between initial and final vibrational levels. Secondly, the 

rotational spacing of energy levels decreases with increasing vibra- 

tional state, which enlarges the inelastic contribution to the cross- 

section. It can be easily separated for the PBXS and is marked by 

colored dashed lines in Fig. 1 . 

One may notice that for some lines a sharp change of the GSXS 

can be observed at a certain E kin This is caused by the opening 

of the first inelastic energy channel in the initial or final molecu- 

lar state of the optical transition. The opening occurs when the ki- 
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Fig. 2. Comparison of the PBXS and PSXS in HD-He and H 2 -He collisional systems for several selected transitions. Starting from the left panels transitions 1-0 S(0), 5-0 S(0), 

1-0 Q(1) and 5-0 Q(1) are shown. The dashed lines correspond to the inelastic contribution to the pressure broadening cross-section. 

netic energy of the relative motion becomes high enough to induce 

collisional rotational excitation of the molecule. This may result in 

a rapid change of the inelastic part of the cross-section. The fact 

that the rotational constant decreases with the vibrational quan- 

tum number explains why the PBXS of O lines split at slightly dif- 

ferent E kin (see also Figure 1 and discussion about the P v (1) and 

R v (0) lines in Ref. [26] ). 

In Fig. 2 , a comparison of the PBXS and PSXS between selected 

quadrupole lines in the HD-He and H 2 -He collisional systems are 

presented. The values of the GSXS for the H 2 -He system are taken 

from Ref. [19] . One can immediately notice that in the case of tran- 

sitions belonging to the fundamental band, the PBXS for the H 2 -He 

system is significantly smaller than in the case of the HD-He sys- 

tem. The difference comes mainly from the inelastic part of the 

PBXS, which is a dominant component of the cross-sections for the 

HD molecule and is significantly greater than the inelastic contri- 

bution in the case of H 2 . This is further magnified at low K.E in 

the Q(1) line, where the inelastic contribution is exactly zero for 

the H 2 molecule. The elastic part generally exhibits a smaller dif- 

ference between the two systems. The behavior of inelastic con- 

tribution is explained as follows. Firstly, the energy spacing be- 

tween rotational levels is larger in the H 2 than in the HD iso- 

topologue. Secondly, the collisions do not induce transitions be- 

tween even and odd rotational levels for H 2 , since they cannot 

change the nuclear spin of the molecule. In contrast, the leading 

anisotropic component of the HD-He PES, the A ξ=1 , v , j, v ′ , j ′ term, al- 

lows � j = | j f − j i | = 1 transitions. 

The situation is different for transitions between states for 

which the difference in vibrational level �ν = ν f − νi is large. In 

such cases, the dominance of the PBXS cross-section value of HD 

over H 2 is not that pronounced, because the elastic part of the 

PBXS starts to play a more important role, as the difference be- 

tween initial and final molecular wavefunction becomes larger. 

This can be seen in the panels from the second and fourth columns 

in Fig. 2 . Generally, the elastic part of the PBXS is larger for HD 

molecule at lower K.E range and smaller at higher E kin This sug- 

gests a larger difference between the initial and final states in 

terms of the repulsive part of the PES of hydrogen-helium in- 

teraction as the high-energy collisions probe the repulsive short- 

range of the PES. For some transitions between states that dif- 

fer significantly in terms of ν and j, in a certain E kin range, the 

value of the PBXS in H 2 -He system may become larger than in the 

HD-He system. Finally, the PSXS is similar for the two collisional 

systems. 

3.2. Dataset of beyond-Voigt line-shape parameters 

In this section, we describe the final result of our work, i.e., 

the comprehensive dataset of the beyond-Voigt spectral line-shape 

parameters of HD perturbed by He. Our dataset covers all the 

11 575 rovibrational lines present in the HITRAN database, includ- 

ing electric dipole transitions from the P and R branches, as well 

as the O, Q, and S electric quadrupole lines. We perform the ab 

initio calculations described in Section 2 to obtain the line-shape 

parameters for the basic set of 875 transitions at temperatures 

spanning from 20 to 10 0 0 K. Our calculations are based on the 

cross-sections which are provided in the supplementary materi- 

als to this work [28] . The data for the remaining 10 700 lines 

(the majority belong to the hot-band lines) comes from interpo- 

lation and extrapolation of the data from our basic set. Let us de- 

note a given transition as X( j ′′ ) ν′ - ν′′ , where X ∈ {O, Q, P, R, S} 

denotes the branch, j ′′ is the rotational quantum number of the 

initial state, and ν ′ and ν′′ are the final and initial vibrational 

states, coupled by the transition. We also denote �ν = ν ′ − ν′′ . Us- 

ing this notation, let us describe our interpolation and extrapola- 

tion scheme with the following steps (note that after each step 

the interpolated and extrapolated lines are appended to the basic 

set). 

• if there are at least three lines with the same X, ν ′ and ν′′ in 

our initial dataset, we use a second-order polynomial to inter- 

polate the missing lines as a function of j ′′ , up to the highest 

j ′′ = j ′′ max from our basic set. For j ′′ > j ′′ max we copy the dataset 

entries of X( j ′′ max ) ν
′ - ν′′ lines. 

• If there are at least three lines with the same X, j ′′ and ν′′ , we 

use a second-order polynomial to interpolate the missing lines 

in the function of ν ′ , up to the highest ν ′ = ν′ 
max from our basic 
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set. For ν ′ > ν′ 
max we copy the dataset entries of X( j ′′ ) ν′ 

max - ν
′′ 

lines. 
• For each X and j ′′ we select the lines with the lowest �ν = 

�νmin (i.e., 1-0, 2-1, 3-2... for the O, P and Q branches and 0- 

0, 1-1, 2-2... for the R and S branches). We extrapolate these 

subsets with a second-order polynomial in the function of ν ′′ 
to obtain entries for the high hot bands with �ν = �νmin . 

• For each X and j ′′ we approximate the missing hot band entries 

maintaining constant distances between different subsets with 

the same �ν , i.e., X( j ′′ ) ν′ − ν′′ = X( j ′′ ) �ν - 0 - X( j ′′ ) �νmin - 

0 + X( j ′′ ) (ν′′ + �νmin ) - ν
′′ (for example S(0) 4-2 = S(0) 2-0 - 

S(0) 0-0 + S(0) 2-2). 

The above interpolation and extrapolation scheme is repeated 

for every considered temperature. We apply the DPL representation 

defined by Eqs. (7) to represent the temperature dependences in a 

form adopted in the HITRAN database [27] and recently applied for 

the H 2 -He system [19] . We perform a weighted fitting procedure in 

the 20 − 10 0 0 K temperature range, prioritizing the range between 

50 and 200 K (see the gray-shaded areas in Fig. 3 ). 

Fig. 3 presents examples of the DPL representation applied to 

the cases of two purely rotational lines, S(0) and R(0) from 0-0 

band, and two rovibrational lines, Q(1) 1-0 and R(1) 1-0. The gen- 

eral performance of DPL is satisfying and comparable with the one 

presented in Ref. [27] on an example of a few collisional systems. 

As noticed in Refs. [19,27] , DPL works the best when the temper- 

ature dependence of the line-shape parameters is monotonic, and 

its performance is worse when sharp extrema are present as can 

be seen in Fig. 3 . 

The highest discrepancy can be observed for the δ2 parameter 

of the S(0) 0-0 line. However, as shown in Ref. [24] for H 2 iso- 

topologue, the neglection of the speed-dependence effect, which 

for this molecule has an exceptionally high impact, introduces a 

change of the line-shape up to a level of a few percent. Thus, in 

the most important temperature region and its proximity, apply- 

ing the DPL is expected to cause, at most, sub-percent change of 

the line-shape due to inaccuracy of δ2 representation. Good per- 

formance of the DPL approximation in the case of the ˜ νr 
opt may be 

related to the fact that it can be quite accurately determined from 

the diffusion coefficient which satisfies the power law temperature 

dependence [27] . Comparison with analogous results calculated for 

H 2 -He collisional system [19] leads to the observation that both 

isotopologues H 2 and HD portray similar dependence of the line- 

shape parameters on temperature. 

The dependences of the line-shape parameters on the vibra- 

tional band and initial rotational level of the transition are shown 

in Fig. 4 . We present the parameters at two temperatures – 150 K 

and 296 K. For comparison, in the case of γ0 and δ0 , we also in- 

clude the data for the H 2 -He collisional system at 296 K [19] . Con- 

trarily to the results obtained for more massive species, such as 

self- or foreign-gas-perturbed CO, SO 2 and OCS [46–49] , the differ- 

ence between the results for H 2 and HD is pronounced. Therefore 

we question the ”isotopic invariance” paradigm by demonstrating 

strong isotopologue dependence of the line-shape parameters. 

The differences between vibrational bands are clearly visible for 

γ0 and δ0 , as both parameters increase with the final vibrational 

level ν′ . This behavior is expected, since γ0 and δ0 are proportional 

to the averaged values of the PBXS and PSXS which, in general, in- 

crease with the vibrational band. The difference between the PBXS 

for the two isotopologues, shown in Fig. 2 , is directly manifested 

in differences between pressure broadening coefficients in Fig. 4 . 

For the bands with lower ν ′ , γ0 in HD is dominated by the inelas- 

tic contribution at 296 K. Hence, γ0 is much larger for HD than 

for H 2 , for which the inelastic contribution is considerably reduced 

due to the lack of collision-induced transitions between para- and 

ortho- H 2 and larger rotational spacing. In the case of the S(0) 0- 

0 line, γ0 for HD is more than ten times larger than for the H 2 

molecule. As the ν ′ increases, the elastic contribution that comes 

mainly from the difference in radial coupling terms of the poten- 

tial in the initial and final states becomes more important and γ0 

in H 2 becomes even slightly larger than in HD. 

The dependences of γ2 and δ2 on the vibrational band mir- 

ror the dependences of γ0 and δ0 – they become larger as the 

speed-averaged pressure broadening and shift increase. The real 

and imaginary part of the Dicke coefficient ˜ νopt , in turn, decrease 

with the vibrational band. Although the RDXS and the absolute 

value of IDXS grow with ν ′ , the velocity-changing effect is cor- 

related with coherence damping and dephasing and, as it can be 

seen in Eq. (6) for the Dicke parameter, σ q 
0 

cross-section is in- 

cluded in the equation. 

The pressure broadening coefficient decreases with the initial 

rotational number j ′′ due to the fact that each subsequent ro- 

tational level differs increasingly in energy in accordance to the 

quadratic relation E j ′′ = B j ′′ ( j ′′ + 1) . This behavior was also ob- 

served before in many collisional systems [50–52] . For purely ro- 

tational lines, γ0 drops to nearly zero as j ′′ increases because the 

elastic contribution, emerging from the difference of initial and fi- 

nal molecular wavefunctions, is very low (for pure rotational lines, 

the vibrational state is the same and only a slight role is played 

by centrifugal distortion), and because the states with higher j ′′ 
are less sensitive to the elastic effects coming from the attractive 

part of a PES. In the case of H 2 molecule, γ0 coefficient is very 

small thus the dependence on j ′′ is not well pronounced. For rovi- 

brational bands in HD, γ0 generally also decrease with j ′′ , but as 

it can be seen in Ref. [19] for H 2 it is not always the case. As 

an example, for the Q branch of the 2-0 band, γ0 is not mono- 

tonic at the beginning and for higher j ′′ it has a nearly constant 

value. Thus, it is another manifestation of the isotopologue depen- 

dence. Again, the δ2 and γ2 coefficients mirror the dependence 

of γ0 and δ0 . Due to the relatively low value of γ0 for purely 

rotational lines and nearly transition independent RDXS, the real 

part of Dicke parameter ˜ νr 
opt is almost constant with j ′′ . Compar- 

isons of ab initio calculations with available experimental data can 

be found in Refs. [25,26] . There is a need for accurate measure- 

ments of the line-shape for rovibrational transitions for further 

validation. 

To estimate the uncertainties of our ab initio results, we per- 

form some additional calculations for the R(0) line of the 1-0 band 

at temperatures 77 K, 195 K, and 296 K, and investigate how the 

variation of the PES and dynamical numerical parameters of the 

propagation process (the initial and final points of the propagation, 

the propagation step and the number of asymptotically closed en- 

ergy channels) affect the value of the ab initio coefficients. Conser- 

vative estimations show that the uncertainty of the used PES [1] is 

not greater than 1 % [21] . Thus, we repeat the calculation using po- 

tential radial terms multiplied by 1.01 and for the considered cases 

the highest obtained deviation is 0.45 %. The convergence of our 

calculations with the dynamical numerical parameters is obtained 

as follows. We set the initial and the final points of the propa- 

gation, R min and R max , the number of propagation steps, and the 

number of asymptotically closed energy channels such that only a 

sub-percent deviation of the line-shape parameters is introduced 

upon halving of R min and R max , doubling the number of propaga- 

tion steps and adding the next asymptotically closed energy level. 

In total, we estimate the uncertainty of the calculated parameters 

at 0.6 %. It should be noted that in the case of interpolated and 

extrapolated parameters for the weaker transitions the deviation 

may be higher. There is also a second type of uncertainty origi- 

nating from the DPL approximation (estimated by the root mean 

square error in the prioritized temperature range). The total com- 

bined uncertainty of each parameter is provided in the supplemen- 

tary materials in the column DPL-err [28] . 
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Fig. 3. Temperature dependences of the six collisional line-shape parameters, γ0 , δ0 , γ2 , δ2 , ̃  νr 
opt and ̃  νi 

opt , for the four sample lines of HD perturbed by He. The black and 

green lines are the ab initio values and DPL representations, respectively. Each large graph is accompanied by a small one, presenting the residuals of the DPL fits. The vertical 

axes for all the panels (including residuals) are in 10 −3 cm 

−1 atm 

−1 . The gray-shaded areas indicate the temperature range prioritized in the DPL fits. (For interpretation of 

the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 4. Examples of the vibrational and rotational dependences of the six line-shape parameters reported in our dataset. Red and black dots correspond to the line-shape 

parameters for HD-He system at 150 K and 296 K, respectively. For comparison, we also added values of the line-shape parameters for the H 2 -He system at T = 296 K 

marked by gray dots. All the parameters are expressed in units of 10 −3 cm 

−1 atm 

−1 . The values of the line-shape parameters shown in this plot are not directly taken from 

ab initio calculations, but reconstructed from the DPL relations, Eqs. (7) , based on the coefficients from our dataset. 

4. Conclusion 

Using the methodology presented in Ref. [19] to we performed 

accurate ab initio quantum scattering calculations, obtaining gener- 

alized spectroscopic cross-sections and line-shape parameters for 

electric dipole and quadrupole transitions within the ground elec- 

tronic state for He-perturbed HD. The line-shape parameters de- 

scribe the pressure broadening and shift, γ0 , δ0 , and the most 

important beyond-Voigt effects, the speed-dependences of γ0 , δ0 

through quadratic approximation, γ2 , δ2 , and the velocity-changing 

collisions through the complex Dicke parameter ˜ νopt . Temperature 

dependences of the line-shape parameters were expressed by the 

double-power-law representation recommended for the HITRAN 

database. Calculations of generalized spectroscopic cross-sections 

were performed in kinetic energy range from 0.1 to 90 0 0 cm 

−1 and 

line-shape parameters were obtained at temperatures from 20 to 

10 0 0 K which is the relevant range for investigations of gas giants 

and exoplanets atmospheres. The ab initio results cover all transi- 

tions including hot bands which involve vibrational levels from 0 

to 5 or 8 and rotational levels from 0 to 6 and 9 to 11. Such a wide 

range was fully sufficient for populating all strongest and most im- 

portant transitions and a great number of weaker ones. The values 

for exotic lines were obtained by interpolation and extrapolation 

of our ab initio results. This allowed us to populate all 11 575 rovi- 

brational lines present in the HITRAN database. Comparison with 

values for H 2 -He system led to the observation of strong isotopo- 

logue dependence for hydrogen molecule and helium atom system 

which arises mainly from the limitation of inelastic contribution in 

the case of H 2 . Calculated generalized spectroscopic cross-sections, 

line-shape parameters, and double-power-law coefficients are pro- 

vided in the supplementary material [28] . 

In principle, our methodology can be readily applied to any di- 

atomic molecule in a 1 � electronic state interacting with a struc- 

tureless atom. Similar calculations could also be done for not too 

massive linear molecules interacting with an atom, for example, 

C 2 H 2 -Ne [53] . For simple diatomic or linear molecules manifest- 

ing fine [54] or hyperfine structure [55] , the theory (for recoupling 

the various angular momenta) exists and could be used to produce 

line-shape parameters for selected lines. Usually, the main prob- 

lem which one needs to overcome during the calculations for more 

massive systems is the increased size of the basis caused by the 

fact that more massive molecules have lower rotational constants, 

and thus, their rotational levels are less energetically separated. 

Nevertheless, such calculations could be handled for selected lines 

of various rovibrational bands by neglecting the rovibrational cou- 

plings, i.e. the potential centrifugal distortion. One may also limit 

the calculations to the transitions that do not involve high vibra- 

tional bands. 

For two interacting diatomic or linear molecules calculations 

become more challenging. However, numerous attempts have been 

already conducted within the above limitations for selected tran- 

sitions. The examples of these are molecules in dihydrogen baths 

such as CO- H 2 [56] , N 2 - H 2 [57] or C 2 H 2 - H 2 [58,59] . Recently, 

successful attempts were performed for some collisional partners 

relevant from the perspective of Earth’s atmosphere studies –

Ar-perturbed CO [60] , N 2 -perturbed CO [61,62] and N 2 -perturbed 

O 2 [63] (the last work is also an example of application of the 

method for an active molecule with non-zero spin). 

The problem of a large rotational basis may be addressed 

through the use of various approximations such as the coupled 

state approximation [61] or its improved version that includes the 

nearest neighbor Coriolis coupling [64] . The efficiency of these ap- 

proximations should be more deeply investigated in the future. For 

some systems, the limitation of the method may be imposed by 

the absence of sufficiently accurate potential energy surfaces in- 

cluding the vibrational dependence of the active molecule. 
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2 Faculty of Chemistry, Nicolaus Copernicus University in Toruń, Gagarina 7, 87-100 Toruń, Poland
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ABSTRACT

Context. The hydrogen deuteride (HD) molecule is an important deuterium tracer in astrophysical studies. The atmospheres of gas
giants are dominated by molecular hydrogen, and the simultaneous observation of H2 and HD lines provides reliable information on
the D/H ratios on these planets. The reference spectroscopic parameters play a crucial role in such studies. Under the thermodynamic
conditions encountered in these atmospheres, spectroscopic studies of HD require not only the knowledge of line intensities and
positions but also accurate reference data on pressure-induced line shapes and shifts.
Aims. Our aim is to provide accurate collision-induced line-shape parameters for HD lines that cover any thermodynamic conditions
relevant to the atmospheres of giant planets, namely any relevant temperature, pressure, and perturbing gas composition (the H2–He
mixture).
Methods. We performed quantum-scattering calculations on our new, highly accurate ab initio potential energy surface (PES), and we
used scattering S matrices obtained in this way to determine the collision-induced line-shape parameters. We used cavity ring-down
spectroscopy to validate our theoretical methodology.
Results. We report accurate collision-induced line-shape parameters for the pure rotational R(0), R(1), and R(2) lines, the most
relevant HD lines for investigations of the atmospheres of the giant planets. Besides the basic Voigt-profile collisional parameters
(i.e., the broadening and shift parameters), we also report their speed dependences and the complex Dicke parameter, which can
influence the effective width and height of the HD lines up to almost a factor of 2 for giant planet conditions. The sub-percent-level
accuracy reached in this work is a considerable improvement over previously available data. All the reported parameters (and their
temperature dependences) are consistent with the HITRAN database format, hence allowing for the use of the HITRAN Application
Programming Interface (HAPI) for generating the beyond-Voigt spectra of HD.

Key words. atomic data – molecular data – line: profiles – scattering – planets and satellites: atmospheres

1. Introduction1

Hydrogen deuteride (HD), the second most abundant isotopolog2

of molecular hydrogen, is an important tracer of deuterium in3

the Universe. The small and constant primordial fraction of deu-4

terium to hydrogen, D/H ((2.8±0.2)×10−5; Pettini et al. 2008), is5

one of the key arguments supporting the Big Bang theory. Mea-6

surements of the D/H ratio in the Solar System provide infor-7

mation about planetary formation and evolution. The standard8

ratio on Earth is considered to be Vienna Standard Mean Ocean9

Water (VSMOW; D/H = 1.5576 × 10−4; Araguás-Araguás et al.10

1998). Employing it, Donahue et al. (1982) found the D/H ratio11

in the Venusian atmosphere to be (1.6 ± 0.2) × 10−2 (i.e., two12

orders of magnitude higher than VSMOW). This higher ratio is13

attributed to the evaporation of oceans and the subsequent pho-14

todissociation of H2O in the upper parts of the atmosphere (Don-15

ahue & Pollack 1983). A comparison of the D/H ratios on Earth16

and Mars with those determined for various comets indicates17

the role of this ratio in the volatile accretion on these two plan-18

ets (Drake & Righter 2002; Hartogh et al. 2011). The two largest19

gas giants, Jupiter and Saturn, are incapable of nuclear fusion; 20

thus, planetary models predict that the D/H ratio in their atmo- 21

spheres should be close to the primordial value for the Solar Sys- 22

tem (Lellouch et al. 2001) or slightly larger due to the accretion 23

of deuterium-rich icy grains and planetesimals (Guillot 1999). 24

The abundance of deuterium is larger by a factor of 2.5 in the 25

atmospheres of Uranus and Neptune (Feuchtgruber et al. 2013), 26

owing to their ice-rich interiors (Guillot 1999). Additionally, the 27

determination of the D/H ratio in comets and moons provides 28

information about the formation of ices in the early Solar Sys- 29

tem (Hersant et al. 2001; Gautier & Hersant 2005; Horner et al. 30

2006). 31

The D/H ratio in planets, moons, or comets can be de- 32

rived from either in situ mass spectrometry (Eberhardt et al. 33

1995; Mahaffy et al. 1998; Niemann et al. 2005; Altwegg 34

et al. 2015) or spectroscopic observations of various molecules 35

and their deuterated isotopologs in the millimeter and infrared 36

range (Bockelée-Morvan et al. 1998; Meier et al. 1998; Crovisier 37

et al. 2004; Fletcher et al. 2009; Pierel et al. 2017; Krasnopolsky 38
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et al. 2013; Blake et al. 2021). Interestingly, as pointed out by39

Krasnopolsky et al. (2013), the ratios determined from spectra40

of different molecules can differ substantially. Moreover, even41

on Earth, the HDO/H2O ratio in the atmosphere can vary sub-42

stantially across the globe (Araguás-Araguás et al. 1998). In this43

context, the observation of isotopologs of molecular hydrogen44

can be a reliable benchmark for determining D/H ratios. The45

most accurate values of the D/H ratio in gas giants stem from46

analyses of the pure rotational R(0), R(1), R(2), and R(3) lines47

of HD and S(0) and S(1) lines in H2. Lellouch et al. (2001) de-48

termined the D/H ratio in the Jovian atmosphere using the Short49

Wavelength Spectrometer (SWS) on board the Infrared Space50

Observatory to be (2.25 ± 0.35) × 10−5. Pierel et al. (2017) an-51

alyzed the far-infrared spectra of Saturn’s atmosphere gathered52

by Cassini’s Composite Infrared Spectrometer. Interestingly, the53

Pierel et al. result suggests that the D/H ratio on Saturn is lower54

than that of Jupiter, which contradicts predictions based on inte-55

rior models (Guillot 1999; Owen & Encrenaz 2006) and points56

to an unknown mechanism of deuterium fractionating in Saturn’s57

atmosphere. The D/H ratio in the atmospheres of Uranus and58

Neptune was determined from measurements of the pure rota-59

tional R(0), R(1), and R(2) lines in HD using the Photoconductor60

Array Camera and Spectrometer (PACS) on board the Herschel61

space observatory (Feuchtgruber et al. 2013). The analysis re-62

vealed similar values for these two giants – (4.4 ± 0.4) × 10−563

and (4.1 ± 0.4) × 10−5, respectively – confirming the expected64

deuterium enrichment with respect to the protosolar value.65

Atmospheric models of the Solar System’s gas giants, from66

which the relative abundance of HD with respect to H2 is re-67

trieved (and consequently, the D/H ratio), require knowledge68

about the line parameters of HD and H2. The temperature pro-69

files considered in the models cover seven orders of magnitude70

of pressure (1 µbar–10 bar; see for instance Pierel et al. 2017).71

Thus, in addition to line position and intensity, knowledge about72

collisional effects that perturb the shape of observed lines is73

crucial for the accurate determination of the relative HD abun-74

dance. Furthermore, the incorporation of non-Voigt line-shape75

effects (such as Dicke narrowing and speed-dependent effects)76

allows for reducing the systematic errors in atmospheric mod-77

els, as shown for Jupiter (Smith 1989) and for Uranus and Nep-78

tune (Baines et al. 1995). Indeed, although the spectral lines of79

most molecules observed in planetary atmospheres are not sen-80

sitive to non-Voigt effects, considering the resolving power of81

available telescopes, the lines of molecular hydrogen and its iso-82

topologs are (Smith 1989; Baines et al. 1995).83

In this article we report accurate collision-induced line-shape84

parameters for the rotational transitions R(0), R(1), and R(2)85

within the ground vibrational state. These HD lines are most fre-86

quently used for studies of the atmospheres of the giant planets.87

The results cover all thermodynamic conditions relevant to the88

atmospheres of giant planets in the Solar System, that is, all rele-89

vant temperatures, pressures, and H2–He perturbing gas compo-90

sitions (the HD-H2 data are provided in this work, while the HD-91

He data are taken from Stankiewicz et al. 2020, 2021). Besides92

the basic Voigt-profile collisional parameters (i.e., the broaden-93

ing and shift parameters), we also report their speed dependences94

and the complex Dicke parameter, which, as we will show, can95

influence the effective width and height of the HD lines up to96

almost a factor of 2 for giant planet conditions. For the R(0)97

line, the non-Voigt regime coincides with the maximum of the98

monochromatic contribution function (see Fig. 1 in Feuchtgru-99

ber et al. 2013), which has a direct influence on the abundance100

of HD inferred from observations.101

We performed quantum-scattering calculations on our new, 102

highly accurate ab initio 6D potential energy surface (PES), and 103

we used the scattering S matrices obtained in this way to de- 104

termine the collision-induced line-shape parameters. We used 105

the cavity ring-down spectroscopy to validate our theoretical 106

methodology, demonstrating a sub-percent-level accuracy that 107

considerably surpasses the accuracy of any previous theoreti- 108

cal (Schaefer & Monchick 1992) or experimental study of line- 109

shape parameters of pure rotational lines in HD (Ulivi et al. 110

1989; Lu et al. 1993; Sung et al. 2022) and offers valuable input 111

for the HITRAN database (Gordon et al. 2022). This work rep- 112

resents significant methodological and computational progress; 113

calculations at this level of theory and accurate experimental val- 114

idation have already been performed for a molecule-atom system 115

(3D PES; Słowiński et al. 2020; Słowiński et al. 2022), but in 116

this work we extend it to a molecule-molecule system (6D PES). 117

All the reported parameters (and their temperature dependences) 118

are consistent with the HITRAN database format, hence allow- 119

ing for the use of the HITRAN Application Programming Inter- 120

face (HAPI; Kochanov et al. 2016) for generating the beyond- 121

Voigt spectra of HD for any H2–He perturbing gas composition 122

and thermodynamic condition. 123

2. Ab initio calculations of the line-shape 124

parameters 125

In recent years, the methodology for accurate ab initio calcula- 126

tions of the line-shape parameters (including the beyond-Voigt 127

parameters) was developed and experimentally tested for He- 128

perturbed H2 and HD rovibrational lines, starting from accu- 129

rate ab initio H2-He PES calculations (Bakr et al. 2013; Thibault 130

et al. 2017), through the state-of-the-art quantum scattering cal- 131

culations and line-shape parameter determination (Thibault et al. 132

2017; Jóźwiak et al. 2018), up to accurate experimental valida- 133

tion (Słowiński et al. 2020; Słowiński et al. 2022) and using the 134

results for populating the HITRAN database (Wcisło et al. 2021; 135

Stankiewicz et al. 2021). 136

In this work we extend the entire methodology to a much 137

more complex system of a diatomic molecule colliding with an- 138

other diatomic molecule. First, we calculated an accurate 6D 139

H2-H2 PES. Second, we performed state-of-the-art quantum- 140

scattering calculations. Third, we calculated the full set of the 141

six line-shape parameters in a wide temperature range. Finally, 142

we report the results in a format consistent with the HITRAN 143

database. 144

The 6D PES was obtained using the supermolecular ap- 145

proach based on the level of theory similar to that used to cal- 146

culate the 4D H2-H2 surface (Patkowski et al. 2008). The cru- 147

cial contributions involve: (1) interaction energy calculated at the 148

Hartree-Fock (HF) level, (2) the correlation contribution to the 149

interaction energy calculated using the coupled-cluster method 150

with up to perturbative triple excitations, CCSD(T), with the re- 151

sults extrapolated to the complete basis set limit (Halkier et al. 152

1999), (3) electron correlation effects beyond CCSD(T) up to 153

full configuration interaction (FCI), and (4) the diagonal Born- 154

Oppenheimer correction (DBOC; Handy et al. 1986). The details 155

regarding the basis sets used in calculations of each contribution 156

and the analytical fit to the interaction energies are given in Ap- 157

pendix A. The PES is expected to be valid for intramolecular 158

distances ri ∈ [0.85, 2.25] a0. 159

For the purpose of performing quantum scattering calcula- 160

tions, the 6D PES was expanded over a set of appropriate angular 161

functions and the resulting 3D numerical function in radial coor- 162
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dinates was then expanded in terms of rovibrational wave func-163

tions of isolated molecules (see Appendix B for details). The164

close-coupling equations were solved in the body-fixed frame165

using a renormalized Numerov’s algorithm, for the total num-166

ber of 3 014 energies (ET = Ekin + Ev1 j1 + Ev2 j2 , where Ekin is167

the relative kinetic energy of the colliding pair, and Ev1 j1 and168

Ev2 j2 are the rovibrational energies of the two molecules at large169

separations) in a range from 10−3 cm−1 to 4000 cm−1. Calcu-170

lations were performed using the quantum scattering code from171

the BIGOS package developed in our group (Jóźwiak et al. 2024;172

Jóźwiak 2024). The scattering S matrix elements were obtained173

from boundary conditions imposed on the radial scattering func-174

tion. Convergence of the calculated S matrix elements was en-175

sured by a proper choice of the integration range, propagator176

step, and the size of the rovibrational basis (see Appendix C for177

details).178

Next, we calculated the generalized spectroscopic cross-179

sections, σq
λ (Monchick & Hunter 1986; Schaefer & Monchick180

1992), which describe how collisions perturb the shape of molec-181

ular resonance. Contrary to the state-to-state cross-sections,182

which give the rate coefficients (see, for instance, Wan et al.183

(2019)), the σq
λ cross-sections are complex. For λ = 0, real and184

imaginary parts of this cross-section correspond to the pressure185

broadening and shift cross-section, respectively. For λ = 1, the186

complex cross-section describes the collisional perturbation of187

the translational motion and is crucial for the proper description188

of the Dicke effect. The index q is the tensor rank of the spectral189

transition operator and equals 1 for electric dipole lines consid-190

ered here.191

We used the σ1
0 and σ1

1 cross-sections to calculate the six192

line-shape parameters relevant to collision-perturbed HD spec-193

tra, the collisional broadening, and the shift,194

γ0 − iδ0 =
1

2πc
1

kBT
〈vr〉

∫ ∞

0
xe−xσ1

0(x)dx, (1)

the speed dependences of collisional broadening and shift,195

γ2 − iδ2 =
1

2πc
1

kBT
〈vr〉
√

Ma

2
e−y2

×
∞∫

0

(
2x̄ cosh(2x̄y) −

(
1
y

+ 2y
)

sinh(2x̄y)
)

x̄2e−x̄2
σ1

0(x̄vp)dx̄, (2)

and the real and imaginary parts of the complex Dicke parameter,196

ν̃r
opt−iν̃i

opt =
1

2πc
〈vr〉Ma

kBT

∞∫

0

xe−x
[
2
3

xσ1
1(xkBT ) − σ1

0(xkBT )
]

dx,

(3)

where vr is the relative (absorber to perturber) speed of the col-197

liding molecules, 〈vr〉 is its mean value at temperature T , v̄p is the198

most probable speed of the perturbed distribution, Ma = ma
ma+mp

,199

x = Ekin
kBT , x̄ = 2vr√

πMa〈vr〉 , y =
√

mp

ma
and ma and mp are the masses200

of the active and perturbing molecules, respectively (Wcisło201

et al. (2021)). We estimate the uncertainty of the calculated line-202

shape parameters in Appendix C. The six line-shape parame-203

ters define the modified Hartmann-Tran (mHT) profile (see Ap-204

pendix D), which encapsulates the relevant beyond-Voigt ef-205

fects. To make the outcome of this work consistent with the206

HITRAN database (Gordon et al. 2022), we provide tempera- 207

ture dependences of the calculated line-shape parameters within 208

the double-power-law (DPL) format (Gamache & Vispoel 2018; 209

Stolarczyk et al. 2020): 210

γ0(T ) = g0(Tref/T )n + g′0(Tref/T )n′ ,

δ0(T ) = d0(Tref/T )m + d′0(Tref/T )m′ ,

γ2(T ) = g2(Tref/T ) j + g′2(Tref/T ) j′ ,

δ2(T ) = d2(Tref/T )k + d′2(Tref/T )k′ ,

ν̃r
opt(T ) = r(Tref/T )p + r′(Tref/T )p′ ,

ν̃i
opt(T ) = i(Tref/T )q + i′(Tref/T )q′ , (4)

where Tref = 296 K. 211

3. Results: Line-shape parameters for the R(0), R(1), 212

and R(2) lines in HD perturbed by a mixture of H2 213

and He 214

In Figure 1 we show the main result of this work: all six line- 215

shape parameters for the R(0), R(1), and R(2) 0-0 lines in H2- 216

perturbed HD calculated as a function of temperature. Figure 1 217

covers the temperature range relevant for the giant planets, 50 218

to 200 K (Lellouch et al. 2001; Feuchtgruber et al. 2013; Pierel 219

et al. 2017; for our full temperature range, 20 to 1000 K, see the 220

Supplementary Material). In Figure 1 we also recall the corre- 221

sponding He-perturbed data calculated with the same methodol- 222

ogy at the same accuracy level (Stankiewicz et al. (2021)). The 223

difference between the two perturbers is not negligible, and for 224

many cases the line-shape parameters differ by a factor of 2 or 225

even more. 226

The data shown in Fig. 1 are given in Table 1 in a numerical 227

form within the HITRAN DPL format (see Eq. (4)). The accu- 228

racy of our ab initio line-shape parameters is within 1% of the 229

magnitude of each parameter (see Appendix C for details). The 230

DPL approximation of the temperature dependences introduces 231

additional errors. For γ0(T ) and ν̃r
opt(T ), the DPL error is negligi- 232

ble, for δ0(T ) the DPL error is at the 1 % level, and for other line- 233

shape parameters it can be even higher, but their impact on the 234

final line profile is much smaller (see Appendix E for details). 235

For applications that require the full accuracy of our ab initio 236

line-shape parameters, we provide the line-shape parameter val- 237

ues explicitly on a dense temperature grid in the Supplementary 238

Material. 239

The set of parameters in Table 1 contains all the information 240

necessary to simulate the collision-perturbed shapes of the three 241

HD lines at a high level of accuracy at any conditions relevant 242

to the atmospheres of giant planets (pressure, temperature, and 243

He/H2 relative concentration). In Figure 2 we show an example 244

of simulated spectra based on the data from Table 1. It should be 245

emphasized that at the conditions relevant to giant planets, the 246

shapes of the HD lines may considerably deviate from the sim- 247

ple Voigt profile. In Figure 2 (a) we show the difference between 248

the Voigt profile and a more physical profile, which includes the 249

relevant beyond-Voigt effects such as Dicke narrowing and the 250

dependence on the speed of the broadening and shift (the mHT 251

profile; see Appendix D). For the moderate pressures, the error 252

introduced by the Voigt-profile approximation can reach almost 253

70%. The orange, yellow, red, and black lines in Fig. 2 (a) are 254

the temperature-pressure profiles for Jupiter (Seiff et al. 1998), 255

Saturn (Lindal et al. 1985), Uranus (Lindal et al. 1987), and Nep- 256

tune (Lindal et al. 1990), respectively. We illustrate this with 257
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Fig. 1. Ab initio temperature dependences of the collisional line-shape
parameters (in units of 10−3cm−1atm−1) of the first three electric dipole
lines of HD perturbed by H2 (red curves) and He (black curves).

spectra simulations for the case of Neptune’s atmosphere (panels258

(b)-(d) corresponds to the black dots in Fig. 2 (a)). Panels (b)-(d)259

illustrate three different regimes. Panel (b) is the low-pressure260

regime with a small collisional contribution in which the line261

shape collapses to Gaussian, and hence the beyond-Voigt effects262

are small. Panel (d) is the opposite: the shape of a resonance is263

dominated by the collisional effects, but the simple Lorentzian264

broadening dominates over other collisional effects and again265

the beyond-Voigt effects are small. Panel (c) illustrates the non-266

trivial situation in which the shape of resonance is dominated267

by the beyond-Voigt effects (see the green horizontal ridges in268

Fig. 2 (a)). The discrepancies between the beyond-Voigt line-269

shape model and the Voigt profile are also clearly seen as a dif-270

ference between the blue lines and blue shadows in panel (c).271

In the context of the giant planet studies, it should be noted that 272

the beyond-Voigt regions marked in panel (a) (the green hori- 273

zontal ridges) coincide well with the maxima of the monochro- 274

matic contribution functions for these three HD lines (see Fig. 1 275

in Feuchtgruber et al. 2013 for the case of the atmospheres of 276

Neptune and Uranus). 277

Panels (b)-(d) of Fig. 2 also illustrate the influence of at- 278

mosphere composition on the collision-induced shapes of the 279

HD lines for the example of Neptune atmosphere. The differ- 280

ences between the He- and H2-perturbers are negligible in the 281

low-pressure regime (panel (b)) since at these conditions the line 282

shape is mainly determined by thermal Doppler broadening. In 283

moderate- and high-pressure ranges (panels (c) and (d)), the pro- 284

files differ at the peak by a factor of 2. Hence, including both 285

perturbing species is important for spectra analyses of the at- 286

mospheres of giant planets, especially for the R(0) line, whose 287

contribution function dominates at moderate and high pressures 288

(Feuchtgruber et al. (2013)). 289

The data reported in this article (see Table 1) account for 290

three factors that are necessary for reaching sub-percent-level 291

accuracy: (1) separate ab initio data for both perturbers (which 292

allows one to simulate perturbation by any H2–He mixture), 293

(2) accurate representation of temperature dependences, and 294

(3) parametrization of the beyond-Voigt line-shape effects. In 295

general, simulating the beyond-Voigt line-shape profiles is a 296

complex task (see Appendix D). In this work, we used HAPI 297

(Kochanov et al. 2016) to generate the beyond-Voigt spectra 298

shown in Fig. 2 (based on the DPL parameters from Table 1): 299

from hapi import * 300

db_begin (’hitran_data’) 301

nu,coef = absorptionCoefficient_mHT( 302

SourceTables=’HD’, 303

Diluent={’He’:0.2,’H2’:0.8}, 304

WavenumberRange=[xmin,xmax], 305

WavenumberStep=step, 306

Environment={’p’:press,’T’:temp}, 307

HITRAN_units=True) 308

The combination of the data reported in Table 1 and the Python- 309

based HAPI constitutes a powerful tool that allows one to 310

efficiently generate accurate HD spectra (based on advanced 311

beyond-Voigt model, the mHT profile) for arbitrary temperature, 312

pressure, and mixture composition. 313

At low temperatures, relevant for studies of giant planet at- 314

mospheres and the chemistry and dynamics of the interstellar 315

medium and protoplanetary disks, the spin isomer (para/ortho) 316

concentration ratio of H2 at thermal equilibrium (eq-H2) devi- 317

ates from 1:3 (the ratio of so-called normal H2, n-H2). More- 318

over, various processes, such as diffusion between atmospheric 319

layers in gas giants, might result in the sub-equilibrium distri- 320

bution of H2. These nontrivial para/ortho distributions play a 321

key role in atmospheric models that involve collision-induced 322

absorption (Karman et al. (2019)) and spectral features originat- 323

ing from hydrogen dimers (Fletcher et al. (2018)), as well as in 324

isotope chemistry of the interstellar medium, where para/ortho 325

ratio controls the deuterium fractionation process (Flower et al. 326

2006; Nomura et al. 2022). In Figure 3, we show the influence of 327

the spin isomer concentration on the line-shape parameters. Spin 328

isomer concentration has a large impact at low temperatures. All 329

the line-shape parameters reported in this work are calculated for 330

the thermal equilibrium spin isomer concentration. 331
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Fig. 2. Impact of the beyond-Voigt effects and bath mixture composition on collision-perturbed spectra of HD at conditions relevant for giant
planet atmospheres. Panel (a): Relative error of the Voigt-profile approximation as a function of pressure and temperature, shown as the relative
difference between the Voigt and mHT profiles at profile maximum. The panels show, from top to bottom, the R(0), R(1), and R(2) lines. Panels
(b), (c), and (d): Simulations of the HD spectra (blue lines) at conditions relevant for the Neptune atmosphere (the perturbing bath is 80% H2
and 20% He). The spectra are generated with the mHT profile using HAPI based on the DPL temperature parametrization. As a reference, we
show the same lines for the cases of pure H2 and pure He perturbers (see the red and black lines, respectively). The blue shadows show the same
simulations as the blue lines but generated with the simple Voigt profile. Panels (b), (c), and (d) correspond to points (b), (c), and (d) shown in
the temperature-pressure maps in panel (a) (the three selected points lie on the Neptune temperature-pressure line). The three cases illustrate three
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panel). The third case, panel (d), illustrates the high-pressure regime at which the HD lines are well described by a simple Voigt profile (the blue
shadows almost overlap with the blue lines), but setting a proper composition of the perturber gas components plays an important role.
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Table 1. DPL parameterization of the temperature dependences of the line-shape parameters of HD perturbed by He and H2. Coefficients 1 and 2
are in 10−3cm−1atm−1. Exponents 1 and 2 are dimensionless.

He-perturbed HD

R(0) 0-0 line
γ0(T ) g0= 218.905 g′0= −209.398 n= 0.0929083 n′= 0.105086
δ0(T ) d0= 76.1358 d′0= −74.6225 m= −0.102987 m′= −0.116673
γ2(T ) g2= 210.682 g′2= −206.11 j= −0.862904 j′= −0.876244
δ2(T ) d2= 7.77569 d′2= −7.45369 k= 1.43509 k′= 1.45106
ν̃r

opt(T ) r= 157.867 r′= −132.815 p= 0.569778 p′= 0.512484
ν̃i

opt(T ) i= −0.0148171 i′= −0.732168 q= 0.589866 q′= 0.589866

R(1) 0-0 line
γ0(T ) g0= 8.98598 g′0= 0.07062 n= −0.116463 n′= 1.83834
δ0(T ) d0= 3.27647 d′0= −0.997538 m= 0.171067 m′= −0.548127
γ2(T ) g2= 5.47783 g′2= −1.63047 j= −0.540645 j′= −1.19601
δ2(T ) d2= 64.7968 d′2= −64.0672 k= −0.314427 k′= −0.325103
ν̃r

opt(T ) r= 39.7564 r′= −13.9988 p= 0.652375 p′= 0.276761
ν̃i

opt(T ) i= −0.0600157 i′= −1.04666 q= 0.478987 q′= 0.478987

R(2) 0-0 line
γ0(T ) g0= 7.91606 g′0= 0.106818 n= −0.158512 n′= 1.59926
δ0(T ) d0= 60.8755 d′0= −59.1362 m= −0.560989 m′= 0.57118
γ2(T ) g2= 3.44668 g′2= −0.0918827 j= −0.351514 j′= −2.42064
δ2(T ) d2= 48.9743 d′2= −48.2166 k= −0.522538 k′= −0.53522
ν̃r

opt(T ) r= 33.4337 r′= −6.77194 p= 0.682741 p′= 0.0477307
ν̃i

opt(T ) i= −0.160883 i′= −0.705905 q= 0.278356 q′= 0.278356

H2-perturbed HD

R(0) 0-0 line
γ0(T ) g0= 13.1538 g′0= −0.0209275 n= −0.102409 n′= −4.47666
δ0(T ) d0= 21.8124 d′0= −21.0255 m= 1.06916 m′= 1.08444
γ2(T ) g2= 215.242 g′2= −211.197 j= −1.0114 j′= −1.02533
δ2(T ) d2= 17.5611 d′2= −17.4505 k= 0.41528 k′= 0.405624
ν̃r

opt(T ) r= 25.0013 r′= 0.0005783 p= 0.889907 p′= 4.16595
ν̃i

opt(T ) i= −0.0049349 i′= −0.257607 q= 0.64352 q′= 0.64352

R(1) 0-0 line
γ0(T ) g0= 11.5582 g′0= 0.165258 n= 0.0781601 n′= 1.89474
δ0(T ) d0= 133.353 d′0= −131.231 m= −0.244838 m′= −0.257492
γ2(T ) g2= 131.359 g′2= −128.602 j= 0.484966 j′= 0.495567
δ2(T ) d2= 35.3179 d′2= −35.0081 k= −0.330198 k′= −0.33988
ν̃r

opt(T ) r= 12.373 r′= 12.3606 p= 1.02771 p′= 0.755534
ν̃i

opt(T ) i= −0.307423 i′= −0.307142 q= 0.656905 q′= 0.656905

R(2) 0-0 line
γ0(T ) g0= 5.05367 g′0= 5.04862 n= 0.767269 n′= −0.528791
δ0(T ) d0= 1.10007 d′0= 0.346535 m= 0.0896926 m′= 1.57482
γ2(T ) g2= 4.9771 g′2= −1.86783 j= −0.69627 j′= −1.38558
δ2(T ) d2= 63.3239 d′2= −62.865 k= −0.627633 k′= −0.634526
ν̃r

opt(T ) r= 26.3022 r′= 0.0004301 p= 0.856557 p′= 4.29539
ν̃i

opt(T ) i= −0.208711 i′= −0.208511 q= 1.07071 q′= 1.07071
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Fig. 3. Dependence of pressure broadening, γ0 (solid lines), and shift,
δ0 (dashed lines), on the spin isomer concentration ratio (x = np/no) for
the H2-perturbed R(0) line in HD at different temperatures. The vertical
gray lines correspond to the value of x for normal H2, x = 1/3, and
xeq(T ), as determined by the Boltzmann distribution at T = 50, 195,
and 296 K.

4. Experimental validation332

In Figure 4 we show a comparison between our ab initio calcu-333

lations (black lines) and the experimental data available in the334

literature. Fourier-transformed scans from the Michelson inter-335

ferometer were used to obtain the high-pressure spectra reported336

in the works of Ulivi et al. (1989) and Lu et al. (1993); the spec-337

tra were collected in a temperature range from 77 to 296 K. Re-338

cently, the same lines were measured at low pressures (< 1 bar)339

with the Fourier transform spectrometer coupled to the Soleil-340

synchrotron far-infrared source (Sung et al. (2022)) in a temper-341

ature range from 98 to 296 K (see the olive lines in Fig. 4). The342

discrepancy between these experimental data is by far too large343

to test our theoretical results at the one percent level.344

To validate our ab initio calculations at the estimated ac-345

curacy level, we performed accurate measurements using a346

frequency-stabilized cavity ring-down spectrometer linked to an347

optical frequency comb, referenced to a primary frequency stan-348

dard (Cygan et al. (2016, 2019); Zaborowski et al. (2020)).349

Our 73.5-cm-long ultrahigh finesse (F = 637 000) optical350

cavity operates in the frequency-agile rapid scanning spec-351

troscopy mode (Truong et al. 2013; Cygan et al. 2016, 2019;352

see Zaborowski et al. 2020 for details regarding the experimen-353

tal setup). Since our spectrometer operates at 1.6 µm, we chose354

the S(2) 2-0 line in the H2-perturbed D2 (we repeated all the ab355

initio calculations for this case). From the perspective of theo-356

retical methodology, the H2-perturbed D2 and H2-perturbed HD357

are equivalent and either can be used for validating the theoret-358

ical methodology (for both cases two distinguishable diatomic359

molecules are considered and the PES is the same except for the360

almost negligible DBOC term; see Appendix A). We used a sam-361

ple of 2% D2 and 98% of H2 mixture and collected the spectra362

at four pressures (0.5, 1, 1.5, and 2 atm) and two temperatures363

(296 and 330 K; see the black dots in Fig. 5). The corresponding364

theoretical spectra are the red curves. The methodology for sim-365

ulating the collision-perturbed shapes of molecular lines (based366

on the line-shape parameters calculated from Eqs. (1)-(3)) is de-367

scribed in our previous works (Wcisło et al. 2018; Słowiński368

et al. 2020; Słowiński et al. 2022). The two sets of residuals de- 369

picted in Fig. 5 show comparisons with two line-shape models, 370

the speed-dependent billiard-ball (SDBB) profile and the mHT 371

profile. The SDBB profile (Shapiro et al. 2002; Ciuryło et al. 372

2002) is the state-of-the-art approach that gives the most realistic 373

description of the underlying collisional processes. As expected 374

it gives the best agreement with experimental spectra (the mean 375

residuals are 0.65%; see Fig. 5), but it is computationally very 376

expensive (Wcisło et al. (2013)). The mHT profile is slightly 377

less accurate (the mean residuals are 1.23%) but it is highly effi- 378

cient from a computational perspective and, hence, well suited 379

for practical spectroscopic applications. In conclusion, the ab 380

initio line-shape parameters reported in this work (Fig. 1 and 381

Table 1) lead to profiles that are in excellent agreement with ac- 382

curate experimental spectra, and the theory-experiment compar- 383

ison is limited by a choice of a line-shape model used to simulate 384

the experimental spectra. 385
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Fig. 4. Comparison of the experimental and theoretical values of
the pressure broadening and shift parameters, γ0 and δ0 (in units of
10−3cm−1atm−1). Black curves correspond to the ab initio calculations
performed in this work, while green and red points report the exper-
imental measurements from Ulivi et al. (1989) and Lu et al. (1993),
respectively. The olive curves are the single-power-law (for γ0) and lin-
ear (for δ0) temperature dependences retrieved from the measurements
of Sung et al. (2022).

5. Conclusion 386

We have computed accurate collision-induced line-shape param- 387

eters for the three pure rotational HD lines (R(0), R(1), and R(2)) 388

that are currently employed for the analysis of the giant planets’ 389

atmospheres. To this end, we investigated HD–H2 collisions us- 390

ing coupled channel quantum scattering calculations on a new, 391

highly accurate ab initio PES. Scattering S matrices determined 392

from these calculations allowed us to obtain the collisional width 393

and shift, as well as their speed dependences and the complex 394

Dicke parameter of H2-perturbed HD lines. By integrating data 395

from our previous work on the HD-He system (Stankiewicz 396

et al. 2020, 2021), we provide comprehensive results that cover 397

a wide range of thermodynamic conditions, including tempera- 398

ture, pressure, and H2–He concentration, relevant to the atmo- 399

spheres of giant planets. We validated our theoretical methodol- 400

ogy using cavity ring-down spectroscopy, demonstrating a sub- 401

percent-level accuracy that surpasses the accuracy of previous 402
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Fig. 5. Direct validation of the ab initio quantum-scattering calculations on the accurate experimental spectra of the S(2) 2-0 line of D2 perturbed
by collisions with H2 molecules (see the main text for details). The black dots are the experimental spectra, and the red lines are the ab initio
profiles. Below each profile, we show the absolute residuals of two models: the SDBB profile and the mHT profile. To quantify how well theory
agrees with experiments, we report the relative (with respect to the profile peak value) root mean square errors (rRMSEs) of the experiment-theory
differences calculated within the ±FWHM range around the line center (see the percentages below the residuals). The mean rRMSEs are also
summarized for each of the models (see the numbers on the right side of the figure).

theoretical and experimental studies of line-shape parameters in403

HD.404

All the reported line-shape parameters and their temperature405

dependences are consistent with the HITRAN database format.406

Utilizing HAPI, we demonstrated how our results can be applied407

to simulate HD spectra under various conditions pertinent to gi-408

ant planets in the Solar System.409

Until now, the analysis of observed collision-perturbed spec-410

tra in astrophysical studies has predominantly relied on the sim-411

ple Voigt profile. We have introduced a methodology and pro-412

vided a comprehensive dataset that enables the simulation of413

beyond-Voigt shapes for HD in H2–He atmospheres. Our work414

demonstrates that accounting for the speed dependence of colli-415

sional width and shift, along with the complex Dicke parameter,416

is crucial. These factors can alter the effective width and height417

of HD lines by up to a factor of 2. To quantitatively assess the418

impact of these results on the D/H ratio on giant planets, radia-419

tive transfer modeling is necessary. Given that the beyond-Voigt420

effects result in a narrower line width (Fig. 2 (c)), the previously421

inferred HD abundance from astrophysical observations may be422

underestimated.423
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Thibault, F., Patkowski, K., Żuchowski, P. S., et al. 2017, J. Quant. Spectrosc. Ra-549

diat. Transf., 202, 308550
Thibault, F., Wcisło, P., & Ciuryło, R. 2016, EPJD, 70551
Truong, G.-W., Douglass, K. O., Maxwell, S. E., et al. 2013, Nat. Photonics, 7,552

532553
Ulivi, L., Lu, Z., & Tabisz, G. C. 1989, Phys. Rev. A, 40, 642554
Valeev, E. F. & Sherrill, C. D. 2003, J. Chem. Phys., 118, 3921555
Wan, Y., Balakrishnan, N., Yang, B. H., Forrey, R. C., & Stancil, P. C. 2019,556

MNRAS, 488, 381557
Wcisło, P., Cygan, A., Lisak, D., & Ciuryło, R. 2013, Phys. Rev. A, 88, 12517558
Wcisło, P., Gordon, I., Tran, H., et al. 2016, J. Quant. Spectrosc. Radiat. Transf.,559

177, 75560
Wcisło, P., Thibault, F., Stolarczyk, N., et al. 2021, J. Quant. Spectrosc. Ra-561

diat. Transf., 260, 107477562
Wcisło, P., Thibault, F., Zaborowski, M., et al. 2018, J. Quant. Spectrosc. Radiat.563

Transf., 213, 41564
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Appendix A: Details of the PES calculations570

The 6D PES for the H2-H2 system was calculated at the following level of theory;571

Eint = EHF
int [5] + δECCSD(T)

int [Q5] + δET(Q)
int [Q] + δEFCI

int [T] + δEDBOC
int [T]. (A.1)

In all cases, the aug-cc-pVXZ basis sets (Kendall et al. 1992) were employed with the cardinal number X taking values 2 (D),572

3 (T), 4 (Q), and 5. The consecutive terms are defined in the following way: EHF
int [5] is the interaction energy calculated at the573

HF level using the aug-cc-pV5Z basis set, δECCSD(T)
int [Q5] is the correlation contribution to the interaction energy calculated using574

the coupled-cluster method with up to perturbative triple excitations, CCSD(T), with the results extrapolated to complete basis set575

limits using the 1/X3 formula (Halkier et al. 1999) from the calculations in the aug-cc-pVQZ and aug-cc-pV5Z basis sets. The576

next contribution, δET(Q)
int [Q] = ECCSDT(Q)

int [Q]− ECCSD(T)
int [Q], accounts for the electron correlation effects beyond CCSD(T) included577

in the CC method with up to perturbative quadruple excitations, CCSDT(Q), computed with the aug-cc-pVQZ basis set, whereas578

δEFCI
int [T] = EFCI

int [T] − ECCSDT(Q)
int [T] describes the electron correlation effects beyond CCSDT(Q), calculated with the aug-cc-pVTZ579

basis set. The DBOC (Handy et al. 1986), δEDBOC
int [T], was calculated with the masses of 1H with the CCSD densities (Valeev &580

Sherrill 2003; Gauss et al. 2006) obtained with the aug-cc-pVTZ basis set. The δEDBOC
int term is the only one that depends on masses.581

However, it is small compared to other terms and would be even smaller if calculated for HD–H2 instead of H2–H2. Thus, the582

resulting surface can be applied to the former system with full confidence.583

The interaction energies were fitted by an analytic function that consisted of short- and long-range parts, with a smooth switching584

at R values between 9 and 10 a0, using the switching function from Babin et al. (2013). The short-range part was taken in the585

form of a sum of products of exponentials e−αrab , where rab are atom-atom distances (Fernández et al. 1999; Braams & Bowman586

2009). In contrast to most published work that uses the same α for all terms, we used four different optimized values. The form587

of the long-range part was taken from Patkowski et al. (2008), but the parameters Cl1l2l
n were multiplied by linear combinations588

of symmetry-invariant polynomials of r1, r2, and of magnitudes of their differences. The linear coefficients are determined from589

the fit to the ab initio energies obtained at the same level of theory as for the short-range part. The PES is expected to be valid590

for ri ∈ [0.85, 2.25] a0. Zuo et al. (2021) recently published a 6D PES for the H2 dimer obtained from the complete active space591

self-consistent field calculations combined with the multi-reference configuration interaction calculations. According to Zuo et al.592

(2021), the potential is valid up to ri = 3.45 a0, beyond the upper limit of our PES. However, in the region of validity of both PESs,593

our surface should be more accurate due to the higher level of theory used.594

Appendix B: Quantum scattering calculation details595

The dependence of the 6D PES on the three Jacobi angles was separated from the radial and intramolecular distances by the596

expansion of the PES over the bi-spherical harmonics, Il1l2l(θ1, θ2, φ):597

V(R, r1, r2, θ1, θ2, φ) =
∑

l1,l2,l

Al1l2l(R, r1, r2)Il1l2l(θ1, θ2, φ), (B.1)

where the bi-spherical harmonics are defined as598

Il1l2l(θ1, θ2, φ = φ1 − φ2) =

√
2l + 1

4π

∑

m

(l1 m l2 −m | l1 l2 l 0)Yl1m(θ1, φ1)Yl2−m(θ2, φ2). (B.2)

If the i-th (i = 1, 2) molecule is homo-nuclear, the li index in the expansion in Eq. (B.1) takes only even values. The Al1l2l(R, r1, r2)599

expansion coefficients were obtained by integrating the product of the PES and the corresponding bi-spherical harmonic, over Jacobi600

angles (see, for instance, Eq. (3) in Zadrożny et al. (2022) and the discussion therein). We employed a 19-point Gauss-Legendre601

quadrature to integrate over θ1 and θ2 and a 19-point Simpson’s rule for the integral over φ. The integration resulted in a tabular602

representation of the Al1l2l(R, r1, r2) expansion coefficients, calculated for R in the range of 2.5 to 200 a0 with a step of 0.1 a0, and603

for intramolecular distances ranging from 0.85 to 2.25 a0 with a step of 0.1 a0.604

In this work we used terms up to the I448(θ1, θ2, φ) bi-spherical harmonic, which corresponds to a total of 19 and 32 terms605

in the D2-H2 and HD-H2 case, respectively. Such numbers of terms represent an intermediate complexity of the problem – the606

number of terms in the HD-H2 case is larger by a factor of 4 in comparison to the HD-He case (Stankiewicz et al. (2020, 2021)),607

but significantly smaller in comparison to more anisotropic PESs, studied in our previous works (85 for O2-N2 (Gancewski et al.608

(2021)), and 205 for CO-N2 and CO-O2 (Jóźwiak et al. (2021); Zadrożny et al. (2022))). The error introduced by the truncation of609

the PES expansion is discussed in Appendix C.610

The dependence of the expansion coefficients on r1 and r2 was reduced by averaging Al1l2l(R, r1, r2) over rovibrational wave611

functions of isolated molecules, (χηi (ri)):612

Al1l2l,η1,η
′
1,η2,η

′
2
(R) =

∫
dr2χη2 (r2)

(∫
dr1χη1 (r1)Al1l2l(R, r1, r2)χη′1 (r1)

)
χη′2 (r2), (B.3)

where ηi = (νi, ji) denotes the quantum numbers of a rovibrational state of the i-th molecule. The wave functions of H2, HD, and613

D2 were obtained by solving the nuclear Schrödinger equation for isolated molecules using the potential energy curve of Schwenke614
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(1988). We used the standard trapezoidal rule to perform the integration in Eq. (B.3), and we obtain Al1l2l,η1,η
′
1,η2,η

′
2
(R) coupling terms 615

for R within the range 2.5 to 200 a0, with a step size of 0.1 a0. 616

The average in Eq. (B.3) provides a large number of possible coupling terms. In the HD-H2 case, we considered pure rotational 617

transitions (up to 1000 K); thus, we neglected the terms that couple excited vibrational states (ν′HD , νHD, ν′H2
, νH2 ). In the D2-H2 618

case, we observe that the terms that couple different vibrational levels are three orders of magnitude smaller than terms diagonal in 619

ν. Since we performed quantum scattering calculations in the νD2 = 0 and νD2 = 2 states separately (while maintaining νH2 = 0), 620

we neglected radial coupling terms off-diagonal in vibrational quantum numbers. This approximation is additionally justified by the 621

fact that the 2-0 S(2) line in H2-perturbed deuterium is measured at room temperature, where the population of H2 in vibrationally 622

excited states is negligible. 623

The dependence of the coupling terms in Eq. (B.3) on rotational quantum numbers (usually at the level of a few percent) is one 624

of the key factors that affect theoretical predictions of the pressure shift of pure rotational lines in light molecules (Shafer & Gordon 625

1973; Dubernet & Tuckey 1999; Thibault et al. 2016; Jóźwiak et al. 2018). This is due to the fact that the line shift is sensitive to 626

the difference in the scattering amplitude in the two rotational states that participate in an optical transition. Some authors neglect 627

the j dependence of the radial coupling terms (the centrifugal distortion of the PES) in scattering calculations for rovibrational 628

transitions (Green et al. (1989); Thibault et al. (2017)) and average the expansion coefficients for a given vibrational ν over the 629

rovibrational wave function ν, j = 0. This approximation is invoked either to save computational resources or due to a lack of 630

information about the dependence of the PES on the stretching coordinates but works well for Q( j) lines. We have shown that taking 631

the centrifugal distortion of the PES into account is crucial for achieving a sub-percent agreement with the experimental spectra in 632

He-perturbed vibrational lines in H2 (Słowiński et al. 2022) and HD (Stankiewicz et al. 2020). Thus, in both the HD-H2 and D2-H2 633

cases, we included centrifugal distortion of the PES in the scattering calculations. This leads to a large number of coupling terms 634

(22 960 for ν = 0 state in HD, 16 359 in ν = 0 of D2 and 17 157 for ν = 2), which is an order of magnitude more than in the case 635

of HD-He (1 029). Similar to the HD-He case, this effect is crucial for achieving a sub-percent agreement with the cavity-enhanced 636

spectra. 637

Appendix C: Convergence of quantum scattering calculations and uncertainty budget for line-shape 638

parameters 639

Table C.1. Uncertainties associated with each convergence parameter in the quantum scattering calculations. The values with slashes in the "Basis
set size" line correspond to the case of collisions with para-H2 and ortho-H2, respectively. See the main text for details.

Parameter Value Reference value Maximum relative uncertainty (%)
γ0 δ0 γ2 δ2 Re(νopt) Im(νopt)

Rmax 100 a0 200 a0 0.01 1 0.01 1 0.001 0.5
Nsteps 200/100/50 500 0.4 1 0.5 3 0.1 5
(lmax

1 , lmax
2 , lmax

12 ) in Eq. (B.1) (4,4,8) (6,6,12) 0.01 0.1 0.02 1 0.01 0.2
Basis set size ( jmax

HD , jmax
H2

) see text (6,6)/(7,7) 0.01 0.2 0.01 0.2 0.01 0.2
Total 0.4 1.4 0.5 3.5 0.1 5

In this appendix we provide a detailed analysis of the convergence of generalized spectroscopic cross-sections with respect to 640

specific parameters and how these parameters influence the uncertainty of the line-shape parameters. They include the range of 641

propagation, the propagator step, the number of terms in the expansion of the PES (B.1), the size of the rotational basis set, and the 642

number of partial waves. The uncertainties were estimated by calculating six line-shape parameters for the R(0) line at temperatures 643

ranging from 20 to 1000 K. These values were then compared with those obtained from the generalized spectroscopic cross-sections 644

calculated with the reference values of each parameter, which are significantly larger than the ones used in the final calculations. 645

The stated uncertainties represent the maximum error observed within this temperature range. We assume that a similar level of 646

accuracy is maintained for all other transitions considered in this paper. The results are summarized in Table C.1. 647

The range of propagation is defined by the starting and ending points (Rmin and Rmax). The smallest R value that can be reli- 648

ably calculated using quantum chemistry methods was employed as Rmin, which in this case (taking into account the coordinate 649

transformation from the H2-H2 to HD-H2 system) was 3 a0. On the other hand, Rmax should be large enough to apply boundary 650

conditions to the scattering equations (i.e., in the range of R where the PES becomes negligible compared to the centrifugal barrier). 651

We tested the sensitivity of our results to Rmax by performing calculations with Rmax = 50 a0, 75 a0, 100 a0, 150 a0, and 200 a0. 652

After assessing the tradeoff between computational cost and accuracy, we chose Rmax = 100 a0 for the final calculations. Table C.1 653

provides uncertainties for six line-shape parameters impacted by this choice, estimated with respect to the reference calculations 654

with Rmax = 200 a0. 655

The step size of the propagation directly affects the precision and the computational cost of the quantum scattering calculations. 656

We performed tests with a varying number of steps per half-de Broglie wavelength (Nsteps), including 10, 20, 30, 50, 100, 200, and 657

500. Based on these tests, we chose a step size of 50 for Ekin > 3 cm−1, 100 for Ekin ∈ (1.5, 3〉 cm−1, and 200 for Ekin ≤ 1.5 cm−1. 658

Uncertainties introduced by the choice of the number of steps, estimated with respect to the reference calculations with 500 steps 659

per half-de Broglie wavelength, are gathered in Table C.1. 660

We tested the convergence of the results with respect to the number of terms in the PES expansion (Eq. (B.1)), comparing 661

line-shape parameters for the R(0) line obtained from cross-sections calculated using a truncated expansion of the PES (with terms 662
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up to the I4 4 8(θ1, θ2, φ) bi-spherical harmonic) and an expanded set of expansion coefficients describing higher anisotropies of the663

system (up to the I6 6 12(θ1, θ2, φ) term). The results are gathered in Table C.1.664

The number of partial waves (or equivalently, blocks with given total angular momentum J) necessary to converge the scattering665

equations was determined based on a criterion of stability in the calculated cross-sections. We solved the coupled equations for an666

increasing number of J-blocks until four consecutive J-blocks contributed to the largest elastic and inelastic state-to-state cross-667

sections by less than 10−4 Å2. The convergence criterion ensured that the estimated error introduced by the number of partial waves668

was smaller than the smallest uncertainty attributable to the other parameters in our study. This implies that the uncertainty in the669

number of partial waves did not significantly contribute to the overall uncertainty in our results; thus, we do not consider this factor670

in Table C.1.671

The size of the rotational basis set is a critical factor in quantum scattering calculations, and it was chosen with great care to672

ensure a consistent level of accuracy across different rotational states. For each calculation, we checked that the basis set included all673

energetically accessible (open) levels of the colliding pair, as well as a certain number of asymptotically energetically inaccessible674

(closed) levels. We gradually increased the size of the basis set until the calculated cross-sections did not show appreciable differ-675

ences, identifying a fully converged basis set. We then determined the smallest basis set that ensured convergence to better than 1%676

with respect to the fully converged basis. This was done for each initial state of the HD-H2 system in a way that the estimated error677

for all transitions (R( jHD), jHD=0, 1, 2), including those involving rotationally excited states, remained within the specified limit.678

The tests were conducted separately for collisions with para-H2 (which involves only even rotational quantum numbers) and679

ortho-H2 (which involves only odd rotational quantum numbers). In the case of para-H2, all rotational levels of HD and H2 with680

j ≤ jmax = 4 were consistently included in the calculations. For specific calculations with H2 initially in the jH2 = 4 state, or HD681

initially in the jHD = 3 state, the basis set was expanded to incorporate all rotational levels of HD and H2 with j ≤ 6. For ortho-H2,682

the basis set consistently included all rotational levels of HD and H2 with j ≤ jmax = 5. We extended the basis set to cover jmax
HD = 6683

and jmax
H2

= 5 for cases where HD and H2 were initially in the ( jHD, jH2 ) = (0,3), (1,3), or (2,1) states. The largest basis set, with684

jmax
HD = jH2 = 7, was employed in all calculations involving HD and H2 in ( jHD, jH2 ) = (0,5), (1,5), (2,3), (2,5), (3,1), (3,3), and (3,5)685

states.686

Assuming the uncertainties associated with each parameter as independent, we estimated the maximum total uncertainty of each687

line-shape parameter using the root-sum-square method. The results are gathered in the last line of Table C.1.688

Appendix D: Modified Hartmann-Tran profile689

This appendix describes the mHT profile, which we used to simulate the spectra. We considered the mHT profile to be the best690

compromise between the accurate but computationally demanding SDBB profile and the simple Voigt profile. The mHT profile can691

be expressed as a quotient of two quadratic speed-dependent Voigt (qSDV) profiles,692

ĨmHT( f ) =
Ĩ∗qSDV( f )

1 − (νr
opt + iνi

opt)πĨ∗qSDV( f )
, (D.1)

which are directly linked to the spectral line-shape parameters from Eqs (1)-(3),693

Ĩ∗qSDV( f ) =
1
π

∫
d3v fm(v)

1
Γ0 + i∆0 + (Γ2 + i∆2)(v2/v2

m − 3/2) + νr
opt + iνi

opt − i( f − f0 − fDvz/vm)
. (D.2)

The line-shape profile uses the parameters in the pressure-dependent form:694

Γ0 = γ0 · p, ∆0 = δ0 · p
Γ2 = γ2 · p, ∆2 = δ2 · p
νr

opt = ν̃r
opt · p, νi

opt = ν̃i
opt · p. (D.3)

The fm(v) is the Maxwell-Boltzmann distribution of the active molecule velocity, vm is its most probable speed, and vz is one of the695

three Cartesian components of the v vector. The f , f0, and fD are the frequency of light, the central frequency of the transition, and696

the Doppler frequency, respectively.697

The hard-collision model of the velocity-changing collisions, which is used in the mHT profile, suffices to describe the velocity-698

changing line-shape effects (such as the Dicke narrowing) in the majority of the molecular species. However, in the cases with a699

significant Dicke narrowing, such as molecular hydrogen transitions, the hard-collision model does not reproduce the line shapes700

at the required accuracy level. To overcome this problem, a simple analytical correction (the β correction function) was intro-701

duced (Wcisło et al. 2016; Konefał et al. 2020), which mimics the behavior of the billiard ball model and, hence, considerably702

improves the accuracy of the mHT profile for hydrogen, at negligible numerical cost. The correction is made by replacing the νr
opt703

with βα(χ)νr
opt, where α is the perturber-to-absorber mass ratio and χ = νr

opt/ΓD (where ΓD is the Doppler width; see Konefał et al.704

(2020) for details). It should be emphasized that the β correction does not require any additional transition-specific parameters (it705

depends only on the perturber-to-absorber mass ratio α). The β correction was applied every time the mHT profile was used in this706

work.707
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Appendix E: DPL representation of the temperature dependences 708

In this appendix, we discuss the details of the DPL representation of the temperature dependences of the spectral line-shape param- 709

eters. The DPL function is used to convert the exact temperature dependence of the line-shape parameters into a simple, analytical 710

expression, suitable for storing in spectroscopic databases (Stolarczyk et al. (2020)). This conversion is done by fitting the DPL 711

function to the actual ab initio temperature dependence data. 712

Within this work, we calculated the ab initio values at temperatures ranging from 50 to 1000 K. Due to its relevance to the 713

atmospheres of giant planets, we chose to prioritize the 50-200 K temperature range and use the data only from this range to 714

generate the DPL coefficients (Stolarczyk et al. 2020). Projection of the ab initio data on the DPL representation is performed by 715

fitting the DPL function in the selected temperature range. For the most faithful reconstruction of the temperature dependence, we 716

performed several different fitting procedures (i.e., Newton, Quasi-Newton, Levenberg-Marquardt, global optimization, and gradient 717

methods) and selected the one that gives the best result (i.e., the lowest relative root mean square error; see the next paragraph). 718

This selection was done separately for each of the line-shape parameters and molecular transitions. Mathematically, the two terms 719

of the DPL functions are identical. Thus, to avoid swapping them, we followed the convention that the first base coefficients should 720

always be greater than second base coefficients. Furthermore, to reduce the number of significant digits, if the two base coefficients 721

have opposite signs, we required that their absolute values differ at least by 1‰. 722

Table E.1. Relative root mean square error of the DPL representation. We fitted the DPL function (see Eq. (4)) to the ab initio data at the
temperature range of 50-200 K. This table presents the root mean square differences between the actual ab initio data and the DPL representation
in this range (see Fig. E.1), divided by the value of the line-shape parameter at 296 K.

parameter R(0) R(1) R(2)
γ0 0.04% 0.04% 0.03%
δ0 0.48% 1.04% 0.29%
γ2 0.29% 0.20% 0.21%
δ2 2.36% 4.40% 1.20%
ν̃r

opt 0.03% 0.03% 0.03%
ν̃i

opt 1.51% 1.39% 0.53%

The DPL coefficients listed in Table 1 can be used to retrieve the temperature dependence of the line-shape parameters through 723

Eq. (4). The efficiency of the DPL representation is depicted in Fig. E.1. The red curves show the results of the ab initio calculations, 724

while the black curves (covered by the red ones in some cases) are the values reconstructed from the DPL coefficients from Table 1. 725

The corresponding residuals are presented under each of the plots. Table E.1 quantifies the accuracy of the DPL representation by 726

presenting the values of the relative root mean square error (rRMSE) of the differences between the ab initio data and the DPL fit. 727

The values of the rRMSE are normalized with respect to the value of the corresponding line-shape parameter at 296 K. Even though 728

the rRMSE values for some parameters are on the level of several percent, the overall error of the shape of the line is much smaller 729

because the two parameters that impose the highest impact on the line width, γ0 and ν̃r
opt, are reproduced with high accuracy. A 730

detailed discussion of the propagation of errors from the parameters to the final shape of the line is provided in Słowiński et al. 731

(2022). 732
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Fig. E.1. Temperature dependences of the six collisional line-shape parameters, γ0, δ0, γ2, δ2, ν̃r
opt, and ν̃i

opt, of the R(0) 0-0, R(1) 0-0, and R(2) 0-0
lines of HD perturbed by H2. The red and black curves are the ab initio results and DPL approximations, respectively. The small panels show the
residuals from the DPL fits. The vertical axes for all the panels (including residuals) are in 10−3 cm−1 atm−1.
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a b s t r a c t 

We investigate collisional line-shape effects that are present in highly accurate experimental spectra of 

the 3-0 S(1) and 2-0 Q(1) molecular hydrogen absorption lines perturbed by helium. We clearly distin- 

guish the influence of six different collisional effects (i.e.: collisional broadening and shift, their speed 

dependencies and the complex Dicke effect) on the shapes of H 2 lines. We demonstrate that only a very 

specific combination of these six contributions, determined from our ab initio calculations, gives unprece- 

dentedly good agreement with experimental spectra. If any of the six contributions is neglected, then the 

experiment-theory comparison deteriorates at least several times. We also analyze the influence of the 

centrifugal distortion on our ab initio calculations and we demonstrate that the inclusion of this effect 

slightly improves the agreement with the experimental spectra. 

© 2021 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 

1. Introduction 

Hydrogen molecule, which is the simplest neutral chemically 

bound system, colliding with a helium atom constitutes a bench- 

mark system well suited for testing and validating [1] the ab ini- 

tio quantum chemical calculations of potential energy surfaces 

(PESs) [2,3] . The way the collisional effects are manifested in rovi- 

brational spectra is particularly interesting in the case of the H 2 

molecule. Due to a large rotational constant [4] and the lack 

of low-temperature inelastic channels in H 2 scattering [5] , the 

nontrivial beyond-Voigt collisional line-shape effects are atypi- 

cally strong [6] , which makes it a perfect system for testing the 

collision-induced line-shape effects together with the quantum- 

scattering calculations associated with them. 

Recently, low-temperature experiments with coexpanded super- 

sonic beams allowed to measure rotationally inelastic scattering of 

the HD molecule colliding with D 2 [7,8] and with He [9] . The in- 

∗ Corresponding author. 

E-mail addresses: mslowinski@umk.pl (M. Słowi ́nski), piotr.wcislo@umk.pl (P. 

Wcisło). 

fluence of collisions of H 2 isotopologues or noble gas atoms with 

a hydrogen molecule on the shapes of the H 2 lines was studied in 

a wide temperature range, spanning from 20 to 1200 K [10–17] . 

In particular, the widths and shifts of the H 2 rovibrational lines 

affected by the H 2 -He collisions were subjected to intense theoret- 

ical and experimental studies [3,5,15,18–26] . Recently, the ab ini- 

tio calculations carried out for two rovibrational lines of molecu- 

lar hydrogen achieved a subpercent agreement with experimental 

spectra [1] . 

In this work, we investigate the shapes of two molecular hy- 

drogen absorption lines perturbed by helium. We clearly distin- 

guish the influence of six different collisional effects (i.e.: colli- 

sional broadening and shift, speed dependence of the broadening 

and the shift, and real and imaginary Dicke effect) on the shapes 

of H 2 lines. We demonstrate that only a specific combination of 

these six contributions, as resulting from our ab initio calculations, 

gives unprecedentedly good agreement with experimental spectra 

(0.87% for the 3-0 S(1) line and 0.33% for the 2-0 Q(1) line). Ad- 

ditionally, we extend the previous analysis [1] by introducing into 

our quantum-scattering calculations the impact of the centrifugal 

distortion (CD) on the H 2 -He interaction. We note that the CD is 

https://doi.org/10.1016/j.jqsrt.2021.107951 
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introduced into our quantum-scattering calculations in a twofold 

manner. First, CD influences the calculations of the structure of the 

H 2 molecule, i.e. the energies of the rovibrational levels. This effect 

was already taken into account in all our previous analyses of the 

He-perturbed hydrogen lines [1,3,5,21–23,26] . In fact, we used the 

energy levels of H 2 reported in Ref. [27] . Second, CD influences the 

H 2 -He interaction calculated from the PES for a given rovibrational 

state of H 2 . This is because as the H 2 molecule rotates, its rovibra- 

tional wave function, χν j (r hh ) , is slightly stretched. Thus, the full 

H 2 -He PES should be averaged over wave functions which include 

this stretching (see Section 4 for details). In this paper, while refer- 

ring to CD, we refer to the second meaning of those stated above. 

In the previous works it was pointed out that CD can be crucial for 

purely rotational lines [5] . Here, we demonstrate that while for the 

2-0 Q(1) line, CD does not impact the line-shape parameters signif- 

icantly, it influences the line-shape parameters of the 3-0 S(1) line 

at the 6% level and, hence, cannot be neglected in the interpreta- 

tion of highly accurate experimental spectra. 

Besides its importance for studying molecular interactions and 

collisions, accurate determination of the collisional line-shape pa- 

rameters is important for astrophysical research. Spectroscopic 

studies of the atmospheres of giant planets need an accurate deter- 

mination of pressure broadening and shift for electric-quadrupole 

H 2 lines [28–31] . Higher H 2 overtones are also used to study the 

atmospheres of giant planets [32,33] , where beyond-Voigt line- 

shape parameters were proven to be necessary to interpret the 

measured spectra. 

2. Line shape description 

Our line-shape calculations [1,34–37] are based on the general- 

ized Hess method (GHM) [38–40] . Instead of fitting, we calculate 

the line-shape parameters, namely the speed-dependent pressure 

broadening, �(v ) , and shift, �(v ) [41–43] , along with the com- 

plex Dicke parameter, νopt [3,44–48] , directly from the generalized 

spectroscopic cross sections 

�(v ) + i �(v ) = 

(
n p 

2 πc 

) 2 ̃

 v 2 p 

v 
√ 

π
exp 

(
−v 2 / ̃ v 2 p 

)
×

×
∞ ∫ 

0 

x 2 e −x 2 sinh ( 2 v x/ ̃ v p ) σ q 
0 
(x ̃ v p )d x, (1a) 

νopt = 

(
n p 

2 πc 

)
m p 

m + m p 

∞ ∫ 
0 

v r f m 

(v r ) ×

×
[

2 

3 

v 2 r 

v 2 r 

σ q 
1 
(v r ) − σ q 

0 
(v r ) 

]
d v r , (1b) 

where n p is the number density of the perturber, c is the speed 

of light, v p , v and v r are the speed of the perturber with the most 

probable value ˜ v p , the speed of the active molecule and their rel- 

ative speed with mean value v r , respectively, with x = v r / ̃ v p . m p 

and m are the masses of the perturber and the active molecule, 

respectively, and f m 

(v ) is the Maxwell-Boltzmann speed distribu- 

tion. The cross sections, σ q 
ε (v ) , are determined from the S-matrices 

that are obtained, from the binary impact approximation, from the 

quantum-scattering calculations [22] , which are performed on the 

state-of-the-art H 2 -He PES, i.e. extended Bakr, Smith and Patkowski 

potential (BSP3) [2,3] . The q superscript denotes the tensorial rank 

of radiation-matter interaction, which describes the type of a spec- 

troscopic transition. In absorption spectroscopy, q = 1 corresponds 

to electric dipole transitions and q = 2 corresponds to the electric 

quadrupole transitions considered here. In the case of Raman spec- 

troscopy, q = 0 describes isotropic Q lines, while q = 2 corresponds 

to anisotropic transitions. ε denotes the rank of the velocity ten- 

sor. For ε = 0 , the real and imaginary part of σ q 
ε (v ) are referred 

to as the pressure broadening and pressure shift cross sections, re- 

spectively [49–51] , which describe the damping and dephasing of 

the optical coherence. For ε = 1 the σ q 
ε (v ) provides the complex 

Dicke cross section [39,40,52] , the real part of which describes the 

flow of the optical coherence between different velocity classes. 

The imaginary part of σ q 
ε=1 

(v ) describes the phase changing of 

the optical coherence during velocity-changing collisions. We note 

that the cross sections, σ q 
ε (v ) , include the contribution from the 

inelastic scattering of the diatomic molecule and the dephasing 

part, which involves both the reorienting collisions (induced by 

the anisotropic part of the PES) and purely phase-changing colli- 

sions [5] . 

The isolated absorption line can be described in terms of the 

transport-relaxation equation [53] 

1 = −i (ω − ω 0 − k · v ) h (ω, v ) − ˆ S f h (ω, v ) , (2) 

where ω and ω 0 are the laser frequency and the unperturbed line 

position, respectively, k is the wave vector, ˆ S f is the collision op- 

erator, f m 

(v ) is the Maxwell velocity distribution of the active 

molecule velocity, v , and f m 

(v ) h (ω, v ) is a scalar function pro- 

portional to the velocity distribution of the optical coherence. The 

shape of molecular line is calculated as [53] 

I(ω) = 

1 

π
� e 

∫ 
d 

3 v f m 

( v ) h (ω, v ) . (3) 

The velocity distribution of the optical coherence arises as an 

interplay between two competing processes. On one hand, the 

laser light induces the optical excitation within some velocity 

classes. On the other, collisions change both the internal state of 

the molecule and its velocity [54–56] . These effects can be incor- 

porated into the collision operator as a sum of the broadening and 

shift and a velocity-changing operator 

ˆ S f = − (�0 + i �0 ) −
(
�SD b γ (v ) + i �SD b δ(v ) 

)
+ 

+ (νr 
opt + iν i 

opt ) ˆ M 

f 
ξ , (4) 

where �0 and �0 are the speed-averaged broadening and shift, 

�SD and �SD are the parameters describing the magnitude of the 

speed-dependence of broadening and shift of the line with b γ
and b δ describing their shape [35] , νr 

opt and ν i 
opt are the real and 

imaginary part of νopt , respectively. Finally, νopt ˆ M 

f 
ξ

is the velocity- 

changing operator [53,57,58] within a given ξ model of collisions 

νopt ˆ M 

f 
ξ h (ω, v ) = 

∫ [
f ξ (v ← v ′ ) − f ξ ( v 

′ ← v ) 
]
h (ω, v ′ )d v ′ , (5) 

where f ξ is the collision kernel. We note here that the complex 

Dicke parameter, νopt , involves correlation between the internal 

and translational degrees of freedom [3,39,40,45] . In the original 

formulation of the GHM, this operator is a simple hard-collision 

(HC) operator [44,59] whose collision kernel depends only on the 

Maxwell velocity distribution [60] 

f HC (v ← v ′ ) = νopt f m 

(v ) . (6) 

In this work, we replace the HC collision kernel with the more 

physically-justified billiard-ball (BB) model [54,57,58] , in which the 

collision kernel takes into account not only the speed after the col- 

lision, v , but also the speed before the collision, v ′ , the angle φ be- 

tween aforementioned velocities and the perturber-absorber mass 

ratio, α. The BB collision kernel can be expressed as 

f BB (v ← v ′ ) = 

= νopt 
1 

v 2 m 

3 

32 π

(1 + α) 5 / 2 

α2 

1 √ 

v 2 − 2 vv ′ cos (φ) + v ′ 2 
×

× exp 

(
− (1 − α) 2 

4 α

v ′ 2 
v 2 m 

− (1 + α)(1 − α) 

2 α

vv ′ 
v 2 m 

cos (φ)+ 

2 
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Fig. 1. Isotropic part of the BSP3 PES for colliding H 2 -He (red thick solid line) as a 

function of relative distance, R . The hard-sphere potential (black dashed line) was 

constructed so it intersects the ab initio potential curve at the mean collisional en- 

ergy ( ε/k B = 4 4 4 K). Green solid line is the Lennard-Jones potential fitted to the 

isotropic part of the BSP3 PES. Mean collision energy and energy corresponding to 

the temperature T are indicated as the blue (upper) and orange (lower) dot-dashed 

lines respectively. The mean hard-sphere diameter d H 2 −He = 4 . 24 a 0 at 296 K. 

+ 

αv 2 v ′ 2 sin 

2 
( φ) 

v 2 m 

(
v 2 − 2 vv ′ cos ( φ) + v ′ 2 

) − (1 + α) 2 

4 α

v 2 

v 2 m 

) 

, (7) 

where v m 

= 

√ 

2 k B T /m is the most probable speed of an active 

molecule of mass m , k B is the Boltzmann constant, and T is the 

temperature. With the BB model of collisions included, we refer to 

the line shape as the speed-dependent billiard-ball profile (SDBBP). 

In this work, we calculate the complex Dicke parameter from 

the ab initio calculations based on the GHM. It is interesting to 

compare it with the frequency of the velocity-changing collisions 

(real number), νdiff , calculated from the diffusion [57,61] 

νdiff = 

v 2 m 

2 D 

, (8) 

where D is the binary diffusion coefficient. The latter can be simply 

calculated using a crude hard-sphere model [34,57] or an effective 

Lennard-Jones (LJ) potential parameters [62] . It can be also deter- 

mined experimentally [63] . We estimate the mean hard-sphere di- 

ameter ( σ in Ref. [34] ) as the intersection of the true isotropic part 

of the PES with the mean collisional energy, see black line in Fig. 1 . 

The effective LJ potential was obtained by fitting its parameters to 

the true isotropic part on the interacting pair in the ground state, 

see green line in Fig. 1 . 

Note that while this work focuses on describing the line shape 

in a physically justified model, we also provide a comprehen- 

sive dataset of the line-shape parameters for this system for the 

quadratic speed-dependent hard-collision profile in a wide temper- 

ature range in Ref. [17] . 

3. Signatures of different collisional line-shape effects in 

experimental spectra 

In this section, we use the experimental spectra reported in 

Ref. [1] . The He-perturbed 2-0 Q(1) H 2 line was measured in the 

Grenoble laboratory at temperature 294.2 K and at nine pressures 

from 0.07 to 1.05 atm and the He-perturbed 3-0 S(1) H 2 line was 

measured in the Hefei laboratory at temperature 296.6 K and at 

four pressures from 0.36 to 1.35 atm. The H 2 -He mixing ratio is 

different for both experiments and for the 2-0 Q(1) line has a 

constant value of 4.9(1)% while for the 3-0 S(1) line spans be- 

tween 10% and 33%. We perform fully quantum calculations of the 

line-shape parameters on the newly-developed BIGOS code [64] , 

see Ref. [3,22] for detailed description of the methodology. Com- 

paring to our previous work [1] we perform additional quantum- 

scattering calculations to check the influence of the CD (which 

Fig. 2. The raw experimental spectra reported in Ref. [1] (black points) in compar- 

ison with the simulated line profiles (red lines). Linear background is subtracted 

from the spectra. The absorption axis is normalized to the spectral line area, A . 

The red lines under the line profiles show the differences between the experiment 

and theory enlarged twenty times. Relative root-mean-square error, rRMSE, values 

in the plots describe the errors relative to the profile amplitude calculated within 

±FWHM (Full-Width at Half Maximum) from the line maximum. Vertical gray lines 

correspond to the theoretical unperturbed line position, ω 0 . Deviation of the line 

maximum from ω 0 highlights that H 2 has atypically large pressure shift. 

is usually neglected) on the shapes of molecular resonances, see 

Section 4 for more details. In our spectra analysis, we fit the line 

position, ω 0 , line intensity, S, and linear baseline. The fit of the line 

position was performed by means of multispectrum fitting tech- 

nique [65] , while the line area was fitted separately for every pres- 

sure. Line-shape parameters are not fitted, but fixed to calculated 

ab initio values. The results for two chosen pressures are presented 

in Fig. 2 . We have already demonstrated, in Ref. [1] , that the con- 

sistency between our theoretical line-shape calculations and ex- 

perimental data reaches subpercent accuracy for the He-perturbed 

H 2 lines. Here we demonstrate that taking into account more so- 

phisticated line-shape parameters is crucial to achieve this agree- 

ment. In a typical case the collisional effects in molecular ab- 

sorption spectra are dominated by the speed-averaged broaden- 

ing, �0 , and shift, �0 , and hence the Voigt Profile (VP) suffices 

to describe the collision-perturbed shapes of the molecular lines 

[66,67] . However, the atypical properties of the hydrogen molecule 

give us an opportunity to experimentally study more subtle line- 

shape effects that our collision operator, Eq. (4) , takes into account. 

In Sections 3.1 –3.3 we demonstrate on the experimental data that 

none of these collisional effects can be neglected. Indeed, the ex- 

cellent agreement between theory and experimental spectra, see 

Fig. 2 , is achieved only when the contributions from all six colli- 

sional line-shape parameters are taken into account at the same 

time, see Fig. 3 . 

3.1. Speed-averaged line broadening and shift 

The simplest description of the line shape is based on the 

speed-averaged broadening and shift in conjunction with the 

Doppler effect. In the absence of any other collisional line-shape 

effects, this results in the formation of a simple VP. To quantify 

the impact of these collisional effects on the overall shape of the 
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Fig. 3. Influence of different collisional effects on the shapes of the rovibrational transitions in H 2 . Black dots are the experimental data reported in Ref. [1] and the red lines 

are the ab initio line shapes. Panels (a-c) and (d-f) correspond to the He-perturbed 3-0 S(1) and 2-0 Q(1) H 2 line, respectively. Panels (a) and (d) present the line shapes 

in which the speed-averaged line broadening and shift is neglected, i.e. �0 = 0 (yellow line) and �0 = 0 (blue line). In panels (b) and (e) the speed dependence of the line 

broadening, �SD = 0 (yellow line) and shift, �SD = 0 (blue line) is neglected. In panels (c) and (f) we neglect the complex Dicke parameter; its real, νr 
opt = 0 (yellow line), and 

imaginary, ν i 
opt = 0 (blue line), parts. These panels also present the effect of replacing νr 

opt with νdiff originating from the diffusion model calculated with the hard-sphere 

approach (green line). 
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measured H 2 absorption lines, we set the �0 (see yellow lines in 

Fig. 3 a and d) and �0 (see blue lines in Fig. 3 a and d) parameters 

to zero in our ab initio profiles and directly superimpose them on 

the raw experimental data. The resulting large differences show, as 

expected, that both of these parameters are crucial for a proper 

description of the spectral profile. 

3.2. Speed dependence of the line broadening and shift 

For the present molecular system the simple VP is fairly in- 

sufficient [43,68,69] . The beyond-Voigt line-shape effects are par- 

ticularly pronounced for the case of the rovibrational transitions 

in molecular hydrogen, see Fig. 2 e–f in Ref. [1] . The depen- 

dence of the collisional width and shift on the speed of the 

molecules [41] has to be included to increase the agreement 

with experimental data. To examine its influence, we set the 

�SD (see yellow lines in Fig. 3 b and e) and �SD (see blue lines in 

Fig. 3 b and e) parameters to zero in our ab initio profiles and di- 

rectly superimpose them on the raw experimental data. The speed 

dependence of the line width reduces the effective width of the 

line via the speed class exchanges, while the speed dependence 

of the shift manifests as inhomogeneous broadening and asym- 

metry of the line [70,71] . This is clearly confirmed by our experi- 

mental data, for �SD = 0 (see aforementioned yellow line) the line- 

shape profile is broader, i.e., the peak of the line is lower, while for 

�SD = 0 (blue line) the line is narrower, i.e. the line peak is higher, 

and the residuals are clearly asymmetric. 

3.3. Velocity-changing collisions 

The influence of the velocity-changing collisions is incredibly 

pronounced for the H 2 molecule. It is clearly visible while compar- 

ing the velocity-changing collisions frequency derived directly from 

the diffusion coefficient, νdiff , to the speed-averaged width, �0 (for 

the values refer to the Table 1 ). Therefore, even if the state/phase- 

and velocity-changing collisions are correlated, i.e. some fraction 

of the excited molecules undergoing the change of the velocity are 

damped, the effective rate of velocity-changing collisions, νopt , is 

Table 1 

Line-shape parameters for the 3-0 S(1) and 2-0 Q(1) H 2 lines, de- 

termined with our ab initio quantum-scattering calculations that 

include centrifugal distortion. The calculations are done for T = 

296 . 6 K for the 3-0 S(1) line and for T = 294 . 2 K for the 2-0 

Q(1) line. As a reference, we calculated also νdiff from Eq. (8) for 

the hard-sphere and LJ potentials (see Fig. 1 ). For the hard-sphere 

potential, νdiff = 43 . 38 and 43.19 for T = 296 . 6 K and 294.2 K, re- 

spectively. For the LJ potential, νdiff = 38 . 67 and 38.43 for these two 

temperatures, respectively. For the experimentally determined dif- 

fusion coefficient [63] , νdiff = 40 . 9 and 41.15 for T = 296 . 6 K and 

294.2 K, respectively. All the parameters are given in 10 −3 cm 

−1 

and are calculated for n p = 1 amg. Abbreviations of the PESs are 

given in the text. 

PES �0 �0 �SD �SD νr 
opt ν i 

opt 

3-0 S(1) Line 

mMR 6.51 23.38 2.87 8.92 40.99 −13.03 

SK 14.59 33.03 7.01 14.25 36.53 −19.28 

BSP 12.79 31.52 5.91 12.99 37.32 −18.29 

BSP2 12.36 31.15 5.70 12.67 37.57 −17.94 

BSP3 12.38 31.14 5.71 12.69 37.56 −17.96 

2-0 Q(1) Line 

mMR 3.45 14.28 1.59 5.53 42.63 −7.98 

SK 7.04 21.89 3.35 9.25 41.25 −12.62 

BSP 5.85 19.58 2.73 8.15 41.59 −11.51 

BSP2 5.74 19.36 2.68 7.99 41.66 −11.33 

BSP3 5.75 19.36 2.68 8.00 41.65 −11.35 

still much larger than all the other collisional line-shape parame- 

ters, see Table 1 . We bring this to the fore this in Fig. 3 c and f; 

the yellow lines show the case when the real part of the complex 

Dicke parameter, νr 
opt , is neglected. 

For the considered lines, the real part of the complex Dicke pa- 

rameter, νr 
opt , is close to the one calculated from diffusion coeffi- 

cient either using a hard-sphere model or LJ potential parameters 

(see the Appendix B of Ref. [3] ), see Eq. (8) , Fig. 1 and Table 1 . The 

green lines in Fig. 3 c and f correspond to the case when the ab ini- 

tio calculated νr 
opt was replaced with νdiff . Using νr 

opt we achieved 

lower residuals than with this approach, but the differences on the 

figure scale is almost negligible. 

In this analysis we clearly observe in experimental spectra the 

contribution of the imaginary part of the complex Dicke parameter, 

ν i 
opt . It has to be emphasized that here we do not phenomenolog- 

ically fit the ν i 
opt parameter to the experimental data (which was 

done before many times [43,69,72–75] ), but we set it to the value 

determined from our fully ab initio calculations and make a direct 

comparison with the raw experimental spectra, see the red lines 

in Fig. 3 . To see the contribution from the ν i 
opt parameter we set it 

to zero and compare with experimental spectra, see the blue lines 

in Fig. 3 c and f. It can be clearly seen that when the contribu- 

tion of ν i 
opt is neglected, then the discrepancy between theory and 

experiment is a few times larger. 

3.4. Other collisional line-shape effects 

In this section, we discuss several other collisional line-shape 

effects which we do not observe in our spectra. We argue that 

these effects have negligible influence in the cases considered here. 

3.4.1. Non-impact (collision duration) effects 

To estimate the influence of the collision-duration effect, we 

use the results obtained for the Ar-perturbed HF lines [76] . The 

asymmetry parameter, b, for this system is at the level of 3 ×
10 −3 amg −1 . At our highest pressure this would correspond to 

0 . 15% rRMSE, which is smaller than the rRMSE of the comparison 

between experiment and theory reported in this work. This esti- 

mation is conservative since the range of the H 2 -He interaction is 

smaller than for HF-Ar and the corresponding collision-duration ef- 

fects for H 2 -He are expected to be smaller as well. 

3.4.2. Line mixing 

To estimate the influence of the line-mixing effect, we use 

the results obtained for the selfperturbed HD lines [77] . The 

line-mixing coefficient, y , for HD-HD is at the level of 2 ×
10 −3 amg −1 [77] . At our highest pressure this would correspond to 

0 . 1% rRMSE. Also this estimation is conservative since the separa- 

tion between the Q lines is much larger for H 2 compared to the 

HD lines from Ref. [77] . 

4. Improved accuracy of the ab initio calculations 

The analysis presented in the previous sections is based on the 

most recent ab initio PES (BSP3) [3] . In Section 3 , we demonstrated 

that the ab initio line-shape calculations based on the BSP3 PES 

agree well with the experimental data. In this section, we use 

our quantum-scattering and line-shape calculations to validate the 

PESs available in the literature [2,3,78–80] as well as to quantify 

the influence of the CD, which is usually neglected in the scatter- 

ing calculations for rovibrational transitions. The calculations that 

include CD are performed on the most accurate BSP3 PES using the 

newly developed BIGOS code [64] . 

For the purpose of scattering calculations, the PES for the 

H 2 -He system, V (R, r hh , θ ) is expanded over Legendre polynomi- 
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als [3,5,22] 

V (R, r hh , θ ) = 

∑ 

λ=0 , 2 , 4 , 6 

V λ(R, r hh ) P λ( cos θ ) , (9) 

where R is the separation between the helium atom and the cen- 

ter of mass of H 2 , r hh is the distance between hydrogen atoms, 

and θ denotes the angle between R and r hh . Radial coupling terms, 

which enter the coupled equations, are obtained from the rovibra- 

tional average of the V λ(R, r hh ) terms over the wave functions of 

the unperturbed H 2 molecule, χv j (r hh ) , 

V λ, v j, v ′ j ′ (R ) = 

∫ 
d r hh χv j (r hh ) V λ(R, r hh ) χv ′ j ′ (r hh ) , (10) 

where v and j denote vibrational and rotational quantum num- 

bers, respectively. In this work we neglect the vibrational cou- 

pling between molecular states, which means that we use only ra- 

dial coupling terms with v ′ = v in the scattering calculations. The 

non-diagonal vibrational couplings would be too expensive to in- 

clude. Disregarding the CD, in turn, means that in each vibrational 

state the coupling terms can be approximated as V λ, v j, v j ′ (R ) ≈
V λ, v 0 , v 0 (R ) . 

4.1. H 2 -He potential energy surfaces 

We consider five different PESs: the PES of Schaefer and Köhler 

(SK PES) [78] , the modified Muchnick-Russek PES (mMR) [79,80] , 

the PES reported by Bakr, Smith and Patkowski (BSP) [2] and its 

two extensions: BSP2 and BSP3 [3] . 

The original PES of Schaefer and Köhler was based on the 

ab initio points reported in Ref. [81] with the configuration inter- 

action techniques. The SK PES covered a relatively large range of 

absorber-perturber distance R , (1.6 – 11 a 0 ) and was calculated for 

five intramolecular distances r hh between 0.9 and 2 a 0 , with three 

of them (1.28, 1.449, 1.618 a 0 ) determined at a higher level of ac- 

curacy [78] . The SK PES was originally presented in the form of 

V λ(R, r hh ) values. We made use of the form published in Ref. [80] . 

The mMR PES was published as a modification of the ab ini- 

tio potential of Muchnick and Russek [79] . The original MR PES 

covered a narrow range of r hh near 1.4 a 0 , but the analytic fit was 

expected to behave reasonably even up to 4 a 0 . The modification 

of this PES (mMR) [80] was performed to fit to the more accurate 

ab initio values reported in Ref. [82] , which were calculated with 

the complete fourth-order Møller-Plesset approximation. 

The BSP PES (and its further extensions) was obtained us- 

ing the coupled-cluster method with single, double and pertur- 

bative triple (CCSD(T)) excitations, taking also into account the 

contributions from the higher coupled-cluster excitations [2] . This 

PES was determined for ten values of r hh in the range of r hh ∈ 

[1 . 1 , 1 . 75] a 0 , which turned out to be insufficient for the accu- 

rate studies of processes involving vibrationally excited H 2 (see 

Section 2 of Ref. [5] for details). This problem was solved in the 

second version of this PES, BSP2, which extended the ab initio data 

points range to r hh ∈ [0 . 65 , 3 . 75] a 0 . In the final extension of this 

potential, BSP3, an improved asymptotic behavior for the large val- 

ues of R was introduced (for details see Section 2 of Ref. [3] ). This 

PES (denoted as BSP3) was used in Ref. [1] . 

In Table 1 , we report the ab initio values of the line-shape pa- 

rameters for all the considered PESs. There are no fitted line-shape 

parameters because for the molecular hydrogen they can consider- 

ably deviate from the real ones due to a strong numerical corre- 

lation. For this reason, we adopt a methodology that is more ade- 

quate to study the collisional effects in H 2 , i.e., instead of compar- 

ing the fitted values of the collisional line-shape parameters with 

theory, we directly compare the ab initio line shapes with exper- 

imental spectra and the RMSE of their difference gives us infor- 

mation about the agreement between the theory and experiment. 

Fig. 4. Differences between experimental data and modelled spectra with central 

frequency fitted by means of the multispectrum fitting technique and line inten- 

sity fixed to the theoretical value [83] . Green, blue, gray and black lines are the 

residuals for the mMR, SK, BSP and BSP3 potentials, respectively. Vertical gray lines 

correspond to the unperturbed line position [83] . 

This way we can also check separately an individual influence of 

any of the six collisional line-shape parameters, see Fig. 3 . 

In Fig. 4 we show a comparison between the experiment and 

theory for different PESs. Contrary to the analysis from Figs. 2 

and 3 , here the line intensity is not adjusted but settled to the 

fixed theoretical value [83] (this is why the black residuals from 

Fig. 4 are slightly larger than the red ones from Figs. 2 and 3 ) to 

get a clear comparison and to not artificially compensate inaccu- 

rate values of some of the line-shape parameters by the line-fitting 

procedure. 

The smallest residuals are for the most recent BSP3 PES, see the 

black lines in Fig. 4 . The residuals for the BSP2 PES are hardly dis- 

tinguishable from the ones for BSP3 (hence, we do not show them 

in Fig. 4 ). Physically, this means that any inaccuracies of the BSP2 

potential at large separations between H 2 and He are minor rela- 

tive to the sensitivity of the line-shape parameters to the asymp- 

totic behavior of the PES, at this level of accuracy. This is consistent 

with the expectation that at room-temperature energies the gener- 

alized spectroscopic cross sections are hardly sensitive to the long- 

range part of the PESs (see Appendix C of Ref. [3] ). The asymptotic 

behavior influences the values of the line-shape parameters at the 

subpercent level, see the BSP2 and BSP3 rows in Table 1 . 

The residuals for the BSP PES are shown in Fig. 4 as gray lines. 

The main difference between BSP and BSP3 is that BSP does not 

cover as large a range of intramolecular separations in H 2 , see 

Fig. 1 in Ref. [5] . For the second overtone, at higher pressures, 

the residuals for BSP (blue line in the top panel in Fig. 4 ) are 

larger than for BSP3 (red line). It is consistent with our expecta- 

tions but at the present level of accuracy the difference is not yet 

large enough to unambiguously conclude that we experimentally 

validate the highly-stretched regions of the PESs. 

The residuals for the SK and mMR PESs are shown in Fig. 4 as 

blue and green lines, respectively. For these two cases, the residu- 

als are much larger (especially for the mMR PES) than for the three 

versions of the BSP PES. This confirms the preliminary analysis of 

Ref. [5] . 

4.2. Centrifugal distortion (CD) 

We performed additional scattering calculations on the 

BSP3 PES to determine the influence of the CD on the accu- 

racy of theoretically modelled spectral line shapes. Figure 5 

presents CD of the wave functions of H 2 in the three vibrational 

states considered in the experiment. The difference between the 
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Fig. 5. Rovibrational wave functions of ortho-H 2 , χv j (r hh ) ( j = 1 to j = 15 ) con- 

sidered in our scattering calculations. For small j numbers the wave functions are 

overlapped. 

purely vibrational state, χv 0 (r hh ) , and the true wave function, 

χv j (r hh ) , increases with both j and v . Due to the fact that H 2 has 

a remarkably large rotational constant ( B = 60 . 853 cm 

−1 [4] ), this 

effect should be pronounced in the rovibrational spectra of this 

molecule. The influence of the CD on the pressure broadening and 

shift coefficients was studied by Green [84] in the He-perturbed 

Q lines of D 2 from the fundamental band and by Shafer and 

Gordon [49] and Dubernet and Tuckey [85] in the He-perturbed 

isotropic Raman Q lines of the fundamental band and S purely 

rotational lines of H 2 . These studies concluded that CD has a rela- 

tively small effect on both the pressure broadening and shift in the 

fundamental band (about 1–3%), but can significantly modify the 

pressure shift of the purely rotational lines, which is very sensitive 

to the difference in the elastic scattering in two rotational states. 

The majority of recent theoretical investigations [3,5,21–23] took 

this effect into account for purely rotational lines, but neglected it 

for rovibrational transitions. It was suggested [5] that in the latter 

case, CD might be masked due to the large contribution from the 

vibrational dephasing. 

Here, we report values of the six line-shape parameters calcu- 

lated with and without CD, see Table 2 . In Fig. 6 we show the com- 

Fig. 6. The influence of centrifugal distortion (CD) on the theory-to-experiment 

consistency. We present differences between experimental data and modeled spec- 

tra with central frequency fitted by means of multispectrum fitting technique and 

line intensity fitted individually for each pressure. Black and red lines correspond 

to the cases when the CD was and was not taken into account, respectively. CD has 

a negligible effect on the Q line, therefore the lines are overlapping. Vertical gray 

lines correspond to the theoretical unperturbed line position. 

parison between the experimental spectra and the theoretical line 

shape calculated with and without including the CD. 

For the 3-0 S(1) line, CD modifies the �0 and �SD by over 

5%. The rest of the parameters, in particular, the pressure shift 

�0 , are modified by over 2.5%. CD leads to lower differences be- 

tween theoretical and experimental spectra, and reduces the mean 

rRMSE calculated for ±FWHM from 0.99% to 0.89%. In the case of 

the 2-0 Q(1) line, CD has almost no effect on the calculated line- 

shape parameters and the spectra calculated with and without it 

overlap. This result agrees with the observation of Dubernet and 

Tuckey [85] , who reported that the influence of CD on the Q( j) 

lines is significantly smaller than on the S( j) lines. 

The fact that the collisional broadening for the two rovibra- 

tional lines which differ only in the final spectroscopic state differs 

by a factor of two might be surprising. As it turns out, collisional 

widths of rovibrational lines in H 2 (both He- and self-perturbed) 

exhibit an unusually strong dependence on the vibrational quan- 

tum number (see, for example Fig. 6 in Ref. [17] or Fig. 4 in 

Ref. [6] ). This is caused by a large contribution to the line broaden- 

ing from the vibrational dephasing, which mainly originates from 

the difference between the isotropic parts of the PES in initial and 

final vibrational states. As discussed in Refs. [3,5,22] , this difference 

increases for 0- v transitions with v . Apart from the dephasing part, 

there is also a significant difference in the inelastic contribution to 

the collisional broadening between the Q v (1) and S v (1) lines. The 

former have significantly smaller inelastic contribution to �0 , due 

to the fact that the first inelastic transition from either initial or 

final spectroscopic state is possible once the first inelastic chan- 

nel becomes accessible (here, for E kin ≈ 500 cm 

−1 ). On the other 

hand, for the S v (1) line the inelastic contribution from the scat- 

tering in the final spectroscopic state ( v , J = 3 ) is non-zero even at 

very low kinetic energies. Moreover, the inelastic contribution in- 

creases with v because the spacing between the rotational energy 

levels in a given vibrational state decreases with v . 

4.3. Propagation of the uncertainties of the line-shape parameters on 

the residuals 

In the previous section, we demonstrate that an almost-6% 

change on the line-shape parameters can be introduced with the 

addition of the CD for the case of the 3-0 S(1) line, see Table 2 . At 

the same time, in Fig. 2 we show that adding the CD improves the 

mean rRMSE for the 3-0 S(1) line by approximately 0.38% for the 

highest pressure (from 1.24% in Ref. [1] down to 0.86% in Fig. 2 ). 

In this section we explain this apparent inconsistency by analysing 

how the changes of the line-shape parameters propagate to the 

magnitude of the residuals. To do it, we directly simulate the line- 

shape profile for the original and corrected values of the line-shape 

parameters (the first and middle columns in Table 2 , respectively) 

and we calculate rRMSE of the difference. All of the following dis- 

cussion is made for the case of the 3-0 S(1) hydrogen line since CD, 

at this level of accuracy, has insignificant impact on the Q-branch 

lines [85] . 

The perturbations of �0 and �0 (by 5.65% and 2.06%, respec- 

tively) have the largest impact and change the profile by almost 

2% for each of the two parameters in the high-pressure limit, see 

the top panel in Fig. 7 . Curves overlapping with each other are a 

coincidence. For the case of our experiment, perturbations intro- 

duce an approximately 0.2% profile change (rRMSE) for the low- 

est and approximately 0.8% for the highest pressure. This is over 

7 times less than the magnitude of the �0 correction. As a refer- 

ence for the numerical tests, we derive a simple analytical formula 

that describes propagation of the �0 and �0 uncertainties on the 

residuals for the case of the Lorentz Profile (LP), see Appendix A. 

The analytical values, which are valid in the high-pressure limit in 

which the profile is close to the LP, are shown in the top panel in 
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Fig. 7. Propagation of the uncertainties of the line-shape parameters on the resid- 

uals for the case of the He-perturbed 3-0 S(1) H 2 line. The vertical axis is rRMSE of 

the difference between the SDBBP generated for the uncorrected and centrifugal- 

distortion corrected values of the line-shape parameters (see Table 2 ). The first 

three panels show the results for the case when only one line-shape parameter 

is changed (see the labels in the plots). It is a coincidence that the two lines in the 

top panel overlap. The bottom panel shows the overall difference when all six line- 

shape parameters are changed. The dashed lines in the top panel are the analytical 

reference values (the same color notation as for solid lines), see Appendix A. The 

gray vertical lines correspond to the experimental pressures covered in this paper. 

Table 2 

Line-shape parameters for the 3-0 S(1) and 2-0 Q(1) H 2 lines, determined with 

our ab initio quantum-scattering calculations, using the BSP3 PES. Columns 

show the impact of the centrifugal distortion (CD) included in the calculations, 

showing both the line-shape parameter values and differences respective to the 

ones reported in Ref [1] . The calculations are done for T = 296 . 6 K for the 3- 

0 S(1) line and for T = 294 . 2 K for the 2-0 Q(1) line with the corresponding 

Doppler frequency equal to ω D = 64 . 01 × 10 −3 cm 

−1 and 41 . 96 × 10 −3 cm 

−1 , re- 

spectively. All the parameters are given in 10 −3 cm 

−1 and are calculated for 

n p = 1 amg. 

Ref. [1] Ref. [1] + CD � [%] 

3-0 

S(1) Line 

�0 11 .72 12 .38 5 .65 

�0 30 .51 31 .14 2 .06 

�SD 5 .40 5 .71 5 .61 

�SD 12 .42 12 .69 2 .15 

νr 
opt 37 .96 37 .56 −1 .06 

ν i 
opt −17 .45 −17 .96 2 .91 

2-0 

Q(1) Line 

�0 5 .74 5 .75 0 .17 

�0 19 .51 19 .36 −0 .77 

�SD 2 .68 2 .68 0 .00 

�SD 8 .06 8 .00 −0 .74 

νr 
opt 41 .64 41 .65 0 .02 

ν i 
opt −11 .31 −11 .35 0 .35 

Fig. 7 as the dashed horizontal lines (black for �0 and red for �0 ). 

The full numerical values (solid lines in the top panel in Fig. 7 ) 

in the high-pressure limit are close to the analytical values. The 

slight difference is caused by the influence of the speed-dependent 

effects, the velocity-changing collisions, and the competition be- 

tween them [70] that are present in our full line-shape model. 

The perturbations of �SD and �SD have an approximately four- 

times smaller impact on the profile than the speed-averaged ones, 

with a maximum change of approximately 0.5% in the high- 

pressure limit and changes approximately 0.07% and 0.3% for low- 

est and highest experimental pressure, respectively, see the second 

panel in Fig. 7 . The corrections of both νr 
opt and ν i 

opt change the 

rRMSE by approximately 0.1% in the high-pressure limit and by 

approximately 0.05% and 0.1% for the low and high experimental 

pressures, respectively, see the third panel in Fig. 7 . It is worth 

mentioning that for the differences introduced by the complex 

Dicke narrowing changes, the rRMSE curve has a different shape 

and has a maximum around 1.5 atm instead of an infinite pres- 

sure. 

Introducing all corrections at once leads to an approximately 2% 

rRMSE change in the high-pressure limit, see the bottom panel in 

Fig. 7 . For the case of our experiment, the changes are approxi- 

mately 0.3% and 1% for the lowest and highest experimental pres- 

sure, which are impressively low taking into account the almost-6% 

magnitude of perturbations. The actual difference between resid- 

uals (from the theory-experiment comparison) for the cases with 

and without CD is even smaller than 0.3% and 1% for the lowest 

and highest experimental pressures. This is caused by the fact that 

the line intensity and linear baseline were fitted to the experimen- 

tal data. 

4.4. Relation of the present results with the previous works 

It is true that the standard phenomenological models, taking 

into account the speed-dependent broadening and shift and com- 

plex Dicke-narrowing, with fitted parameters can provide a bet- 

ter representation of the data. Let us recall some recent works for 

the H 2 isotopologues. In Ref. [35] for a self-broadened D 2 line, it 

was shown that the SDBBP is able to fit experimental data within 

the experimental noise when all the parameters are adjusted. Fit- 

ting all the parameters leads to a significant improvement of the 

quality of the fit, however, some discrepancy between the param- 

eters obtained from the fit and those from ab initio calculations 

was observed. In the case of the pressure broadening parameter it 

leads to a 14% deviation, while in the case of the parameter char- 

acterizing the speed dependence of the collisional width and shift, 

the deviation can even exceed an order of magnitude. Several D 2 

lines from the same band were analyzed in Ref. [86] using the 

speed-dependent Nelkin-Ghatak profile (SDNGP) with a quadratic 

speed dependence of collisional broadening and shift. This pro- 

file was also able to fit the experimental data within the exper- 

imental noise when all the line-shape parameters were fitted. It 

should be pointed out, however, that the narrowing parameter ob- 

tained from the SDNGP fit differs by a factor of about 3 from the 

SDBBP fit. Also, SDNGP with a quadratic speed dependence of col- 

lisional broadening and shifting was applied to the H 2 lines in 

Ref. [35] and was able to fit experimental data within the experi- 

mental noise. The narrowing parameter obtained from this fit dif- 

fers by a factor of 2 from the expected value and the speed de- 

pendence was overestimated ( �SD was larger than 2/3 �0 , which 

is unphysical). These examples as well as older works in literature 

considering H 2 lines clearly show that the phenomenological mod- 

els can fit experimental data well, however, the physical meaning 

of the parameters is problematic. Therefore, in this work we are 

focused on a direct comparison of ab initio calculations and exper- 
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imental data rather than on fitting some phenomenological line- 

shape profiles. 

We would like to emphasize that in the present work we per- 

formed an advanced analysis of the H 2 spectra that has not been 

done before. Our analysis provides a deep physical understanding 

of the collisional effects imprinted in the shapes of the H 2 lines. 

The key result of the present work is shown in Fig. 3 . In contrast to 

the previous works, here we analyze step-by-step the contribution 

of each of the six collisional line-shape effects. For instance, the 

blue line in Fig. 3 b shows that the very strong speed dependence 

of the collisional shift is essential for an accurate description of 

the spectra. Furthermore, in Fig. 3 we demonstrate the importance 

of the contribution of the imaginary part of the Dicke parameter. 

We show that if we set the imaginary part of the Dicke param- 

eter to zero, then the agreement between theory and experiment 

is a few times worse. In Fig. 3 , we also demonstrate that all of 

these six collisional contributions have to be taken into account to 

reach this high agreement with experiment. This is a very interest- 

ing case in molecular spectroscopy. For most molecular species, the 

line shape is greatly dominated by one, two, or sometimes three 

contributions, and others are either completely negligible or have 

a small impact. Here, we were able to properly interpret all the 

collisional contributions in the case when all six effects play an 

important role. 

5. Conclusion 

In this work, we used the highly accurate experimental spec- 

tra of the 3-0 S(1) and 2-0 Q(1) molecular hydrogen absorption 

lines perturbed by helium to study collisional line-shape effects. 

We clearly distinguished the influence of six different collisional 

effects (i.e.: collisional broadening and shift, their speed dependen- 

cies, and the complex Dicke effect) on the shapes of the H 2 lines. 

We showed that only the specific combination of these six con- 

tributions, obtained from our ab initio calculations, gives unprece- 

dentedly good agreement with experimental spectra. If any one of 

the six contributions is neglected, then the agreement between the 

experiment and theory worsens at least several times. We also in- 

cluded the centrifugal distortion in our ab initio calculations, which 

further improved the agreement with the experimental spectra. 
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Appendix A 

In this Appendix we derive analytical formulas representing the 

relative root-mean-square error (rRMSE) for the small perturbation 

of the broadening and shift parameters. By this analysis one can 

quantify how an error on the line-shape parameters propagates on 

the final spectral line-shape-profile accuracy. We utilize a simple 

example of the normalized Lorentz profile 

L ( ω;�, �) = 

1 

π

�

�2 + ( ω − �) 
2 
. (A.1) 

Perturbation of the broadening parameter 

We analyze a small change of the broadening parameter � → 

� + ε�. The relative difference caused by the perturbance of the 

profile is 

D �(ω ; ε�) = 

L ( ω ;� + ε�, �) − L ( ω ;�, �) 

L ( 0 ;�, �) 
. (A.2) 

To quantify the error on the final line-shape profile, we utilize 

rRMSE at ± FWHM of the line center, which can be expressed as 

rRMSE(ε�) = 

√ 

1 

4�

∫ 2�

−2�
[ D �(ω; ε�) ] 

2 
dω . (A.3) 

Because L ( 0 ;�, �) is independent on ω, one can calculate typical 

RMSE and divide it by L ( 0 ;�, �) to determine rRMSE as well. 

Since our goal is only to quantify the errors, the actual position 

of the line is irrelevant and the vertical axis can be adjusted so 

that � = 0 , which simplifies the further formulas. The integration 

in Eq. (A.3) can be analytically performed and, since we consider 

small perturbations of the line-shape parameters, expanded into a 

series, the linear term of which is 

rRMSE(ε�) ≈
√ 

73 
15 

+ 

25 atan 2 
2 

10 

ε�

�
≈ 0 . 433 

ε�

�
. (A.4) 

The above formula allows to estimate the rRMSE caused by the 

change ε� of broadening line-shape parameter, �. 

Perturbation of the shift parameter 

We repeat above discussion for the case of a small change of 

the shift parameter � → � + ε�. The relative difference caused by 

the perturbance of the profile is 

D �(ω ; ε�) = 

L ( ω ;�, � + ε�) − L ( ω ;�, �) 

L ( 0 ;�, �) 
. (A.5) 
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Fig. A1. The numerical validation of the analytical formulas for the relative root 

mean square errors (see text for more details). The black curves represent the nu- 

merical values and the red ones stand for analytical ones. Dashed and plain black 

curves of left panel corresponds to the negative and positive values of ε�/ �, re- 

spectively. 

The same reason as mentioned before allows us to exclude � pa- 

rameter and focus only on its distortion, i.e., ε�. Again, we quan- 

tify the error by calculating rRMSE at ±FWHM, which is 

rRMSE(ε�) = 

√ 

1 

4�

∫ 2�

−2�
[ D �(ω; ε�) ] 

2 
dω . (A.6) 

Similarly, rRMSE can be determined by dividing typically calculated 

RMSE by L ( 0 ;�, �) . The integral can be analytically performed, 

expanded into series and since we consider small perturbations 

again, approximated by linear term which is 

rRMSE(ε�) ≈
√ 

77 
15 

+ 

25 atan 2 
2 

10 

ε�

�
≈ 0 . 436 

ε�

�
. (A.7) 

The above formula allows to estimate the rRMSE caused by the 

change ε� of shift line-shape parameter, �. 

The direct comparison of the numerical results with 

Eqs. (A.4) and (A.7) is presented in Fig. A.1 . 

References 

[1] Słowi ́nski M, Thibault F, Tan Y, Wang J, Liu A-W, Hu S-M, Kassi S, Campargue A, 
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Rothman L, Gamache R, Wcisło P. Evaluation of different parameterizations of 
temperature dependences of the line-shape parameters based on ab initio cal- 

culations: case study for the HITRAN database. J Quant Spectrosc Radiat Transf 

2020;240:106676. doi: 10.1016/j.jqsrt.2019.106676 . 
[48] Kowzan G, Wcisło P, Słowi ́nski M, Masłowski P, Viel A, Thibault F. Fully quan- 

tum calculations of the line-shape parameters for the Hartmann-Tran pro- 
file: A CO-Ar case study. J Quant Spectrosc Radiat Transf 2020;243:106803. 

doi: 10.1016/j.jqsrt.2019.106803 . 
[49] Shafer R, Gordon RG. Quantum scattering theory of rotational relaxation and 

spectral line shapes in H 2 –He gas mixtures. J Chem Phys 1973;58(12):5422–43. 

doi: 10.1063/1.1679162 . 
[50] Ben-Reuven A. Symmetry considerations in pressure-broadening theory. Phys 

Rev 1966a;141(1):34–40. doi: 10.1103/PhysRev.141.34 . 
[51] Ben-Reuven A. Impact broadening of microwave spectra. Phys Rev 

1966b;145(1):7–22. doi: 10.1103/PhysRev.145.7 . 
[52] Schaefer J, Monchick L. Line shape cross sections of HD immersed in HE and 

H 2 gas. I. Pressure broadening cross sections. J Chem Phys 1987;87(1):171–81. 
doi: 10.1063/1.453612 . 

[53] Shapiro DA, Ciuryło R, Drummond JR, May AD. Solving the line-shape problem 

with speed-dependent broadening and shifting and with Dicke narrowing. I. 
Formalism. Phys Rev A 2002;65(1):012501. doi: 10.1103/physreva.65.012501 . 

[54] Blackmore R. A modified Boltzmann kinetic equation for line shape functions. 
J Chem Phys 1987;87(2):791–800. doi: 10.1063/1.453286 . 

[55] Smith EW, Cooper J, Chappell W, Dillon T. An impact theory for Doppler and 
pressure broadening II. Atomic and molecular systems. J Quant Spectrosc Ra- 

diat Transf 1971;11(10):1567–76. doi: 10.1016/0022-4073(71)90114-2 . 

[56] Nienhuis G. Effects of the radiator motion in the classical and quantum- 
mechanical theories of collisional spectral-line broadening. J Quant Spectrosc 

Radiat Transf 1978;20(3):275–90. doi: 10.1016/0022-4073(78)90133-4 . 
[57] Lindenfeld MJ. Self-structure factor of hard-sphere gases for arbitrary ratio of 

bath to test particle masses. J Chem Phys 1980;73(11):5817–29. doi: 10.1063/1. 
440066 . 

[58] Liao PF, Bjorkholm JE, Berman PR. Effects of velocity-changing collisions on 

two-photon and stepwise-absorption spectroscopic line shapes. Phys Rev A 
1980;21(6):1927–38. doi: 10.1103/physreva.21.1927 . 

[59] Nelkin M, Ghatak A. Simple binary collision model for Van Hove’s G s (r, t) . Phys 
Rev 1964;135(1A):A4–9. doi: 10.1103/PhysRev.135.A4 . 

[60] Wcisło P, Tran H, Kassi S, Campargue A, Thibault F, Ciuryło R. Velocity- 
changing collisions in pure H 2 and H 2 -Ar mixture. J Chem Phys 

2014;141(7):074301. doi: 10.1063/1.4892414 . 

[61] Chapman S , Cowling TG . The mathematical theory of non-Uniform gases. Cam- 
bridge University Press; 1970 . 

[62] Hirshfelder JO , Curtiss CF , Bird RB . Nonequilibrium phenomena in polyatomic 
gases. Wiley; 1954 . 

[63] Taylor WL, Hurly JJ, Meyer BA, Dunlop PJ. Binary diffusion coefficients of he- 
lium/hydrogen isotope mixtures. J Chem Phys 1995;103(16):6959–65. doi: 10. 

1063/1.470373 . 
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a b s t r a c t 

We demonstrate that speed-dependent hard-collision profiles collapse into a simple Lorentz profile in 

the regime dominated by the velocity-changing collisions. We present simple analytical formulas for the 

effective width and shift of the Lorentzian, derived from the speed-dependent collisional broadening and 

shift. While the effective width increases with speed dependence of collisional shift, it is reduced by 

speed dependence of collisional width. On the other hand, the effective shift is modified by thermal 

average of speed dependence of the product of collisional width and shift. We validate these formula 

numerically applying the quadratic speed dependence of the collisional width and shift. 

© 2022 Elsevier Ltd. All rights reserved. 

1. Introduction 

Collisional line shapes often deviate significantly from the clas- 

sical Voigt convolution of a pressure-induced Lorentzian profile 

and accounting for Doppler effect a Gaussian profile [1] . In such 

cases, a range of phenomenological [2–4] and ab initio [5–9] ap- 

proaches have been developed to account for Dicke narrowing of 

the Doppler component caused by velocity-changing collisions [10–

12] , speed dependence of collisional width and shift [13,14] , and 

correlation between velocity-changing and dephasing or state- 

changing collisions [15–17] . 

Particularly sensitive spectra for all these effects are those in 

molecular hydrogen [18–20] . The proper description of effective 

spectral line width appeared a challenging problem which finally 

was solved by realistic modeling [21] including a proper discrim- 

ination between velocity and speed changing collisions [22,23] . 

It was clear that, in the high pressure limit where the Doppler 

component of line width is suppressed by Dicke narrowing, the 

width of line caused by collisions depends on interplay between 

speed-dependence of collisional shift and frequency of the speed- 

changing collisions. Recently, it was tested numerically [24] that 

the collisional component of the line width can be described by 

guessed simple analytical expression for the case when velocity 

change is given by hard-collision model [11,15] and speed depen- 

dence of collisional shift is quadratic [25] . This expression was suc- 

cessfully used for interpretation of experimental data [26] , how- 

∗ Corresponding author. 
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ever up to now no derivation of the analytical formulas was pro- 

vided. 

In this work, we analyze the properties of the speed-dependent 

hard collision profiles [27,28] in the regime of frequent velocity- 

changing collisions. We present analytical derivation of their col- 

lapse into a simple Lorentz profile and relate the effective width 

and shift of the Lorentzian, with the speed-dependent collisional 

broadening and shifting and the frequency of the velocity-changing 

collisions. While the broadening effect of the speed-dependent 

shift has been quantified phenomenologically [24,26] , we provide 

its analytical derivation. We present the mechanism of line nar- 

rowing due to the speed dependence of collisional width. We also 

find that the thermal average of the speed dependence of both the 

broadening and shift influence the effective shift. We validate nu- 

merically that the effective width and shift converge asymptotically 

to our analytical formulas as the Dicke parameter becomes domi- 

nant. 

2. High frequency of the velocity changing-collisions limit 

A simple analytical description of molecular spectral lines can 

be provided within the hard-collision model [11,15,27,28] . Besides 

the Doppler broadening, the speed-dependent collisional width, 

�(v ) , and shift, �(v ) , are taken into account [13,14] , as well as 

the velocity changing collisions, having an effective com plex op- 

tical frequency νopt = νr 
opt + iν i 

opt [15,17] . The complex νopt semi- 

classically can be seen as result of correlation between velocity- 

changing and dephasing or state-changing collisions [3,15,29,30] . 

From quantum point of view it comes from overlap of perturber 

scattering wave functions in presence of absorbing molecule in 

states between which optical transition take place [31,32] . It can 

https://doi.org/10.1016/j.jqsrt.2022.108246 
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be provided by ab initio calculations of collisional line shape pa- 

rameters [9,16,17] . 

The profile including speed dependent collisional broadening 

and shifting as well as velocity changing collisions described by 

hard collision model is called the speed-dependent Nelkin-Gathak 

profile (SDNGP) also known as the speed-dependent hard-collision 

profile (SDHCP) which with complex νopt [15,29] was proposed by 

Pine [28] and can be written in the following form: 

I(ω) = Re 

{
J(ω) 

1 − νopt π J(ω) 

}
, (1) 

where 

J(ω) = 

1 

π

〈[
νopt + �(v ) − i (ω − ω 0 − �

 k · � v − �(v )) 
]−1 〉

, (2) 

ω is the frequency of the absorbed radiation, ω 0 is the frequency of 

unperturbed molecular transition, � k is wave vector corresponding 

to this frequency, and 〈
. . . 

〉
= 

∫ 
d 3 � v f ( � v ) . . . , (3) 

denotes averaging over Maxwell-Boltzmann distribution, f ( � v ) = (
πv 2 m 

)−3 / 2 
e −v 2 / v 2 m , of the absorber molecule velocity, � v , with v m 

= √ 

2 k B T /m being the most probable speed of absorbers having mass 

m at gas temperature T , k B is the Boltzmann constant. Here νopt is 

approximated by its thermal average and is speed independent. 

Analyzing properties of spectral line shape given by 

Eq. (1) at conditions where the optical frequency of the 

velocity changing collisions is dominating, i.e. | νopt | �∣∣�(v ) − i (ω − ω 0 − �
 k · � v − �(v )) 

∣∣, we follow and extend the 

approach from appendix B of Shapiro paper [33] . We rewrite the 

main term in Eq. (2) , 

1 

νopt + �(v ) − i (ω − ω 0 − �
 k · � v − �(v )) 

= 

1 

νopt 

1 

1 + 

�(v ) −i (ω−ω 0 −�
 k ·� v −�(v ) 

νopt 
) 

≈ 1 

νopt 

(
1 − �(v ) − i (ω − ω 0 − �

 k · � v − �(v )) 
νopt 

+ 

(
�(v ) − i (ω − ω 0 − �

 k · � v − �(v )) 
νopt 

)2 
) 

, (4) 

using the Taylor expansion in power series, (1 + x ) −1 ≈ 1 − x + 

x 2 + . . . for x � 1 . Inserting this approximated expression to Eq. (2) , 

the thermal averaging needs to be done. For simplicity of this av- 

eraging it is convenient to group the terms present in Eq. (4) in 

the following way: 

�(v ) − i 
(
ω − ω 0 − �

 k · � v − �(v ) 
)

= ( �0 − i (ω − ω 0 − �0 ) ) + ( �( � v ) − �0 ) 

+ i ( �( � v ) − �0 ) + i ( � k · � v ) , (5) 

where 

�0 + i �0 = 

〈
�(v ) 

〉
+ i 

〈
�(v ) 

〉
= 

4 √ 

πv 3 m 

∫ ∞ 

0 

dvv 2 e 
− v 2 

v 2 m ( �(v ) + i �(v ) ) (6) 

are the thermally-averaged collisional width and shift, respectively. 

Now one can take advantage from the fact that: 〈
�(v ) − �0 

〉
= 0 , (7a) 

〈
�(v ) − �0 

〉
= 0 , (7b) 

〈
�
 k · � v 

〉
= 0 , (7c) 

〈
(�(v ) − �0 )( � k · � v ) 

〉
= 0 , (7d) 

〈
(�(v ) − �0 )( � k · � v ) 

〉
= 0 . (7e) 

The relevant non zero terms are the following: 〈
(�(v ) − �0 ) 

2 
〉
= 

4 √ 

πv 3 m 

∫ ∞ 

0 

dvv 2 e 
− v 2 

v 2 m (�(v ) − �0 ) 
2 , (8a) 

〈
(�(v ) − �0 ) 

2 
〉
= 

4 √ 

πv 3 m 

∫ ∞ 

0 

dvv 2 e 
− v 2 

v 2 m (�(v ) − �0 ) 
2 , (8b) 

〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
= 

4 √ 

πv 3 m 

∫ ∞ 

0 

dvv 2 e 
− v 2 

v 2 m (�(v ) − �0 )(�(v ) − �0 ) , (8c) 

〈
( � k · � v ) 2 

〉
= k 2 

1 √ 

πv m 

∫ ∞ 

−∞ 

dv z v 2 z e 
− v 2 z 

v 2 m = 

1 

2 

k 2 v 2 m 

= 

1 

2 

ω 

2 
D , (8d) 

where ω D = k v m 

is related to Doppler width of the line [34] . In this 

way, one can rewrite Eq. (2) in the following form: 

J(ω) ≈ 1 

πνopt 

(
1 − 1 

νopt 
( �eff − i ( ω − ω 0 − �eff ) ) 

+ 

(�0 − i (ω − ω 0 − �0 )) 
2 

ν2 
opt 

)
, (9) 

where 

�eff + i �eff = �0 + i �0 −
〈
(�(v ) − �0 ) 

2 
〉

νopt 
+ 

〈
(�(v ) − �0 ) 

2 
〉

νopt 
+ 

+ 

〈
( � k · � v ) 2 

〉
νopt 

− 2 i 

〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
νopt 

. (10) 

Finally, inserting Eq. (9) into Eq. (1) and leaving only the domi- 

nant term, one gets the spectral line shape in the form of the well- 

known Lorentz profile, 

I(ω) = 

1 

π
Re 

{ 

1 

�eff − i (ω − ω 0 − �eff ) 

} 

. (11) 

The effective collisional width, �eff , and shift, �eff , can be split into 

several components: 

�eff = �0 + �γ + �δ + �γδ + �ω D , (12a) 

�eff = �0 + �γ + �δ + �γδ + �ω D , (12b) 

which are given by the following expressions: 

�γ = − νr 
opt 

| νopt | 2 
〈
(�(v ) − �0 ) 

2 
〉
, (13a) 

�δ = 

νr 
opt 

| νopt | 2 
〈
(�(v ) − �0 ) 

2 
〉
, (13b) 

�γδ = −2 

ν i 
opt 

| νopt | 2 
〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
, (13c) 

�ω D = 

νr 
opt 

| νopt | 2 
ω 

2 
D 

2 

, (13d) 

�γ = 

ν i 
opt 

| νopt | 2 
〈
(�(v ) − �0 ) 

2 
〉
, (13e) 

2 
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�δ = − ν i 
opt 

| νopt | 2 
〈
(�(v ) − �0 ) 

2 
〉
, (13f) 

�γδ = −2 

νr 
opt 

| νopt | 2 
〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
, (13g) 

�ω D = − ν i 
opt 

| νopt | 2 
ω 

2 
D 

2 

. (13h) 

Note that a collapse of the Dicke-narrowed profile into 

Lorentzian profile is a well-known effect and Eq. (13d) , in the case 

of νopt = νr 
opt it can be found in Refs. [15,35] . 

For simplicity and consistency with original formulation of hard 

collision model [11] we kept νopt independent from the absorber 

speed. Appendix B presents the approach with speed-dependent 

νopt (v ) . It should be noted, however, that phenomenological incor- 

poration of the speed dependence to νopt (v ) can lead to results 

which do not agree with ab initio calculations as shown in Stolar- 

czyk et al. [36] . 

3. Physical meaning of the contributions to the effective width 

and shift of the spectral line 

To get an insight into the physical phenomena contributing to 

the effective Lorentzian width and shift, let us focus on the case 

when the optical frequency of velocity-changing collisions is real, 

i.e νopt = νr 
opt and ν i 

opt = 0 . In such case 

�eff = �0 + �γ + �δ + �ω D , (14a) 

�eff = �0 + �γδ, (14b) 

and 

�γ = − 1 

νopt 

〈
(�(v ) − �0 ) 

2 
〉
, (15a) 

�δ = 

1 

νopt 

〈
(�(v ) − �0 ) 

2 
〉
, (15b) 

�ω D = 

1 

νopt 

ω 

2 
D 

2 

, (15c) 

�γδ = −2 

1 

νopt 

〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
. (15d) 

It is therefore seen that in �eff the thermally averaged colli- 

sional width �0 is reduced by �γ , which represents the contri- 

bution from the variance of �(v ) . On the other hand, the variance 

of �(v ) leads to an increase of �eff by �δ . When the Doppler ef- 

fect, accompanied by diffusive motion of the absorbers leads to the 

Lorentzian line shape (the so-called diffusive Dicke regime [10,35] ), 

the effective Lorentzian width contains also the Doppler term, �ω D . 

Analyzing �eff , we found that the thermally-averaged collisional 

shift, �0 is modified by �γδ , which represents the contribution 

from the covariance of �(v ) and �(v ) . 
The contributions: �γ , �δ , and �γδ are proportional to the per- 

turbers pressure, similarly to �(v ) , �(v ) , �0 , �0 , or νopt . It is in 

contrast to �ω D which is inverse-proportional to the perturbers 

pressure and vanishes with increasing pressure. It is a well know 

result obtained by Dicke [10] , see also Wittke and Dicke [35] . In the 

situation discussed here, all contributions to the effective width 

and shift are linear with the pressure of the perturbers, except the 

�ω D and �ω D which will vanish with the increasing pressure of 

the perturbers. Obviously �ω D will be present only if ν i 
opt � = 0 , the 

case in more details considered in Appendix A . 

To derive Eqs. (13a) –(13h) and Eqs. (15a) –(15d) we assumed 

that velocity-changing collisions are described by hard-collision 

model [11] . One of important quantity characterizing velocity- 

changing collisions is a ratio between frequencies of speed and ve- 

locity changing collisions [22,23,37] . For hard-collision model this 

ratio is equal to 1. It is almost the same like the value which 

can be obtain for more realistic billiard-ball model [38–40] with 

perturber mass equal to absorber mass [23,37] . Similar conclusion 

can be drawn from the classical molecular dynamics simulations 

(CMDS) [22,37] . Therefore, equations obtained in this paper should 

be applicable to systems in which perturber mass is comparable 

to absorber mass. Nevertheless, it should be noted that hard colli- 

sion model, because of its simplicity, is often used in cases where 

perturber and absorber masses differ. The problem of collisional 

line shape collapse to Lorentz profile when perturber and absorber 

masses differ very significantly is out of the scope of this paper. 

4. Quadratic approximation of the speed dependence of 

collisional width and shift 

The experimental spectra are often analyzed approximating 

the speed dependence of collisional broadening and shift with 

a quadratic function [25] . Such simplification greatly improves 

the speed of evaluation of speed dependent hard collision profile 

known in this case as Hartmann-Tran profile [41] . The quadratic 

speed-dependent width and shift can be expressed in the follow- 

ing form: 

�(v ) = �0 + �2 

(
v 2 

v 2 m 

− 3 

2 

)
, (16a) 

�(v ) = �0 + �2 

(
v 2 

v 2 m 

− 3 

2 

)
, (16b) 

where �2 and �2 are the parameters describing magnitude of the 

speed-dependence of the collisional width and shift, respectively. 

To find the expressions for: < (�(v ) − �0 ) 
2 > , < (�(v ) − �0 ) 

2 > 

and < (�(v ) − �0 )(�(v ) − �0 ) > , the following integral needs to 

be calculated: 

4 √ 

π

∫ ∞ 

0 

dv 
v 2 

v 3 m 

e 
− v 2 

v 2 m 

(
v 2 

v 2 m 

− 3 

2 

)2 

= 

= 

4 √ 

π

∫ ∞ 

0 

dv 
v 2 

v 3 m 

e 
− v 2 

v 2 m 

(
v 4 

v 4 m 

− 3 

v 2 

v 2 m 

+ 

9 

4 

)
= 

3 

2 

. (17) 

Consequently one gets 〈
(�(v ) − �0 ) 

2 
〉
= 

3 

2 

�2 
2 , (18a) 

〈
(�(v ) − �0 ) 

2 
〉
= 

3 

2 

�2 
2 , (18b) 

〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
= 

3 

2 

�2 �2 . (18c) 

Finally, for the real νopt , using Eqs. (15a) –(15d) we find 

�γ = −3 

2 

�2 
2 

νopt 
, (19a) 

�δ = 

3 

2 

�2 
2 

νopt 
, (19b) 

�ω D = 

ω 

2 
D 

2 νopt 
, (19c) 

�γδ = −3 

�2 �2 

νopt 
. (19d) 

Therefore we presented a formal proof of Eq. (19b) , which was 

given phenomenologically in [26] . 
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Fig. 1. Numerical verification of approximate formulas for �γ , �δ , �ω D and �γδ , 

Eqs. (19a) –(19d) . In panels (a)–(c) we numerically evaluated the half width at half 

maximum, �exact , of the profile given by Eq. (1) , to compare their values with the 

�γ , �δ and �ω D , respectively. To test the formula for the effective shift, �γδ , we 

assumed the same values of the speed dependence parameters, �2 and �2 , see 

panel (d). For the sake of clear presentation, we set the unnecessary parameters 

either to zero or to their lowest possible values, see the annotations in the figures. It 

is seen that the black curves converge to red dashed lines, which present the limits 

imposed by our analytical formulas as the role of the Dicke parameter becomes 

dominant. 

5. Results 

In this paper we considered the hard-collision line profile with 

the Dicke parameter being the dominant term, i.e., in the regime of 

very frequent velocity-changing collisions. In this regime the line- 

shape profile is given by Eq. (11) which can be expressed in the 

following form: 

I (ω) = 

1 

π

�eff 

�2 
eff 

+ (ω − ω 0 − �eff ) 2 
. (20) 

The parameters of this profile are described by Eqs. (14a) –(15d) . 

Applying the quadratic approximation allows one to simplify 

the contributions to the effective width and shift and relate them 

to the parameters �2 and �2 , see Eqs. (19a) –(19d) . Fig. 1 presents 

numerical test of these formulas. We simulated a series of the syn- 

thetic hard-collision line-shape profiles, Eq. (1) , and determined 

their half width at half maximum (HWHM) �exact . It can be seen 

that the numerical �exact converge to the corresponding approx- 

imate values from Eqs. (19a) –(19c) , see panels (a)–(c). To test the 

formula for the effective shift, we simulated the hard-collision pro- 

files with Eq. (1) and numerically evaluated the position of their 

peak �exact . Panel (d) in Fig. 1 presents the efficiency of the ap- 

proximate formula, Eq. (19d) . As the role of the Dicke parameter 

becomes dominant, the black curves converge to red dashed lines, 

which present the limits imposed by our analytical formulas. 

Moreover, we provide numerical validation of Eqs. (14a) –(14b) 

and (19a) –(19d) neglecting contribution of ν i 
opt for the example 

case of Q(1) 1-0 transition in H 2 perturbed by He in which ra- 

tio ν i 
opt /ν

r 
opt = −0 . 135 differs from zero. In conditions not prefer- 

able for approximation used in this work, temperature 295 K and 

pressure of 1 atm, �eff and �eff reconstruct the exact values calcu- 

lated for SDNGP with the inaccuracy of 15 % and 3.4 %, respectively, 

see. Tab. A.1 in Appendix A . As can be expected the approximation 

is more accurate in higher pressures, matching the exact results 

within 1.9 % for �eff and 0.13 % for �eff at 10 atm. 

6. Conclusion 

We presented that the speed-dependent hard-collision profiles 

collapse into a simple Lorentz profile in the regime dominated 

by the velocity-changing collisions. We presented simple analytical 

formulas for the effective width and shift of a Lorentzian, derived 

from the speed-dependent collisional broadening and shifting. We 

observed that, while the effective width increases with speed de- 

pendence of collisional shift, it is reduced by the speed depen- 

dence of collisional width. On the other hand, the effective shift is 

modified by thermal average of speed dependence of the product 

of collisional width and shift. Finally, we provided numerical val- 

idation of our formulas, applying the quadratic speed dependence 

of collisional width and shift. 
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Appendix A. The role of the imaginary part of the Dicke 

narrowing parameter 

Discussing the results in the main part of the paper, 

Secstions 3 –5 , we focused on the case when the imaginary part 

of the Dicke parameter could be neglected. However, as we show 

in Section 2 the presence of ν i 
opt � = 0 changes the situation. In such 

case, the variances of �(v ) and �(v ) contribute not only to the 

effective width, �eff , but also to effective shift, �eff , by �γ and 

�δ . Similarly, the covariance of �(v ) and �(v ) contributes not 

only to the effective shift, �eff , but also to effective width, �eff , 

by �γδ . Furthermore, the Doppler effect contributes to the effec- 

tive shift, �eff , by �ω D . The sign of all these contributions is re- 

lated to the sign of ν i 
opt . The formulas taking into account both 

the real and imaginary parts of the Dicke parameter, as well as 

the quadratic approximation, can be obtained inserting Eqs. (18a) –

(18c) into Eqs. (13a) –(13h) : 

�γ = −3 

2 

νr 
opt 

| νopt | 2 �
2 
2 , (A.1a) 

�δ = 

3 

2 

νr 
opt 

| νopt | 2 �
2 
2 , (A.1b) 
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Table A1 

The comparison of the SDNGP width (HWHM), �exact , and shift, �exact , calcu- 

lated numerically with the effective Lorentzian width (HWHM) �eff and shift 

�eff calculated for two cases: ν i 
opt � = 0 from Eqs. (12a) –(12b), (A .1a) –(A .1h) and 

for ν i 
opt = 0 from Eqs. (14a) - (14b), (19a) –(19d) . Calculations for Q(1) 1-0 transi- 

tion in H 2 perturbed by He under pressures 1, 10 and 100 atm, at T = 295 K with 

the SDNGP parameters obtained from the ab initio calculations [42] . All quanti- 

ties in table are listed in units of 10 −3 cm 

−1 . 

SDNGP parameters 

1 atm 10 atm 100 atm 

�0 2.235 22.346 223.463 

�0 9.097 90.971 909.715 

�2 1.086 10.856 108.565 

�2 3.819 38.192 381.920 

νr 
opt 40.415 404.148 4041.480 

ν i 
opt -5.470 -54.697 -546.965 

ω D 21.659 21.659 21.659 

�exact 7.466 27.388 268.764 

�exact 8.504 88.005 880.536 

Lorentz profile parameters 

1 atm 10 atm 100 atm 

ν i 
opt � = 0 ν i 

opt = 0 ν i 
opt � = 0 ν i 

opt = 0 ν i 
opt � = 0 ν i 

opt = 0 

�γ -0.043 -0.044 -0.430 -0.437 -4.296 -4.375 

�δ 0.531 0.541 5.316 5.4137 53.163 54.137 

�γδ 0.041 0.409 4.091 

�ω D 5.725 5.830 0572 0.583 0.057 0.058 

�γ -0.006 -0.058 -0.581 

�δ 0.072 0.719 7.195 

�γδ -0.302 -0.308 -3.022 -3.078 -30.225 -30.778 

�ω D 0.774 0.077 0.008 

�eff 8.489 8.562 28.215 27.906 276.479 273.284 

�eff 9.636 8.789 88.688 87.894 886.112 878.937 

�γδ = −3 

ν i 
opt 

| νopt | 2 �2 �2 , (A.1c) 

�ω D = 

1 

2 

νr 
opt 

| νopt | 2 ω 

2 
D , (A.1d) 

�γ = 

3 

2 

ν i 
opt 

| νopt | 2 �
2 
2 , (A.1e) 

�δ = −3 

2 

ν i 
opt 

| νopt | 2 �
2 
2 , (A.1f) 

�γδ = −3 

νr 
opt 

| νopt | 2 �2 �2 , (A.1g) 

�ω D = −1 

2 

ν i 
opt 

| νopt | 2 ω 

2 
D . (A.1h) 

To provide a quantitative reference, we use an example of 

Q(1) 1-0 line of H 2 perturbed by He. The ab initio values of the SD- 

NGP parameters for this line under normal pressure at T = 295 K 

are taken from Ref. [42] . We use these parameters to calculate in- 

dividual contributions to the effective Lorenzian width, �eff , and 

shift, �eff , given by Eqs. (A .1a) –(A .1h) for the case where ν i 
opt � = 

0 and Eqs. (19a) –(19d) for the case in which we set ν i 
opt = 0 . 

Table A.1 gathers those parameters and calculated results for the 

line under consideration. In this case, neglecting the ν i 
opt has no 

significant effect on the effective Lorentzian width, �eff . On the 

other hand, ν i 
opt has noticeable impact on the �eff coming from 

Doppler contribution �ω D . This contribution, however, vanishes 

with increasing pressure of perturbers. 

It is worth to notice that the ab-initio -calculated −ν i 
opt is two 

times smaller than the �0 [36] . It is in contrast with the fully cor- 

related model given by Rautian and Sobelmann [15] . It can, how- 

ever, be understood in terms of partial-correlations [15,28–30] . In 

description given in the appendix of Ref. [3] one can see that the 

part of collisional shift contributing to the complex narrowing pa- 

rameter, Eq. (A.19) in Ref. [3] , can be significantly smaller than the 

total collisional shift in Eq. (A.17) in Ref. [3] . 

Appendix B. The role of the speed-dependence of the Dicke 

narrowing parameter 

Using oversimplified models of the speed-dependence of 

νopt (v ) [41] can lead to qualitative deviations from the actual, 

ab initio one [36] . Therefore, we prefer to disregard the speed- 

dependence instead of using the incorrect one. On the other hand, 

if available, either the ab initio νopt (v ) or its quadratic approxima- 

tion should be taken into consideration. 

Considering the complex speed-dependent νopt (v ) , the line pro- 

file can be written following Pine [28] : 

I(ω) = Re 

{
J(ω) 

1 − πG (ω) 

}
, (B.1) 

where 

J(ω) = 

1 

π

〈 1 

νopt (v ) + �(v ) − i (ω − ω 0 − �
 k · � v − �(v )) 

〉
, (B.2) 

and 

G (ω) = 

1 

π

〈 νopt (v ) 
νopt (v ) + �(v ) − i (ω − ω 0 − �

 k · � v − �(v )) 

〉
. (B.3) 

It is convenient to denote νopt as the thermally-averaged νopt (v ) , 〈
νopt (v ) 

〉
= νopt , (B.4) 

In addition, we note that, 〈
νopt (v ) − νopt 

〉
= 0 (B.5) 

and 〈
(νopt (v ) − νopt )( � k · � v ) 

〉
= 0 . (B.6) 

The subsequent derivations can be performed in a similar way to 

the ones in Section 2 . The terms from Eqs. (B.2) and (B.2) can be 

rewritten in the following form: 

1 

νopt (v ) + �(v ) − i (ω − ω 0 − �
 k · � v − �(v )) 

= 

1 

νopt 

1 

1 + 

νopt (v ) − νopt + �(v ) − i (ω − ω 0 − �
 k · � v − �(v ) 

νopt 

)

≈ 1 

νopt 

{
1 −νopt (v ) −νopt + �(v ) − i (ω − ω 0 −�

 k · � v −�(v )) 
νopt 

+ 

( 

νopt (v ) − νopt + �(v ) −i 
(
ω −ω 0 − �

 k · � v − �(v ) 
)

νopt 

) 2 
⎫ ⎬ 

⎭ 

(B.7) 

and 

νopt (v ) 
νopt (v ) + �(v ) − i 

(
ω − ω 0 − �

 k · � v − �(v ) 
)

= 

1 

νopt 

νopt 

(
1 + 

νopt (v ) − νopt 

νopt 

)

1 + 

νopt (v ) − νopt + �(v ) − i (ω − ω 0 − �
 k · � v − �(v ) 

νopt 

)
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≈
(

1 + 

νopt (v ) − νopt 

νopt 

)
{ 

1 −
νopt (v ) − νopt + �(v ) − i 

(
ω − ω 0 − �

 k · � v − �(v ) 
)

νopt 

+ 

( 

νopt (v ) − νopt + �(v ) − i 
(
ω − ω 0 − �

 k · � v − �(v ) 
)

νopt 

) 2 
⎫ ⎬ 

⎭ 

. 

(B.8) 

The second expression can be further reduced to 

νopt (v ) 
νopt (v ) + �(v ) − i 

(
ω − ω 0 − �

 k · � v − �(v ) 
)

≈ 1 −
�(v ) − i 

(
ω − ω 0 − �

 k · � v − �(v ) 
)

νopt 

+ 

( 

νopt (v ) − νopt + �(v ) − i 
(
ω − ω 0 − �

 k · � v − �(v ) 
)

νopt 

) 2 

−νopt (v ) − νopt 

νopt ( 

νopt (v ) − νopt + �(v ) − i 
(
ω − ω 0 − �

 k · � v − �(v ) 
)

νopt 

) 

. (B.9) 

Inserting these formulas into Eqs. (B.2) and (B.2) , taking the ther- 

mal average and leaving leading therms leads to: 

J(ω) ≈ 1 

πνopt 
, (B.10) 

and 

G (ω) ≈ 1 

π

(
1 − 1 

νopt 
( �eff − i ( ω − ω 0 − �eff ) ) 

)
. (B.11) 

With those approximations we reduce the line shape, Eq. (B.1) , to 

Lorentz profile, Eq. (11) , with the following effective width and 

shift: 

�eff + i �eff = �0 + i �0 −
〈
(�(v ) − �0 ) 

2 
〉

νopt 
+ 

〈
(�(v ) − �0 ) 

2 
〉

νopt 
+ 

+ 

〈
( � k · � v ) 2 

〉
νopt 

−
〈
(νopt (v ) − νopt )(�(v ) − �0 ) 

〉
νopt 

− 2 i 

〈
(�(v ) − �0 )(�(v ) − �0 ) 

〉
νopt 

− i 

〈
(νopt (v ) − νopt )(�(v ) − �0 ) 

〉
νopt 

. (B.12) 

In addition to the terms present in Eq. (10) , this expression 

also has terms involving covariances, < (νopt (v ) − νopt )(�(v ) −
�0 ) > and < (νopt (v ) − νopt )(�(v ) − �0 ) > . However, the variance 

< (νopt (v ) − νopt ) 
2 > is absent in Eq. (B.12) . When νopt (v ) is ap- 

proximated by quadratic formula 

νopt (v ) = νopt + νopt , 2 

(
v 2 

v 2 m 

− 3 

2 

)
(B.13) 

the covariances: 〈
(νopt (v ) − νopt )(�(v ) − �0 ) 

〉
= 

3 

2 

νopt , 2 �2 , (B.14a) 

and 〈
(νopt (v ) − νopt )(�(v ) − �0 ) 

〉
= 

3 

2 

νopt , 2 �2 . (B.14b) 

be expressed in terms of parameters νopt , 2 , �2 , and �2 . 
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The speed-dependent spectral line profiles collapse into a simple Lorentz profile in the regime dominated by
the velocity-changing collisions. We derive general formulas for the effective width and shift of the Lorentzian
for arbitrary speed-dependent collisional broadening and shift and velocity-changing collision operators. For a
quadratic speed dependence of collisional broadening and shift, and the billiard ball model of velocity-changing
collisions, we provide simple analytical expressions for the effective Lorentzian width and shift. We show that
the effective Lorentzian width and shift split into components originating from the well-known Dicke-narrowed
Doppler width, speed-averaged collisional broadening and shift, their speed dependencies, and a product term
that mixes the contributions of the broadening and shift speed dependencies. We show how the components
depend on rates of speed-changing and velocity-changing collisions related to the perturber-absorber mass ratio.
We validate analytical formulas numerically on the example of H2 transition perturbed by He.
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I. INTRODUCTION

The shape of molecular spectral line affected by Doppler
broadening and absorber-perturber collisions, in the general
case, requires numerical evaluation and cannot be represented
by a simple analytical function, unless some simplifications
or assumptions are made [1]. The goal of this work is to show
that, in the case when the velocity-changing collisions domi-
nate other line shape effects, the spectral line shape collapses
to an ordinary Lorentz profile and the expressions for its width
and shift can be provided analytically.

The Lorentz profile has been used for over a century to de-
scribe collisionally broadened atomic and molecular spectral
lines. It is particularly justified at high pressure of perturbers,
much lighter than absorbers, in microwave spectral range,
where the speed dependence of collisional broadening and
shift [2,3], as well as Doppler broadening, can be neglected.
Interestingly, also the Gaussian shape of the spectral line can
collapse to the Lorentz profile when the velocity-changing
collisions reduce the mean-free path of the absorber well
below the wavelength of absorbed radiation as predicted by
Dicke [4,5] in the 1950s. It was later demonstrated numer-
ically [6] that the weighted sum of Lorentz profiles (WSL)
[7,8], under frequent velocity-changing collisions described
by the billiard-ball model [9,10] approaches the Lorentz pro-
file and the convergence is faster for lower perturber-absorber
mass ratio. It is related to relative contribution of speed
change during velocity-changing collisions, which is deter-
mined by perturber-absorber mass ratio [11,12]. Recently,
studies on line shapes for which width is dominated by the
speed-dependent collisional shift led to formulating a simple
analytical expression [13,14] (see Eq. (15) in Ref. [13]) for

*NikodemStolarczyk319@gmail.com

width of Lorentzian profile approximating such line shape
when speed-dependent collisional shift is described by a
quadratic function [15] and velocity-changing collisions are
approximated by the hard-collision model [16,17]. The phe-
nomenological finding from Ref. [13] got justification in
a derivation [18] coming from the speed-dependent hard-
collision profile [19,20].

In this paper, we generalize the results from Ref. [18];
we derive general formulas for the effective width and shift
of a Lorentzian to which a sophisticated line shape model,
based on any arbitrary speed-dependent collisional broad-
ening and shift and velocity-changing collision operator,
converges in the limit of frequent velocity-changing colli-
sions. For quadratic speed dependencies of collisional width
and shift, and the billiard-ball model of velocity-changing
collisions, we provide a simple analytical expression for the
effective Lorentzian width and shift. We show how their
components depend on rates of speed-changing and velocity-
changing collisions related to the perturber-absorber mass
ratio. We validate the analytical formulas numerically.

II. ALGEBRAIC REPRESENTATION OF A SPECTRAL
LINE SHAPE

In general, the shape of an isolated spectral line affected
by Doppler broadening and collisions with perturbers can be
evaluated [21,22] from a function h(ω, �v),

I (ω) = 1

π
Re {(1, h(ω, �v))}, (1)

where (·, ·) is defined as a product (a(�v), b(�v)) =∫
d3�v fmA (�v)a(�v)b(�v) of two functions a(�v), b(�v) of absorber

velocity �v, fmA (�v) = (πv2
mA

)−3/2 exp(−v2/v2
mA

) is Maxwellian
distribution, vmA = √

kBT/(2mA) is the most probable
speed of the absorber having mass mA at temperature T ,
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and kB is Boltzmann’s constant. Function h(ω, �v) fulfils
transport-relaxation kinetic equation [22],

1 = −i(ω − ω0 − �k · �v)h(ω, �v) − Ŝ f h(ω, �v), (2)

where ω0 is unperturbed transition frequency, �k is a wave
vector of radiation, and operator Ŝ f describes the effect of
collisions with perturbers.

Equations (1) and (2) can be converted into an algebraic
form expanding function h(ω, �v),

h(ω, �v) =
∞∑

s=0

cs(ω)ϕs(�v), (3)

in a set of orthonormal functions fulfilling condition
(ϕs(�v), ϕs′ (�v)) = δs,s′ . We set ϕ0(�v) = 1. The expansion co-
efficients cs(ω) depend only on frequency for given operator
Ŝ f . In this basis, any operator Â can be represented by matrix
A, having matrix elements [A]s,s′ = (ϕs(�v), Âϕs′ (�v)).

The shape of an isolated spectral line can have algebraic
representation by a series of Lorentz profiles. Following the
approaches from Refs. [10,21,23,24] and notation described
in Refs. [6,22,25], the line shape can be written as [6,25,26]:

I (ω) = 1

π
Re {c0(ω)}, (4)

where the coefficient c0(ω) can be evaluated by solving a set
of complex linear equations,

b = L(ω)c(ω), (5)

for the coefficients cs(ω), where s = 0, 1, . . . , smax. Here the
column b contains unity in the position 0 and zeros in other
positions, i.e., [b]s = δ0,s, and the column c(ω) consists of
the coefficients cs(ω), i.e., [c(ω)]s = cs(ω). The matrix L(ω)
depends on the frequency ω and has the following form:

L(ω) = −i(ω − ω0)1 + iK − S f , (6)

where ω0 corresponds to the unperturbed frequency of the
transition, 1 is the unit matrix, [1]s,s′ = δs,s′ , K is the matrix
that represents the Doppler shift, S f = S f

D + S f
VC is the matrix

that represents the collision operator split into two compo-
nents: S f

D is the matrix that represents the dephasing and
relaxation [27,28] collisional width and shift and S f

VC is the
matrix that represents the velocity-changing collision operator
also affected by dephasing and relaxation. The representation
used here has a property [S f

VC]s,0 = [S f
VC]0,s = 0 for any s and

[K]0,0 = 0. Moreover, all matrices discussed in this work are
symmetric.

In practice, the coefficient c0(ω) is calculated using the
diagonalization technique (cf. [24,29,30]). To do it in this way,
one needs to find the full set of eigenvectors, e j , and corre-
sponding eigenvalues ε j , which fulfill the following equation:

(iK − S f )e j = ε je j, (7)

where j = 0, 1, ..., smax. Once the eigenvectors and eigenval-
ues are known, the coefficient c0(ω) can be computed from
the following expression:

c0(ω) =
smax∑
j=0

β j[e j]0

ε j − i(ω − ω0)
, (8)

where the coefficients β j fulfill the relation b = ∑smax
j=0 β je j .

The main advantage of this approach is that the time-
consuming diagonalization can be carried out once and this
is sufficient to calculate the whole line shape.

III. HIGH FREQUENCY OF THE VELOCITY-CHANGING
COLLISIONS LIMIT

Our derivation is carried out in the limit where the velocity-
changing collisions dominate over the Doppler broadening
and collisional broadening and shift. We assume the absolute
values of all matrix elements of K and S f

D, as well as detuning,
ω − ω0, to be much smaller than the absolute value of the ef-
fective optical frequency of velocity changing collisions, νopt.
Importantly, νopt can be complex due to the dephasing asso-
ciated with optical velocity-changing collisions. All nonzero
matrix elements of S f

VC are directly proportional to νopt. The
recognition of νopt as a complex quantity was originally put
forth by Rautian and Sobelmann [17]. Subsequent support for
this notion came from the comparison between measurements
[31] and theoretical estimations [32]. The complex form of
νopt has been justified through both semiclassical approaches
[17,33–35] and quantum treatments [33,36–41], see also the
references cited therein.

For the matrix S f
VC we can calculate eigenvectors, eVC

j , and
eigenvalues, εVC

j , which fulfill the following equation:

−S f
VCeVC

j = εVC
j eVC

j . (9)

It is easy to see that one of the eigenvectors of the matrix
having property [S f

VC]s,0 = [S f
VC]0,s = 0 is vector b and its

corresponding eigenvalue is zero. Therefore, we can set eVC
0 =

b and εVC
0 = 0. Consequently, for j �= 0 we have [eVC

j ]0 = 0
and εVC

j ∼ νopt.
Now we can rewrite Eq. (7) in the form:(−S f

VC − S f
D + iK

)
e j = ε je j, (10)

where the matrix, which we want to diagonalize, is split into
the dominating part S f

VC and the perturbation part containing
S f

D and K. We take advantage of that and approximate eigen-
vectors e j by eVC

j and eigenvalues ε j by εVC
j and improve

them by perturbation corrections. Setting e j ≈ eVC
j we get

β j = δ j,0. In this, way Eq. (8) can be approximated with the
Lorentz profile:

c0(ω) ≈ 1

ε0 − i(ω − ω0)
, (11)

where the eigenvalue ε0 is approximated by second-order
perturbation. The eigenvalues, ε j , in the second-order pertur-
bation are given by the following expression:

ε j ≈ εVC
j +

smax∑
s,s′=0

[
eVC

j

]
s

( − [
S f

D

]
s,s′ + i[K]s,s′

)[
eVC

j

]
s′

+
smax∑
j′=0
j′ �= j

(∑smax
s,s′=0

[
eVC

j

]
s

( − [
S f

D

]
s,s′ + i[K]s,s′

)[
eVC

j′
]

s′
)2

εVC
j − εVC

j′
.

(12)

032810-2



SPECTRAL LINE SHAPE IN THE LIMIT OF FREQUENT … PHYSICAL REVIEW A 108, 032810 (2023)

This equation for ε0 simplifies to the following form:

ε0 ≈ − [
S f

D

]
0,0+

+
smax∑
j′=1

{∑smax
s′=1

(−[
S f

D

]
0,s′ + i[K]0,s′

)[
eVC

j′
]

s′
}2

−εVC
j′

, (13)

remembering that εVC
0 = 0, [eVC

0 ]s = δ0,s and [K]0,0 = 0. In
this way, we get a single Lorentz profile,

I (ω) = 1

π

	eff

	2
eff + (ω − ω0 − 
eff )2

, (14)

in the limit of frequent velocity-changing collisions, here

	eff + i
eff = ε0. (15)

It should be noted that we can always use the basis in
which matrix S f

VC is diagonal. In such case [eVC
j ]s = δ j,s,

εVC
j = −[S f

VC] j, j and Eq. (13) takes simple form

ε0 ≈ −[
S f

D

]
0,0 +

smax∑
s=1

( − [
S f

D

]
0,s + i[K]0,s

)2[
S f

VC

]
s,s

. (16)

Furthermore, one can use a basis in which if a matrix element
is nonzero, [S f

D]0,s �= 0, then the corresponding matrix ele-
ment is zero, [K]0,s = 0, and, if [K]0,s �= 0 then [S f

D]0,s = 0.
It is a simple consequence of the symmetry of the correspond-
ing operators. The collisional broadening and shift depend on
the absolute value of the absorber velocity, v = |�v|, and are
not dependent on velocity direction. On the other hand, the
Doppler shift is proportional to the scalar product �k · �v, which
depends on velocity direction. Taking this into account, we
can rewrite Eq. (16) in the following form:

ε0 ≈ −[
S f

D

]
0,0 −

smax∑
s=1

[K]2
0,s[

S f
VC

]
s,s

+
smax∑
s=1

[
S f

D

]2

0,s[
S f

VC

]
s,s

. (17)

IV. APPLICATION IN CASE OF QUADRATIC
SPEED-DEPENDENT COLLISIONAL

BROADENING AND SHIFT

To get physical insight into the expressions derived above,
we consider matrix representation using Burnett functions [9]
described in Appendix A. We assume quadratic speed depen-
dence of collisional broadening and shift [15]. It means that
the operator

Ŝ f
D = −	(v) − i
(v) (18)

is determined by 	(v) and 
(v) given in the following form:

	(v) + i
(v) = 	0 + i
0 + (	2 + i
2)

(
v2

v2
m

− 3

2

)
, (19)

where 	0 and 
0 are the collisional broadening and shift
parameters, averaged over absorber velocity, respectively.
Quadratic speed dependencies of collisional broadening and
shift are described by 	2 and 
2 parameters, respectively.

Discussing the velocity-changing collisions, we will focus
on the case where matrix S f

VC is diagonal or is approximated
by a diagonal matrix. In the Burnett functions basis represen-
tation, instead of the index s = 0, 1, . . . , smax, we prefer to use

two other indices, n = 0, 1, . . . , nmax and l = 0, 1, . . . , lmax.
The pair of indices nl can be connected with s=n+(nmax+1)l
and smax = nmax + (nmax + 1)lmax.

The properties of matrix elements in Burnett functions rep-
resentation are summarized in Appendix A. The assumptions
made above constrain the number of nonzero matrix elements,
which contribute to Eq. (17) to only a few,

ε0 = −[
S f

D

]
00,00 − [K]2

00,01[
S f

VC

]
01,01

+
[
S f

D

]2

00,10[
S f

VC

]
10,10

. (20)

Now we can explicitly express the matrix elements: [K]00,01 =
ωD

√
1/2, where ωD = kvmA , [S f

D]00,00 = −(	0 + i
0), and
[S f

D]00,10 = −(	2 + i
2)
√

3/2.

A. Hard-collision model

To discuss the velocity-changing collisions we first con-
sider the hard-collision (HC) model [16,17], discussed
recently in Ref. [18] in a similar context. The HC model is
frequently used due to its simplicity, despite its shortcomings.
In many situations, it helps to get some analytical results. The
operator Ŝ f

HC describing hard velocity-changing collisions has
the following form:

Ŝ f
HCh(ω, �v) = −νopth(ω, �v) + νopt

∫
d3�v′ fmA (�v′)h(ω, �v′),

(21)

where νopt is the effective optical frequency of velocity-
changing collisions, which, in the general case, can be a
complex number [17,31,32,36]. It can be shown that in any
orthonormal base assuming ϕ0(�v) = 1, the matrix representa-
tion of the Ŝ f

HC operator is diagonal, [S f
HC]s,s′ = −νoptδs,s′ (1 −

δ0,s). All its diagonal elements are equal to −νopt, except
[S f

HC]0,0 = 0. Therefore, also in the Burnett functions repre-
sentation, we can write that [S f

HC]01,01 = [S f
HC]10,10 = −νopt.

Inserting these matrix elements into Eqs. (20) and (15) we got

	HC
eff + i
HC

eff = 	0 + i
0 + ω2
D

2νopt
− 3	2

2

2νopt

+ 3
2
2

2νopt
− i

3	2
2

νopt
. (22)

The above result has also been obtained in our recent paper
with a different method, see Eqs. (19a)–(19d) in Ref. [18],
where we have shown that speed-dependent hard-collision
profile [20] collapses into a simple Lorentz profile in the limit
of frequent velocity-changing collisions.

B. Soft-collision model

In the case when perturbers are much lighter then ab-
sorbers, the velocity-changing collisions are described by
soft-collision (SC) model [42]. This model was introduced by
Galatry [43] into the theory of Dicke-narrowed spectral line
shapes. By that time, the Galatry profile (GP) became one of
the most frequently used expressions to describe collisionally
narrowed spectra. The exact speed-dependent Galatry pro-
file (SDGP) with quadratic speed dependence of collisional
width and shift was given in Ref. [44] and should be not
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confused with its approximated expression provided by Prime
et al. [45] using approach from Ref. [46]. It was shown in
Refs. [9,10] that the velocity-changing soft-collisions operator
Ŝ f

HC is represented with a diagonal matrix operator in the Bur-
nett functions basis. The relevant matrix elements are given by
the following expressions: [S f

SC]00,00 = 0, [S f
SC]01,01 = −νopt,

[S f
SC]10,10 = −2νopt, see Refs. [9,10]. In contrast to the HC

model, the matrix elements [S f
SC]01,01 and [S f

SC]10,10 are not
identical. Inserting these matrix elements into Eqs. (20) and
(15) yields:

	SC
eff + i
SC

eff =	0 + i
0 + ω2
D

2νopt
− 3	2

2

4νopt

+ 3
2
2

4νopt
− i

3	2
2

2νopt
. (23)

The three last terms of this equation are two times smaller then
the ones derived in case of the HC model, Eq. (22) [18].

C. Billiard-ball model

The billiard-ball (BB) model [10] provides a more realistic
description of the velocity-changing collisions. This model
properly accounts for the perturber-absorber mass ratio, α =
mp/ma. The matrix describing such velocity-changing colli-
sions [S f

BB]nl,n′l ′ = νopt fDME∗
nl,n′l ′ is determined by coefficients

ME∗
nl,n′l ′ [9,10] defined in Appendix A. This matrix is diagonal

and the factor fD = 1 in case of α = 0, which corresponds
to the soft-collision (SC) model. For nonzero α, the matrix
[S f

BB]nl,n′l ′ is not diagonal and fD becomes greater than one,
reaching 32/(9π ) ≈ 1.132 for α = ∞ [10]. Nevertheless, we
can approximate the original matrix by its diagonal sim-
plification with the same diagonal elements [S f

BB]nl,nl . The
coefficients ME∗

01,01 = −1 and ME∗
10,10 = −2M1, where M1 =

mA/(mA + mB) are of our particular interest since these al-
low to provide the explicit form of the matrix elements
[S f

BB]01,01 = −νopt fD and [S f
BB]10,10 = −νopt fD2/(1 + α). In

contrast to the HC model, these matrix elements are not
identical. The matrix element [S f

BB]01,01 ≈ ν�v describes relax-
ation rate, ν�v , of the velocity vector, �v. On the other hand,
[S f

BB]10,10 ≈ νv2 describes relaxation rate, νv2 , of v2, which is
directly related to speed, v. As it was shown in Refs. [12,47],
the ratio between the speed, v- or its square, v2-changing
collisions and velocity, �v-changing collisions rate νv2/ν�v =
[S f

BB]10,10/[S f
BB]01,01 = 2/(1 + α) varies with α. This ratio

agrees well with results obtained from the classical molecular
dynamics simulations based on realistic molecular interaction
potentials [11,47]. Inserting the matrix elements [S f

BB]01,01 and
[S f

BB]10,10 into Eqs. (20) and (15) we got

	BB
eff + i
BB

eff = 	0 + i
0 + ω2
D

2ν�v
− 3	2

2

2νv2
+ 3
2

2

2νv2
− i

3	2
2

νv2
.

(24)

We do not need to limit our discussion to the diagonal
approximation in this place. We can take into account the
full matrix, [S f

BB]nl,nl , and use Eq. (13). However, to derive
the exact analytical expressions, we used another method
described in Appendix B, where we found that ν�v = νopt,

νv2 = νopt (2/(1 + α))( fD/ fv2 ), and got the following

	BB
eff + i
BB

eff = 	0 + i
0 + ω2
D

2νopt

+
(

− 3	2
2

2νopt
+ 3
2

2

2νopt
− i

3	2
2

νopt

)
1 + α

2

fv2

fD
.

(25)

	BB
eff and i
BB

eff are the effective width and shift of the
Lorentzian, which the quadratic speed-dependent billiard-ball
profile (SDBBP) [6] collapses to, under frequent velocity-
changing collisions. This expression is a generalization of
Eq. (22) [18] to the arbitrary mass ratio α case. It should be
noted that the factor fv2/ fD (except α = 0 and α = ∞ for
which is equal to one), is slightly greater than unity but not
more than 2.36% in the worst case of α = 2, see Table I.

Equations (22) and (25) become equivalent when α = 1
and corresponding fv2/ fD = 1.018756 is approximated by
unity. Some equivalence of the HC model and BB model with
α = 1 was already discussed in Refs. [6,12,47]. For α = 0 and
the corresponding fv2/ fD = 1, it means in case of SC [42,43],
Eq. (25) provides the effective width and shift of Lorentzian
to which quadratic speed-dependent Galatry profile [6,44]
collapses under frequent velocity-changing collisions. In this
case Eq. (25) is reduced to Eq. (23). It is worth mentioning that
comparing the asymptotic behavior of hard- and soft-collision
models we can see that the components of the effective width
and shift related to suppressed Doppler effect [4] and ther-
mally averaged collisional broadening and shift are the same
for both models. In contrast, the components related to the
speed dependence of collisional broadening and shift are two
times smaller in the case of the soft-collision model. It is a
natural consequence of the fact that νSC

v2 = 2νHC
v2 , when we

keep the same νSC
�v = νHC

�v for both models.

V. COMPONENTS OF EFFECTIVE WIDTH AND SHIFT

In line with our previous paper [18], it is important
to note that the Dicke parameter can take on complex
values, νopt = νr

opt + iν i
opt [17,31,32,36]. Therefore, we can

decompose the effective Lorentzian width and shift of the
asymptotic quadratic correlated speed-dependent billiard-ball
profile [6,25,27,48] into several contributions:

	eff = 	0 + 	γ + 	δ + 	γδ + 	ωD , (26a)


eff = 
0 + 
γ + 
δ + 
γδ + 
ωD . (26b)

Assuming quadratic speed-dependent collisional broaden-
ing and shift as well as velocity-changing collisions described
by the billiard-ball model, these contributions are

	γ = − fv2

fD

1 + α

2

νr
opt

|νopt|2
3

2
	2

2, (27a)

	δ = fv2

fD

1 + α

2

νr
opt

|νopt|2
3

2

2

2, (27b)

	γδ = −2
fv2

fD

1 + α

2

ν i
opt

|νopt|2
3

2
	2
2, (27c)
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TABLE I. Coefficients fD, fv2 and their ratio fD/ fv2 evaluated for different α within billiard ball model.

4α fD fv2 fD/ fv2

0 1 1 1
1/100 1.00000331561954 1.00000991995975 0.99999339572530
1/50 1.00001319212471 1.00003935941918 0.99997383373542
1/20 1.00008114950708 1.00023998438455 0.99984120323127
1/10 1.00031613831745 1.00091992503335 0.99939676821212
1/5 1.00119948726834 1.00336387252056 0.99784287105456
1/4 1.00182496341562 1.00501525070746 0.99682563295473
1/3 1.00310178272716 1.00822551613664 0.99491806810334
1/2 1.00636139570140 1.01565719613513 0.99084750202223
2/3 1.01027159637697 1.02349086931942 0.98708413202431
1 1.01895378488101 1.03806540223391 0.98158919725889
3/2 1.03178515946401 1.05522030753985 0.97779122718887
2 1.04294734723661 1.06757150938264 0.97693441429486
3 1.05994565861 1.0835515889 0.9782142996
4 1.0717514674 1.093265697 0.980321134
5 1.08028126 1.09975074 0.982296461
10 1.101660 1.114423 0.9885474
20 1.11523 1.122707 0.99334
50 1.12464 1.1280 0.997
100 1.1280 1.1280 1
∞ 32/9π ≈ 1.131 1.131 1

	ωD = νr
opt

|νopt|2
1

2
ω2

D, (27d)


γ = fv2

fD

1 + α

2

ν i
opt

|νopt|2
3

2
	2

2, (27e)


δ = − fv2

fD

1 + α

2

ν i
opt

|νopt|2
3

2

2

2, (27f)


γδ = −2
fv2

fD

1 + α

2

νr
opt

|νopt|2
3

2
	2
2, (27g)


ωD = − ν i
opt

|νopt|2
1

2
ω2

D. (27h)

For real νopt = νr
opt (ν i

opt = 0) the components of effective
width are: 	ωD 	0, 	γ , 	δ . The first two terms represent
collisionally suppressed Doppler broadening and velocity-
averaged collisional width, respectively. 	γ can be seen as a
reduction of line width caused by the speed-dependence of
collisional broadening. It is qualitatively coherent with find-
ings in the other context of the speed-dependent Voigt profile
(SDVP) [2,3], where also the narrowing of the spectral line
was triggered by speed dependence of collisional broadening.
On the other hand, 	δ represents an additional broadening of
the line caused by the speed-dependent spread of collisional
shift [7,8,49]. The character of these contributions does not
depend on the sign of 	2 and 
2 parameters. The effec-
tive shift, in such circumstances, has only two components,

0 and 
γδ . The first one represents an ordinary velocity-
averaged collisional shift, however, the second term is less
obvious and is related to the product of speed dependencies
of collisional broadening and shift or their correlation [18].

The other contributions, namely 	γδ , 
γ , 
δ , and 
ωD ,
only come into play if νopt has a nonzero imaginary

component, i.e., ν i
opt �= 0. While we will not delve into a

detailed discussion of these contributions, we will touch on
the last one, 
ωD . This shift arises due to Dicke-suppressed
Doppler broadening, and it should decrease inversely with
pressure, similar to the well-known 	ωD [4]. This is because
νopt is proportional to pressure, while ωD remains constant
at a given temperature. Therefore, in a moderate range of
pressures, this term can potentially impact the precise de-
termination of the line position. In fact, as we demonstrate
in the following section, under certain conditions, 
ωD can
contribute up to 2 MHz to the effective line shift, 
eff .

To describe the relative contribution of each effect (x =
γ , δ, γ δ, or ωD) under specific physical conditions, we in-
troduce dimensionless parameters 	x/	0 and 
x/
0. It is
worth noting that all collisional parameters, including νopt,
	0, 	2, 
0, and 
2, are proportional to gas pressure. There-
fore, the dimensionless parameters 	x/	0 and 
x/
0 for
x = γ , δ, and γ δ are independent of pressure. In fact, as we
show in the following section, under certain conditions, 	δ can
account for approximately 35% of 	0, and the absolute value
of 
γδ can reach 5% of 
0 or 20% of 	0. For further details,
please refer to the next section.

VI. NUMERICAL VALIDATION

We validated the analytical expressions obtained in the
previous section. To achieve this, we compared our results
with the numerical half-width at half-maximum (HWHM)
	exact and the frequency 
exact corresponding to the position
of the maximum of the quadratic speed-dependent billiard-
ball profile [6]. Specifically, we focused on validating the
formulas for 	γ , 	δ , 	ωD , and 
γδ given by Eqs. (27a), (27b),
(27d), and (27g), respectively. To carry out our calculations,
we considered four values of α = 1/3, 1, 3, 10, assuming real
νopt = νr

opt, ν i
opt = 0.
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(a) (b)

(c) (d)

FIG. 1. Numerical verification of asymptotic formulas for 	γ ,
	δ , 	ωD , and 
γδ . (a)–(c) show ratios of 	exact/	γ , 	exact/	δ ,
	exact/	ωD as functions of νopt/	2, νopt/
2, νopt/ωD, respectively,
where 	exact is numerically evaluated half width at half maximum
(HWHM) of the quadratic speed-dependent billiard-ball profile.
(d) shows the ratio of 
exact/
γδ as a function of νopt/

√
	2
2

where 
exact is numerically evaluated frequency corresponding to
a maximum of the quadratic speed-dependent billiard-ball profile.
Presented ratios were evaluated for α = 1/3, 1, 3, 10 as well as for
α = 0, it means soft collisions (SC), and hard collisions (HC).

To provide further insight, we also compared our results
with those obtained from the soft-collision model, which
corresponds to the billiard-ball model with α = 0 and the
speed-dependent Galatry profile [44] and the hard-collision
model [16,17], which we discuss in detail in Ref. [18]. To
simplify our analysis, we focused on one effect at a time and
set the appropriate values for the line shape parameters: 	0,

0, 	2, 
2, ωD, νopt in the quadratic SDBBP.

Our results, shown in Fig. 1, demonstrate that 	exact con-
verges to 	γ , 	δ , 	ωD as well as 
exact approaches 
γδ in the
limit of high νopt. However, we observed that the convergence
is slower for higher values of α in the case of 	γ , 	δ , and

γδ . This observation is directly related to the fact that νv2

decreases with increasing α, while ν�v remains constant. On
the other hand, the situation is different for 	ωD , which is
determined by ν�v and is not dependent on α. As shown in
Fig. 1(c), the variations for α are weak in this case. However,
for extremely large values of α, significant discrepancies for
different α are observed. This topic has been discussed in
detail in Ref. [6].

The discussion of the effective broadening component 	δ ,
which arises from the speed dependence of the collisional
shift 
(v), is important in this context. As mentioned earlier,
an increase in α results in a decrease in νv2 . Therefore, we
anticipate that, with other parameters held constant, an in-
crease in α will result in an increase in 	δ . In the frequent

FIG. 2. Ratio of 	exact (α)/	exact (α = 0) evaluated for several
values νopt/
2 within quadratic speed-dependent billiard-ball profile
in which parameters 	0, 
0, 	2, ν i

opt, and ωD were set to zero and
its comparison with ratio 	δ (α)/	δ (α = 0) ≈ 1 + α obtained for
νopt/
2 → ∞.

velocity-changing collisions regime, where νopt dominates, an
asymptotic analytical relation for quadratic SDBBP [6] can be
written as:

	δ (α)

	δ (α = 0)
= fv2

fD
(1 + α) ≈ 1 + α. (28)

To simplify the calculation, the factor fv2/ fD in the asymptotic
relation can be approximated as unity, introducing an error of
less than 2%. We verified the accuracy of this approximation
for finite values of νopt/
2 by simulating quadratic SDBBP
for various values of νopt/
2 and α, while setting all other
parameters (	0, 
0, 	2, ν i

opt, and ωD) to zero. We then cal-
culated 	exact for the simulated profiles, and plotted the ratios
	exact (α)/	exact (α = 0) as a function of α for several values of
νopt/
2 (3, 10, 100, 1000) in Fig. 2. As shown in this figure,
for νopt/
2 = 10, the simulation results are reproduced by
Eq. (28) for small to moderate values of α up to α = 3.

As mentioned in Sec. III, our derivation was conducted un-
der the assumption that velocity-changing collisions dominate
over both Doppler broadening and collisional broadening and
shift, particularly their speed-dependent parts. To satisfy this
condition, the interactions between the absorber and perturber
molecules at the initial and final molecular states need to be
either identical or closely similar [17,33–41]. Physically, this
requirement can be met in the case of rovibronic transitions in
molecular hydrogen. This can be observed through ab initio
calculations, as presented in Ref. [50]. Additionally, it has
been demonstrated in Refs. [28,51] that such calculations,
along with the use of SDBBP [6], can achieve subpercent
agreement with experimental data.

It is seen from Fig. 1 that for α � 3 and νopt/	2 � 10 the
error introduced by our approximation of 	γ does not exceed
16%. Similarly, for νopt/
2 � 10 our approximation of 	δ

reproduces the corresponding width with inaccuracy less than
7%. Ultimately, if νopt/ωD � 10 the error on 	ωD is at most
0.3%, which is significantly smaller than in the previous cases.
On the other hand, for the pressure shift, if νopt/

√
	2
2 � 10

our approximation of 
γδ introduces error, which does not
exceed 23%. In conditions where the speed-averaged values
	0 and 
0 are significantly greater than their speed dependen-
cies, 	2 and 
2, the combined errors originating from these
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TABLE II. Comparison of the Lorentz profile effective param-
eters for Q(1) 1-0 transition in H2 perturbed by He (α = 2) at
10 atm and 296 K obtained with Eqs. (27a)–(27h) derived from the
billiard-ball model (BB) and effective parameters from Ref. [18,50]
derived from hard-collision model (HC). The line shape parameters
are 	0 = 22.346, 
0 = 90.971, 	2 = 10.856, 
2 = 38.192, νr

opt =
404.148, ν i

opt = −54.697, ωD = 21.659 [50] are given in the units of
10−3 cm−1.

	x 	BB
x (10−3 cm−1) 	BB

x /	0 	HC
x (10−3 cm−1) 	HC

x /	0

	0 22.346 1.000 22.346 1.000
	γ −0.645 −0.029 −0.430 −0.019
	δ 7.974 0.357 5.316 0.238
	γδ 0.613 0.027 0.409 0.018
	ωD 0.572 0.026 0.572 0.026
	eff 30.860 1.381 28.215 1.263
	exact 30.140 1.349 27.388 1.226


x 
BB
x (10−3 cm−1) 
BB

x /
0 
HC
x (10−3 cm−1) 
HC

x /
0


0 90.971 1.000 90.971 1.000

γ −0.087 0.001 −0.058 −0.0006

δ 1.079 0.012 0.719 0.008

γδ −4.533 −0.050 −3.022 −0.033

ωD 0.077 0.0008 0.077 0.0008

eff 87.507 0.962 88.688 0.975

exact 86.270 0.948 88.005 0.967

contributions result in a significantly smaller relative error on
the entire line profile. Additionally, if the νopt dominates over
the other line shape parameters (i.e., 	2, 
2, ωD) by several
dozens, our approximation should reproduce the original pro-
file with several percent accuracy.

We compared the collapsed Lorentz profile to the SDBBP
[6]. To do this, we examined the Q(1) 1-0 transition in H2

perturbed by He at a pressure of 10 atm and a temperature
of 296 K. We used the same line shape parameters as in
Ref. [18], which were obtained from Ref. [50]. The values
of the line shape parameters can be found in the caption of
Table II. This table lists all contributions 	x and 
x to the
effective Lorentzian width 	eff and shift 
eff , respectively.
These values were calculated using Eqs. (27a)–(27h) under
the assumption of a billiard-ball model (α = 2) for velocity-
changing collisions and the hard-collision model, as described
in Ref. [18]. In Table II and Fig. 3, we used the unit of wave
numbers ν̃ = 2πω/c instead of circular frequencies ω, which
is more common in molecular spectroscopy for line shape
parameters.

The ratios νr
opt/ωD = 18.7, νr

opt/	2 = 37.2, and νr
opt/
2 =

10.6 demonstrate that our assumption from Sec. III, that the
velocity-changing collisions dominate over Doppler broaden-
ing and collisional broadening and shift, is valid for the chosen
conditions (pressure, temperature, molecular system). It is
important to note that the values of 	0 and 
0 are not relevant
in this context, as they only result in a simple convolution with
the Lorentz profile determined by these parameters, which are
additive in the case of Lorentz profiles. Furthermore, we have
verified that the binary collision approximation holds well
under these conditions, and the contribution of three-body
collisions to collisional width and shift should not exceed the

FIG. 3. A comparison of the reference speed-dependent billiard-
ball profiles (SDBBP) calculated with α = 2, 1, 0 and parameters
listed in the caption of Table II for Q(1) 1-0 transition in H2 perturbed
by He at 10 atm and 296 K [18,50] and Lorentz profiles (LPBB)
derived as the collapsed SDBBP calculated with parameters given
in this work by Eqs. (26a)–(27h) as well as Lorentz profile (LPHC)
derived as the collapsed hard-collision profile from Ref. [18]. The
area under each line is normalized to 1. The lower graph presents the
residuals against reference SDBBP (α = 2) having α corresponding
to H2-He system with the same color notation as in the top panel.

percentage level. For a detailed discussion, see Sec. II B3 in
Ref. [1].

The H2 spectral line perturbed by He, for which α = 2,
allows us to observe the importance of the perturber/absorber
mass ratio for the collapse of the spectral line shape to a
Lorentz profile due to frequent velocity-changing collisions.
As shown in Table II, the use of the BB model results in a
Lorentz profile that is 9.4% wider than the profile obtained
from the HC model [18]. This is mainly due to the fact that
	δ , the second most significant contribution to 	eff after 	0, is
50% larger in the case of the BB model compared to the HC
model. It should be noted that the 	eff and 
eff obtained from
Eqs. (26a) and (26b), agree with the 	exact and 
exact obtained
from the original SDBBP within 2.3% and 1.4%, respectively.

Figure 3 compares the SDBBP [6] with α = 2, 1, 0
with Lorentz profiles derived from the BB model (LPBB)
and the HC model (LPHC). It shows that LPBB(α = 2)
provides a good approximation of SDBBP(α = 2), with a
difference of about 2% at the maximum of the profile.
In contrast, LPHC exhibits a much larger deviation. The
LPHC follows closely LPBB(α = 1) and SDBBP(α = 1). The
discrepancy between SDBBP(α = 2) and LPHC is caused
by the fact that, in the case of the HC model, the fre-
quency of speed-changing collisions νv2 does not capture
its dependence on α, which is about 2/3 times smaller for
the BB model with the same parameter values and α = 2.
On the other hand the frequency of speed-changing col-
lisions νv2 for HC model agrees within 2% with those
from BB model with α = 1. A comparison of SDBBP(α =
2) with soft-collision profiles LPSC and SDGP [44],
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which are equivalent to LPBB(α = 0) and SDBBP(α = 0),
respectively, looks even worse. It is caused by the fact that
the BB model with the same parameter values and α = 2 has
the frequency of speed-changing collisions νv2 only about 1/3
of this in SC model (BB model with α = 0).

VII. CONCLUSIONS

In summary, we demonstrated that under the limit of
frequent velocity-changing collisions, the speed-dependent
Dicke-narrowed profile of the spectral line collapses to the
Lorentz profile. Our work provides formulas for effective
Lorentzian width and shift, which take into account the arbi-
trary speed dependence of collisional broadening and shift, as
well as the velocity-changing collision operator. Specifically,
for the asymptotic behavior of the quadratic speed-dependent
billiard-ball profile [6], we obtained simple analytical expres-
sions for Lorentzian width and shift. Our results generalize
those recently reported in Ref. [18] for the speed-dependent
hard-collision profile [20] to the case of arbitrary perturber-
absorber mass ratio, α. We verified the applicability of our
formulas by comparing them with numerical calculations of
quadratic speed-dependent billiard-ball profiles over a wide
range of line shape parameters.

Finally, our comparison with the numerical calculation of
the H2 spectral line perturbed by He showed good agreement
with the profile derived in this work. This is thanks to properly
accounting for the perturber-absorber mass ratio, which was
not possible with the hard-collision model. Our results offer a
more accurate and general description of spectral line shapes
under the limit of frequent velocity-changing collisions, with
potential applications in various fields including atmospheric
and astrophysical spectroscopy involving rovibrational transi-
tions of molecular hydrogen.
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APPENDIX A: THE BURNETT FUNCTIONS
REPRESENTATION

For evaluation of the speed-dependent Dicke-narrowed
spectral line shape from the transport-relaxation equation we
use a subset of the Burnett functions having axial symmetry
about the wave vector �k [9]. A detailed discussion of the
application of this set of basis functions, as well as matrix rep-
resentation of the operators present in the transport-relaxation

equation, can be found in Ref. [6]. For convenience we recall
these results here, using the original formulation.

We assume the basis functions in the following
form [10]:

ϕnl (�v) = Nnl
(
v/vmA

)l
Ll+1/2

n

(
v2/v2

mA

)
Pl (�ek · �ev ), (A1)

where a normalization factor,

Nnl =
√

π1/2 n! (2l + 1)

2 	(n + l + 3/2)
, (A2)

	(. . .) is the gamma-Euler function. The associated Laguerre
polynomials are defined as

Ll+1/2
n (x2) =

n∑
m=0

(−1)m 	(n + l + 3/2)

m! (n − m)! 	(m + l + 3/2)
x2m, (A3)

where x = v/vmA is the reduced speed of the active molecule.
The Legendre polynomials are defined as

Pl (y) = 1

2l

[l/2]∑
k=0

(−1)k (2l − 2k)!

k! (l − k)! (l − 2k)!
yl−2k, (A4)

where y = �ek · �ev is the cosine of the angle between the veloc-
ity vector �v = v�ev and the wave vector �k = k�ek , �ev and �ek are
unit vectors.

The basis functions, ϕnl (�v), are eigenfunctions of the
velocity-changing collision operator in the case of the soft
collisions, where perturber-absorber mass ratio α = 0. Like
in [6], when calculating matrix elements of an operator, Â, we
use the following notation [A]nl,n′l ′ = (ϕnl (�v), Âϕn′l ′ (�v)) =
〈nl|Â|n′l ′〉.

The Doppler shift operator, �k · �v = ωD�ek · �v/vmA , is repre-
sented by a matrix, K, the elements of which are [6]

[K]nl,n′l ′ = ωD〈nl|�ek · �v/vm|n′l ′〉, (A5)

where ωD = kvmA and

〈nl|�ek · �v/vm|n′l ′〉

= [
√

n + l + 3/2 δn,n′−√
n δn,n′+1]

√
(l + 1)2

4(l + 1)2−1
δl,l ′−1

+ [
√

n + l + 1/2 δn,n′−√
n + 1 δn,n′−1]

√
l2

4l2−1
δl,l ′+1.

(A6)

The speed-dependent collisional width and shift operator,
Ŝ f

D = −	(v) − i
(v), is represented by a matrix, S f
D, the ele-

ments of which are [6,24][
S f

D

]
nl,n′l ′ = 4√

π (2l + 1)
Nnl Nn′l δl,l ′

∫ ∞

0
dx e−x2

x2l+2

× Ll+1/2
n (x2) Ll+1/2

n′ (x2)
[
	

(
xvmA

) + i

(
xvmA

)]
.

(A7)

In the case of quadratic speed-dependent collisional broaden-
ing and shift [15],

	(v) + i
(v) = 	0 + i
0 + (	2 + i
2)

(
v2

v2
m

− 3

2

)
, (A8)
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the matrix elements can be written as[
S f

D

]
nl,n′l ′ = − [	0 + i
0 − (	2 + i
2)3/2]δn,n′δl,l ′

− [	2 + i
2]〈nl|v2/v2
m|n′l ′〉, (A9)

where

〈nl|v2/v2
m|n′l ′〉

= [(2n + l + 3/2) δn,n′ −
√

(n + l + 1/2)n δn,n′+1

−
√

(n + l + 3/2)(n + 1) δn,n′−1]δl,l ′ . (A10)

The velocity-changing collisions operator Ŝ f
BB in the

billiard-ball model is represented by a matrix, S f
BB, the

elements of which are [9,10][
S f

BB

]
nl,n′l ′ = ν (0) ME∗

nl,n′l ′ , (A11)

where ν (0) = v2
m/(2D(0) ) and

D(0) = 3

8

(
kBT

2πμ

)1/2 1

Nσ 2
(A12)

is the first-order self-diffusion coefficient for rigid spheres, σ

is the average of the rigid sphere diameter of the absorber
and perturber, N is the number density of perturbers, μ =
mAmP/(mA + mP ) is the reduced mass. The analytical ex-
pressions for coefficients ME∗

nl,n′l ′ for billiard-ball model were
derived by Lindenfeld and Shizgal [9,10]

ME∗
nl,n′l ′ = − δl,l ′

3 l!

8M2

√
n! n′!

	(n + l + 3/2)	(n′ + l + 3/2)

{
ñ∑

p=0

ñ−p∑
s=0

ñ−p−s∑
m=0

l∑
q=0

l−q∑
r=0

[
4p (r + s + p + q + 1)!

(p + q + 1)! r! s!

]

×
[

	(n + n′ − 2s − 2p − m + l − r − q − 1/2) B(1)
p,q(∞)

(n − m − s − p)! (n′ − m − s − p)! (l − r − q)! m!

][
Ml+p−r−q

1 Mn+n′+q−2m−2s−p
2 (M1 − M2)m+r+2s

]}
, (A13)

where M1 = mA/(mA + mP ) = 1 − M2, ñ = min(n, n′) and

B(1)
p,q(∞) = (2p + q + 1)!

2q! (2p + 1)!
− 2q−1(p + q + 1)!

p! q!
. (A14)

The exact diffusion coefficient D differs from D(0) and they
are related by coefficient fD = D/D(0) which evaluation is
explained in Appendix B. Using these quantities the matrix
elements can be written as[

S f
BB

]
nl,n′l ′ = νdiff fD ME∗

nl,n′l ′ (A15)

where

νdiff = v2
m

2D
(A16)

is the effective frequency of velocity-changing collisions.

APPENDIX B: NONDIAGONAL CORRECTIONS TO
EFFECTIVE LORENTZIAN WIDTH AND SHIFT

Aiming at calculations of spectral line shape with quadratic
speed-dependent collisional broadening and shift in the limit
dominated by velocity-changing collisions, Eq. (5) can be
rewritten in the Burnett functions representation,

1 = (−i(ω − ω0) − [
S f

D

]
00,00

)
c00(ω)

+ i
[
K

]
00,01c01(ω) − [

S f
D

]
00,10c10(ω), (B1a)

0 = i[K]01,00δn,0c00(ω) −
∞∑

n′=0

[
S f

VC

]
n1,n′1cn′1(ω), (B1b)

0 = −[
S f

D

]
10,00δn,1c00(ω) −

∞∑
n′=1

[
S f

VC

]
n0,n′0cn′0(ω). (B1c)

We also take advantage of the fact that c00(ω) is not
coupled to other coefficients by matrix S f

VC and it domi-
nates two other matrices S f

D and K. Therefore, in the limit

of frequent velocity-changing collisions, we are allowed to
use matrix S f

VC and only those matrix elements of S f
D and

K, which provide coupling of c00(ω) to other coefficients in
the transport-relaxation equation. With the velocity-changing
collision operator in the form from Eq. (A11), we can find
c00(ω) by solving two other sets of linear equations,

δn,0 = −
∞∑

n′=0

ME∗
n1,n′1an′1, (B2a)

δn,1 = −
∞∑

n′=1

ME∗
n0,n′0an′0. (B2b)

Equations (B2a) and (B2b) are equivalent to Eqs. (B1b)
and (B1c) when we set

cn1(ω) = − i[K]01,00

ν (0)
c00(ω)an1, (B3a)

cn0(ω) =
[
S f

D

]
10,00

ν (0)
c00(ω)an0. (B3b)

Now we can rewrite Eq. (B1a) in the following form:

1 =
(

− i(ω − ω0) − [
S f

D

]
00,00

+ [K]2
01,00

ν (0)
a01 −

[
S f

D

]2

10,00

ν (0)
a10.

)
c00(ω). (B4)

It is convenient to introduce the coefficient fD =
a01(−ME∗

01,01) = a01, were a01 can be found by solving
Eq. (B2a) [10]. Analogically, we can introduce fv2 =
a10(−ME∗

10,10) = a102/(1 + α), were a01 can be found by
solving Eq. (B2b).

Table I collects the coefficients fD and fv2 as well as
their ratios for the same set of α. We repeat the calcula-
tions of fD performed by Lindenfeld in 1980 [10] for the
billiard-ball model but with higher numerical precision (our
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results are in good agreement for all but the last digit of
the Table 1 of Ref. [10]). With these coefficients we define
effective rates ν�v = ν (0)/ fD of change of velocity vector �v and
νv2 = ν (0)[2/(1 + α)]/ fv2 of change of v2. From that we can
obtain the relation νv2 = ν�v[2/(1 + α)]( fD/ fv2 ) between rates
of change of �v and v2.

Solving Eq. (B4) yields

c00(ω) = 1

	eff + i
eff − i(ω − ω0)
, (B5)

where the effective Lorentzian width and shift are

	eff + i
eff = −[
S f

D

]
00,00 + [K]2

01,00

ν�v
−

[
S f

D

]2

10,00

νv2
. (B6)

This equation can be also written in the following form:

	eff + i
eff = 	0 + i
0 + 1

2

ωD

ν�v
−3

2

(	2 + i
2)2

ν�v

1 + α

2

fv2

fD
,

(B7)

which gives Eq. (25).
To take into account any arbitrary speed dependence of col-

lisional broadening, 	(v), and shift, 
(v), we need to include
other matrix elements, [S f

D]n0,00, besides [S f
D]10,00. In such

case, Eqs. (B1a)–(B1b) should be generalized to the following
form:

1 = (−i(ω − ω0) − [
S f

D

]
00,00

)
c00(ω)

+ i[K]00,01c01(ω) −
∞∑

n′=1

[
S f

D

]
00,n′0cn′0(ω), (B8a)

0 = i[K]01,00δn,0c00(ω) −
∞∑

n′=0

[
S f

VC

]
n1,n′1cn′1(ω), (B8b)

0 = −[
S f

D

]
n0,00c00(ω) −

∞∑
n′=1

[
S f

VC

]
n0,n′0cn′0(ω). (B8c)

The coefficient c00(ω) can be found in analogical way like
in Eqs. (B1a)–(B1b). The only difference is that the set of
linear equations, Eq. (B2b), is replaced by[

S f
D

]
n0,00∑∞

n′=1

[
S f

D

]
n′0,00

= −
∞∑

n′=1

ME∗
n0,n′0an′0, (B9)

and scaling Eq. (B3b) is replaced by

cn0(ω) =
∑∞

n′=1

[
S f

D

]
n′0,00

ν (0)
c00(ω)an0. (B10)

Now from Eq. (B8a) we get

1 =
(

−i(ω − ω0) − [
S f

D

]
00,00 + [K]2

01,00

ν (0)
a01

− 1

ν (0)

∞∑
n=1

[
S f

D

]
n0,00

∞∑
n′=1

[
S f

D

]
n′0,00an′0

)
c00(ω), (B11)

and, as a consequence, the effective Lorentzian width and
shift:

	eff + i
eff = − [
S f

D

]
00,00 + [K]2

01,00

ν�v

− 1

ν (0)

∞∑
n=1

[
S f

D

]
n0,00

∞∑
n′=1

[
S f

D

]
n′0,00an′0.

(B12)
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M. Słowiński, H. Jóźwiak, M. Gancewski, K. Stankiewicz, N. Stolarczyk,

Y. Tan, J. Wang, A.-W. Liu, S.-M. Hu, S. Kassi, A. Campargue, K. Patkow-
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Journal of Quantitative Spectroscopy and Radiative Transfer 276, 107911

(2021)

DOI: 10.1016/j.jqsrt.2021.107911

7. CO-Ar collisions: ab initio model matches experimental spectra at a sub

percent level over a wide pressure range

E. A. Serov, N. Stolarczyk, D. S. Makarov, I. N. Vilkov, G. Yu. Golu-

batnikov, A. A. Balashov, M. A. Koshelev, P. Wcisło, F. Thibault, M. Yu.

Tretyakov

Journal of Quantitative Spectroscopy and Radiative Transfer 272, 107807

(2021)

DOI: 10.1016/j.jqsrt.2021.107807

8. The first comprehensive dataset of beyond-Voigt line-shape parameters

from ab initio quantum scattering calculations for the HITRAN database:

He-perturbed H2 case study

P. Wcisło, F. Thibault, N. Stolarczyk, H. Jóźwiak, Michał Słowiński, M.
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